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Preface for the Third Edition 

The main aim in producing the third edition is to bring the book up to 
date and as such many chapters have been thoroughly revised. In particu- 
lar the chapters on Heavy Flavors (Chap. 8), Neutrino Physics (Chap. 12), 
Electroweak Unification (Chap. 13), Weak Decays of Heavy Flavors (Chap. 
15), Particle Mixing and C’P-violation (Chap. 16), Grand Unification, Su- 
persymmetry and Strings (Chap. 17) and Cosmology and Astroparticle 
Physics (Chap. 18) have gone through major revision with the addition 
of some new material. To make the book self-contained, appendix A has 
been extended. An important feature of the 3rd edition is the addition of 
a substantial number of new problems. 

A number of typographical errors have been corrected and a number of 
figures have been streamlined, using Jaxodraw software. 

We wish to express our deep sense of appreciation to Dr. Maqbool 
Ahmed and Mansoor-ur-Rehman for critically reading Chap. 18 on Cos- 
mology and Astroparticle Physics, making many useful suggestions. We 
wish to express our deep thank to Aqeel Ahmed (our graduate student) for 
doing an excellent job in typing, drawing figures and carefully reading some 
of the chapters; without his help it was difficult to put the manuscript in the 
final form. Thanks are also due to Ishtiaq Ahmed, Jamil Aslam, M. Junaid, 
Ali Paracha and Abdur Rehman for assistance in typing the manuscript. 

Finally we wish to acknowledge the permission granted by Particle Data 
Group for reproducing figures indicated in the text which are duely referred. 
One of us (F) would like to acknowledge the support of Higher Education 
Commission (HEC), Islamabad. 

Fayyazuddin 
Riazuddin 
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Preface for the Second Edition 

Our aim in producing this new edition is to bring the book up to date 
and as such many chapters have been throughly revised. In particular, 
the chapters on Neutrino Physics, Partcle Mixing and CP-Violation and 
Weak Decays of Heavy Flavors have been mostly rewritten incorporating 
new material and new data. The heavy quark effective field theory has been 
included and a brief introductory section on supersymmetry and strings has 
been added. We wish to thank Ansar Fayyazuddin for writing this section. 

A number of typographical errors have been corrected. Another change 
is that we have adopted a metric and notation for gamma matrices com- 
monly used.! 

Finally we wish to thank Mr. Amjad Hussain Gilani and Dr. Muham- 
mad Nisar who did an excellent job in typing the manuscript; without their 
help it was difficult to put the manuscript in final shape. 

Fayyazuddin 
Riazuddin 
Jan. 21, 2000 


1See for example, J. D. Bjorken and S.D. Drell, Relativistic Quantum Mechanics, 
McGraw-Hill Book Co., New York (1965). 
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Preface for the First Edition 

Particle physics has been one of the frontiers of science since J. J. 
Thompson’s discovery of the electron about one hundred years ago. Since 
then physicists have been concerned with (i) attempts to discover the ul- 
timate constituents of matter, (ii) the fundamental forces through which 
the fundamental constituents interact, and (iii) seeking a unification of the 
fundamental forces. 

At the present level of experimental resolution, the smallest units of mat- 
ter appear to be leptons and quarks, which are spin 1/2 fermions. Hadrons 
(particles which feel the strong force) are composed of quarks. The evidence 
for this comes from the observed spectrum and static properties of hadrons 
and from high energy lepton-hadron scattering experiments involving large 
momentum transfers, which “prove” the actual existence of quarks within 
hadrons. As originally formulated, the quark model needed three flavors of 
quarks, up (u), down (d) and strangeness (s) not just u and d. The discov- 
eries of the tau leptons and more flavors [charm (c) and bottom (b)] were 
to some extent welcomed and to some extent appeared to be there for no 
apparent reason since elementary building blocks of an atom are just u and 
d quarks and electrons. A charm quark was predicted to exist to remove 
all phenomenological obstacles to a proper and an elegant gauge theory of 
weak interaction. Without it, nonexistence of strangeness-changing neutral 
current posed a puzzle. This also restored the quark-lepton symmetry: for 
each pair of leptons of charges 0 and —1 there is a quark pair of charges 2/3 
and —1/3. The existence of r-leptons and discovery of the b quark (charge 
—1/3) demand the existence of another quark (charge 2/3), called the top 
quark, to again restore the quark-lepton symmetry. Indeed, six quark fla- 
vors have been proposed to incorporate violation of CP invariance in weak 
interaction. 

Quarks also have a hidden three valued degree of freedom known as 
color: each quark flavor comes in three colors. The antisymmetry of three- 
quark wave function of a baryon [e.g. proton] is attributed to color degree 
of freedom. The three number of colors also manifest themselves in 7° 
decay and in the annihilation of lepton-antilepton into hadrons. We have 
encountered the following types of charges: gravitational, namely, mass, 
electric, flavor and color. The fundamental forces through which elemen- 
tary fermions interact are then simply the forces of attraction or repulsion 
between these charges. The unification of forces is then sought by search- 
ing for a single entity of which the various charges are components in the 
sense that they can be transformed into one and another. In other words, 
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they form generators of a gauge group G which is taken to be local so that 
a definite form of interaction between vector fields (which must exist and 
belong to the adjoint representation of G) and elementary fermions (which 
belong to the fundamental or trivial representation of G) is generated with 
a universal coupling constant. In this respect non-Abelian gauge field the- 
ories [Yang-Mills type] have played a major role. Here the field itself is a 
carrier of “charge” so that there are direct interactions between the field 
quanta. 

Let us first discuss the strong quark interactions. The local gauge group 
is SUc¢(3) generated by three color charges, the field quanta are eight mass- 
less spin 1 color carrying gluons. The theory of quark interactions arising 
from the exchange of gluons is called quantum chromodynamics (QCD). 
The most striking physical properties of QCD are (i) the concept of a “run- 
ning coupling constant a,(q?)”, depending on the amount of momentum 
transfer q?. It goes to zero for high q? leading to asymptotic freedom and 
becomes large for low q?, (ii) confinement of quarks and gluons in a hadron 
so that only color singlets can be produced and observed. Only the prop- 
erty (i) has a rigorous theoretical basis while the property (ii) finds support 
from hadron spectroscopy and lattice gauge simulations. 

Weak and electromagnetic interactions result from a gauge group acting 
upon flavors. It is SUz(2)xU(1) and is spontaneously broken rather than 
exact as was SU¢(3). 

The electroweak theory, together with the quark hypothesis and QCD, 
form the basis for the so called “Standard Model” of elementary parti- 
cles. There have been many quantitative confirmations of the predictions 
of the standard model: existence of neutral weak current mediated by Z°, 
discovery of weak vector bosons W+, Z? at the predicated masses, preci- 
sion determinations of electroweak parameters and coupling constants (e.g. 
sin? 0w which comes out to be the same in all experiments) leading to 
one loop verification of the theory and providing constraints on the top 
quark and Higgs masses. Similarly there have been tests of QCD, verify- 
ing the running of the coupling constant a,(q”), q?-dependence of structure 


functions in deep-inelastic lepton-nucleon scattering. Other evidences come 
from hadron spectroscopy and from high energy processes in which gluons 
play an essential role. 

In spite of the above successes, many questions remain: replication 
of families and how many quarks and leptons are there? QCD does not 
throw any light on how many quark flavors there should be? Origin of 
fermion masses, which appear as free parameters since Higgs couplings with 
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fermions contain as many arbitrary coupling constants as there are masses, 
is another unanswered question. Origin of CP violation at more funda- 
mental level, rigorous basis of confinement and hadronization of quarks are 
other questions which await answers. Top quark and Higgs boson are still 
to be discovered. 

Symmetry principles have played an important part in our understand- 
ing of particle physics. Thus Chapters 2-6 discuss global symmetries and 
flavor or classifications symmetries like SU(2) and SU(3) and quark model. 
Chapter 5 provides the necessary group theory and consequences of flavor 
SU(3). Chapters 2-6 together with Chapters 9, 10 and 11 on neutrino, 
weak interactions, properties of weak hadronic currents and chiral symme- 
try comprise mainly what is called old particle physics but include some new 
topics like neutrino oscillations and solar neutrino problem. These Chap- 
ters are included to provide necessary background to new particle physics, 
comprising mainly the standard model as defined above. The rest of the 
book is devoted to the standard model and the topics mentioned in paras 
2-7 of the preface. Recently there has been an interface of particle physics 
with cosmology, providing not only an understanding of the history of very 
early universe but also shedding some light on questions such as dark mat- 
ter and open or closed universe. Chapter 16 of the book is devoted to this 
interface. 

Particle physics forms an essential part of physics curriculum. This book 
can be used as a text book, but it may also be useful for people working 
in the field. The book is so designed as to form one semester course for 
senior undergraduates (with suitable selection of the material) and one 
semester course for graduate students. Formal quantum field theory is not 
used; only a knowledge of non-relativistic quantum mechanics is required 
for some parts of the book. But for the remaining parts, the knowledge of 
relativistic quantum mechanics is essential. The familiarity with quantum 
field theory is an advantage and for this purpose two Appendicess which 
summarize the Feynman rules and renormalization group techniques, are 
added. 

Initial incentive for this book came from the lectures which we have 
given at various places: Quaid-e-Azam University, Islamabad, Daresbury 
Nuclear Physics Laboratory (R), the University of Iowa (R), King Fahd 
University of Petroleum and Minerals, Dhahran (R) and King Abdulaziz 
University, Jeddah (F). 

We have not prepared a bibliography of the original papers underlying 
the developments discussed in the book. Remedy for this can be found in 
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the recent review articles and books listed at the end of each Chapter. 

We wish to express our deep sense of appreciation to Dr. Ahmed Ali for 
critically reading the manuscript, for making many useful suggestions and 
for his help to update the data. We also wish to express our deep thanks 
to a colleague Mr. El hassan El aaud and a graduate student Mr. F. M. 
Al-Shamali [of one of us (R)], who drew diagrams and in general assisted 
in producing the final manuscript. In addition, the typing help provided by 
Mr. Mohammad Junaid at Research Institute of King Fahd University of 
Petroleum and Minerals was indispensable in getting the job done. Finally 
we wish to acknowledge the support of King Fahd University of Petroleum 
and Minerals for this project under Project No. PH/Particle/123. 

We also take this opportunity to express our deep sense of gratitude 
to Prof. Abdus Salam, who first introduced us to this subject and for his 
encouragement throughout our work in this field. 

Fayyazuddin 
Riazuddin 
March 4, 1992 
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Chapter 1 


Introduction 


1.1 Fundamental Forces 


Particle physics is concerned with the fundamental constituents of matter 
and the fundamental “forces” through which the fundamental constituents 
interact among themselves. 

Until about 1932, only four particles, namely the proton (p), the neutron 
(n), the electron (e) and the neutrino (v) were regarded as the ultimate 
constituents of matter. Of these four particles, two, the proton and the 
electron are electrically charged. The other two are electrically neutral. 
The neutron and proton form atomic nuclei, the electron and nucleus form 
atoms while the neutrino comes out in radioactivity, i.e. the neutron decays 
into a proton, an electron and a neutrino. Each of these particles, called 
a fermion, spins and exists in two spin (or polarization) states called left- 
handed (i.e. appears to be spinning clockwise as viewed by an observer 
that it is approaching) and right-handed (i.e. spinning anti-clockwise) spin 
states. One may add a fifth particle, the photon to this list. The photon 
is a quantum of electromagnetic field. It is a boson and carries spin 1, 
is electrically neutral and has zero mass, due to which it has only two 
spin directions or it has only transverse polarization. It is a mediator of 
electromagnetic force. A general feature of quantum field theory is that each 
particle has its own antiparticle with opposite charge and magnetic moment, 
but with same mass and spin. Accordingly we have four antiparticles viz., 
the antiproton (p), the positron (e*), the antineutron (7) and antineutrino 
(D). 


The four particles experience four types of forces: 
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1.1.1 The Gravitational Force 


This is the force of attraction between two particles and is proportional to 
their masses and inversely proportional to the square of distance between 
them. It controls the motion of planets and galaxies and also governs the 
law of falling bodies. It is a long distance force. It determines the overall 
structure of the Universe. 

Its strength is characterized by the Newton’s constant Gy = 1.3 x 10754 
(GeV/m)~1. The gravitational energy between two protons of mass ~ 
(1GeV/c?) at r = 10715m is given by Newton’s law 

M2 
V= Ona a~ 10739 GeV = 107% eV. (1.1) 


Hence on microscopic scale, the gravitational energy is negligibly small 
as compared with electromagnetic energy. We note that 


Gn 39 [GeV \ ? 
— zx 6.71 x 10 — 1.2 
= 6.71 x 2 (1.2) 
and 
A GeV 
a x 10 = Mp (1.3a) 


Planck length = x 2 x 107? cm (1.3b) 


Mpc? 


where Mp is called the Planck mass with the associated Planck length. It 
is clear from Eqs. (1.3) that gravitational interaction becomes significant 
at Planck mass or Planck length. Assuming that this interaction is of the 
same order as the electromagnetic interaction (see below) (a = e?z /ħc = 
1/137, eî; = e? /4r£o) at Planck mass Mp, we conclude that the effective 
gravitational interaction at 1 GeV is given by 


aay X ~~ a © 1078 a & 107%. (1.4) 
In particle physics, the gravitational interaction may be neglected at the 


present available energies. 


1.1.2 The Weak Nuclear Force 
It is responsible for radioactivity, e.g. 


n—>p+e +Ve 
O! — N! + et + ve 
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The latter process has half life of 71.4 sec. From the half life we can 
determine its strength which is given by the Fermi coupling constant [see 
Chap. 2] 

Gr 


They? x 1075 GeV? (1.5) 
C 
We note that 
Oe = 300 GeV (1.6a) 
F 
(Rc) na ~ 0.7 x 107! cm (1.6b) 


Eq. (1.6a) gives the energy scale at which the weak interaction becomes 
significant i.e. of the same order as the electromagnetic interaction. At an 
energy scale of 1 GeV, 


1GeV)* 
eS TEN = 105a. (1.7) 
(300GeV) 
It is clear from Eq. (1.6b) that weak force is a short range force effective 


over a distance of order of 10716 cm 


1.1.3. The Electromagnetic Force 


It acts between two electrically charged particles e.g. a negatively charged 
electron and a positively charged proton attract each other with a force 
which is proportional to their electric charges and inversely proportional 
to the square of distance between them. But according to the concept of 
electromagnetic field introduced by Faraday and Maxwell, the presence of 
a charged particle produces an electric field and when moving it produces 
a magnetic field. This field manifests itself in a force between charged 
particles. It is responsible for the binding of atoms. The interatomic and 
intermolecular force are all electrical in nature and mainly governs all known 
phenomena on earth, including life. This force also manifests itself through 
electromagnetic radiation in the form of light, radio waves and X-rays. 
The electromagnetic force is a long range force and its strength is de- 


termined by the dimensionless number a = z$. This is because the elec- 
tromagnetic potential energy in MKS units is given by 
ae a ee e 2: be 
~ Anegr = ‘Ameg’ her 
ħ 
=- £ (1.8) 
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where 
1 e 1 
a= —) = — 
Atteg ‘hic 137 
and is called the fine structure constant. 
The potential energy between an electron and a proton at a distance 
r = 107'° m [dimensions of an atom] is given by V = —14 eV. 
In quantum mechanics, the binding energy between electron and proton 
due to electromagnetic interaction is given by Bohr’s formula 


1 
[Ea] = zue) 


(1.9) 


where u is the reduced mass of the system. For hydrogen atom pp ~% Mme = 
0.51 MSY, which gives |E1| +14 eV. 

For a proton (p) and antiproton (p) hypothetical atom (u ~ 72 
1000 me) the binding energy provided by the electromagnetic potential is 
| EP?| ~ 14 keV. 


~w 


1.1.4 The Strong Nuclear Force 


The strong nuclear force is responsible for the binding of protons and neu- 
trons in a nucleus. We have seen that the electromagnetic binding energy 
for the pp atom is of the order of 14 keV, but the binding energy of deuteron 
(bound n-p system) is about 2 MeV. Thus the strong nuclear force is about 
100 times the electromagnetic force. It is a short range force effective over 
the nuclear dimension of the order of 10713 cm 


1.2 Relative Strength of Four Fundamental Forces 


We conclude from the above discussion that the relative strengths of the 
four forces are in the order of 


107 : 1077 : 107? : 1 (1.10) 
The experimental results on the scattering of electron on nuclei can be 


explained by invoking electromagnetic interaction only. In fact the scatter- 
ing of y-rays on proton at low energy is given by the Thomson formula: 


8r i ne 
Ty =~ 0? (—) ~ 4ra? (—) ~1073'cm?. (1.11) 
3 Mp Mp 


The neutrino participates in weak interactions only as reflected by the ex- 
treme smallness of the scattering cross-section of neutrino on proton, viz. 
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Dep — en, which is given by ow œ 10~42cm?. Comparing the above cross- 
sections with the one for nucleon-nucleon scattering, which is of the order 
an œ 10-*4cm?, we see that the electron and neutrino do not experience 
strong interaction. Thus we can divide matter into two broad classes: lep- 
tons, e.g. Ve, e and hadrons, e.g. p, n. 


1.3 Range of the Three Basic Forces 


We now briefly and qualitatively discuss the ranges of the three basic forces. 
Due to quantum fluctuations, an electron can emit a photon and reabsorb 
it. Electromagnetic force is mediated by the exchange of photon as depicted 
in Fig. 1.1. 


Fig. 1.1 Electromagnetic force mediated by a photon. 


Such a photon can exist only for a time 


ja 


h 
At ~ — = — 1.12a 
AE w ( ) 
where AF is the energy of the photon. Since the unobserved photon exists 
for a time < i, it can travel at most 


R= Ra (1.12b) 
Now w can be arbitrarily small and therefore R can be arbitrarily large, 
i.e. the distance over which a photon can transport electromagnetic force 
is arbitrarily large, i.e. electromagnetic force has infinite range. This is 
expected from the Coulomb potential e%,/r. 
If we assume that weak interaction is mediated by a vector boson W 
in analogy with electromagnetic interaction (Fig. 1.2), then since weak 
interaction is of short range, W must be massive. 
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Fig. 1.2 Weak interaction mediated by a vector boson W. 


The maximum distance to which the virtual W-boson is allowed to travel 
by the uncertainty relation is 
he 


Rw ~ E (1.13a) 


The W boson has been found experimentally in 1983 with a mass mw ~ 80 
GeV/c? as predicted by Salam and Weinberg when they unified weak and 
electromagnetic interactions (see Sec. 1.6). Equation (1.13a) then gives the 
range of the weak interaction as 


_, 197 x 10-13 MeV - cm 


Rw & x 2 x 10716 cm. 1.13b 
w 80 x 103 MeV Š i (113b) 
P n 
p 
n P 


Fig. 1.3 Strong nuclear force mediated by a particle of mass mp. 


If the strong nuclear force is mediated by a particle of mass mp, as 
shown in Fig. 1.3, then its range is given by 


(1.14) 


Since nuclear force has a range of 10718 cm, mp ~ 100 MeV/c?. Yukawa 
in 1935, predicted the existence of pion by a similar argument. A particle 
of this mass was discovered in 1938, but it turned out that it was not the 
Yukawa particle, the pion; it did not interact strongly with matter and 
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therefore is not responsible for strong nucleon force. It was actually the 
muon, while the pion was discovered in 1947 in the decay 


T >H +p, 
where v, is the neutrino corresponding to muon. The mass of m, was found 
to be 140 MeV/c?. Thus 
Rn = 1.4 x 107 8em ~ V2, (1.15) 


where f is called the Fermi and is equal to 10713 cm 


1.4 Classification of Matter 


The electron and neutrino are just two members of a family called leptons 
(leptons do not experience strong nuclear force) of which six are presently 
known to exist, listed below in the table. Similarly, the neutron and pro- 
ton are members of much larger family called hadrons (hadrons experience 
strong nuclear force). Hadrons exist in two classes, baryons and mesons; 


the former carry half integral spin and a quantum number called baryon 
number while the latter carry zero or integral spin and no baryon number. 
Leptons Massļ|12] Electric Life Time[12] 
Charge 
Ve, €T My, < 2 eV 0, -1 Ve Stable 
Me ~ 0.51 MeV Te > 4.6 x 1076 yrs 
Vu, H | My, < 0.19 MeV 0, —1 v,, Stable 
my, ~ 105.6 MeV Tı = 2.197 x 107° s 
Vr, T | my, < 18.2 MeV 0, —1 v, Stable 
m, ~ 1777 MeV T, = 290.6 x 10715 s 


It was found experimentally that the proton or the neutron has a struc- 
ture; they are not the elementary constituents of matter. The mass spec- 
trum, production and decay characteristics of hadrons can be understood 
in a much simpler picture if one assumes that the baryons are made up 
of three constituents called quarks and mesons are made up of quark and 
antiquark. 

The quark carries fractional charges 2/3 or 1/3. They have spin one half 
and carry different flavors to distinguish them. At present six flavors, called 
up, down, charm, strange, top and bottom, are known to exist. They are 
listed in the table below. Quarks play the same role in hadron spectroscopy 
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as neutrons and protons in nuclear spectroscopy and electrons and nuclei 
in atomic spectroscopy. 


Quark type | Electric charge Mass [effective mass or 
(Flavor) constituent mass in a hadron] 
| (ud) (2/3, —1/3) 0.33 GeV 
| (cs) (2/3, —1/3) (1.5 GeV, 0.5 GeV) 
| (t, b) (2/3, —1/3) (172 GeV, 4.5 GeV) 


Masses of u, d, s are so-called “constituent” which are effective masses 
in a hadron; they are not directly measurable but are theoretical estimates. 
To sum up, according to present view, the six quarks and six leptons form 
the fundamental constituents of matter. 

There are three generations of matter as depicted in the two tables 
above. The first generation is relevant for the visible universe and the life 
on earth as the proton (uud), neutron (udd) are composite of up and down 
quarks. The second and third generations do exist and are produced either 
in laboratory or in cosmic rays by a collision of particles of first generation. 

The table below summarizes the known elementary interactions exhib- 
ited by different elementary fermions. 


Interactions Relativistic length | Leptons 1,1; | Quarks u;,d; | 
Strong 1 Y | 
Electromagnetic | 107? N,Y Y | 
Weak 1075 Y, Y Y | 
Gravitational 10740 Y, Y Y | 


The first generation of quarks u and d form an isodoublet, i.e. they are 
assigned isospin J = 1/2 and Is = +1/2, [that is why they are called up 
and down quarks]. The second and third generation of quarks are assigned 


new quantum numbers as follows: s-quark, strangeness S = —1, c-quark, 
charm, C = +1, b-quark, bottomness B = —1, t-quark, topness T = +1. 
The second and third generation of quarks account for the strange hadrons, 
charmed hadrons and B-hadrons created in the laboratory in high energy 
collisions between hadrons of first generation. They are always created in 
pair, so that final state has S = 0,C = 0,B = 0 and T = 0 that is to 
say these quantum numbers are conserved in electromagnetic and strong 
interactions. 

In high energy atomic collisions, we can split an atom into its 
constituents-atomic nucleus and electrons. In high energy nucleus - nu- 
cleus collisions, we can split a nucleus into its constituents viz. neutrons 
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and protons. But in high energy hadron-hadron collisions, a hadron is not 
split into its constituents viz., quarks. A hadron-hadron collision results not 
into free quarks but into hadrons. This leads us to the hypothesis of quark 
confinement, i.e. quarks are always confined in a hadron. The quark-quark 
force, which keeps the quarks confined in a hadron, is a fundamental strong 
force on the same level as electromagnetic and weak nuclear forces which 
are the other two fundamental forces in nature. Its strength is characterized 
by a dimensionless coupling constant a, = g?/47 ~ 0.5 at present energies. 
It is actually energy dependent. The strong nuclear force between pro- 
tons and neutrons should then be a complicated interaction derivable from 
this basic quark-quark force. As for example, the fundamental force for an 
atomic system is electromagnetic force, the interatomic and intermolecular 
forces are derivable from the basic electromagnetic force. 


1.5 Strong Color Charges 


We have seen that the quarks form hadrons; the baryons and mesons in the 
ground state are composites of (qqq)r—o and (qẸg)z=0. Quarks and (anti- 
quarks) are spin 1/2 fermions. Now q and @ spins may be combined to 
form a total spin S, which is 0 or 1. Total spin for qqq system is 3/2 or 
1/2. Further as q and g have opposite intrinsic parities, the parity of the 
qq system is P = (—1)(—1)" = —1 for the ground state. Thus we have for 
the ground states [see Chap. 6]: 


| Mesons Baryons 
(aa) r=0 (qaq) L=0 
a S = 1/2,3/2 
(=O | ie Sy Se 


Some examples are listed in Table 1.1. 


Table 1.1 Some examples of mesons and baryons 


Mesons Baryons 
T, p p, A 
p a T p(S = 1/2, Sz = 1/2) 
TERES = (wud) (11) 
p™ (S=1,Sz =0): 
(ud) Jz (TL + 11) A++ (S = 3/2, Sz = 3/2) 
pt (S =1,Sz =1): = (uuu) (TTT) 


(ud) (11) 
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There is a difficulty with the above picture; consider, for example the 
state, |A+* (Sz = 3/2)) ~ |ululul) . This state is symmetric in quark fla- 
vor and spin indices (1). The space part of the wave function is also sym- 
metric (L = 0). Thus, the above state being totally symmetric violates the 
Pauli principle for fermions. Therefore, another degree of freedom (called 
color) must be introduced to distinguish the otherwise identical quarks: 
each quark flavor carries three different strong color charges, red(r), yel- 
low(y) and blue(b), i.e. 


q= da a=r,y,b 
Leptons do not carry color and that is why they do not take part in strong 
interactions. Including the color, we write, e.g. 


[A*t (Sz =3/2)) = = SS eave 


so that the wave function is now antisymmetric in color indices and satisfies 


a c 


uhujul) 5 


the Pauli principle. Other examples, as far as quark content is concerned, 
are 


1 
|p) a V6 5 Eabe |Uatpde) ’ 
1 _ 
lrt) = Fa 5 uada) ‘ 


i.e. these states are color singlets. In fact, all known hadrons are color 
singlets. Thus, the color quantum number is hidden. This is the postulate 
of color confinement mentioned earlier and explains the non-existence of 
free quark (q) or such systems as (qq), (gq) and (qqqq). Actually nature 
has also assigned a more fundamental role to color charges as we briefly 
discuss below. 


1.6 Fundamental Role of “Charges” in the Unification of 
Forces 


First thing to note is that the electromagnetic and the strong nuclear forces 
are each characterized by a dimensionless coupling constant and thus to 
achieve unification there has to be a “hidden” dimensionless coupling con- 
stant associated with the weak nuclear force which is related to the “ob- 
served” Fermi coupling constant by a mass scale. That this is so will be 
clear shortly. Secondly we know that the electromagnetic force is a gauge 
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force describable in terms of electric charge and the current associated with 
it. This force is mediated by electromagnetic radiation field whose quanta 
are spin 1 photons. This is generalized: All fundamental forces are gauge 
forces describable in terms of “charges” and their currents as summarized 
in Table 1.2. 

Note that the coupling constants a, @2, a, in Table 1.2 are dimensionless 
but they are energy dependent due to quantum effects, a fact which is used 
in the unification of the forces. Note also that Qs is not identical with 
Qem; thus the unification of electromagnetic and weak nuclear forces needs 
another charge, call it Qg with an associated mediator, call it B, which 
does not change flavor like photon: 


~ dr 


Then the photon y associated with the electric charge Qem is a linear 
combination of the mediators B and W3 bosons, associated with the charges 
Qp and Q3 respectively, 


y = sin 0w W; + cos Ow B, (1.16a) 
while the second orthogonal combination 
Z = cos 0w W3 — sin 0w B, (1.16b) 


is associated with a new charge Qz. Z is the mediator of a new interaction, 
called neutral weak interaction. The weak mixing angle Ow is a fundamental 
parameter of the theory and in terms of it 


Qz = Q; — sin? Ow Qem. (1.17) 


The weak color charges Qw,Qy and Qp generate the local group 
SU,(2) x U(1) where the subscript L on the weak isospin group SU(2) in- 
dicates that we deal with chiral fermions that is to say that the left-handed 
fermions [i.e. those which appear to be spinning clockwise as viewed by an 
observer that they are approaching] are doublets under SUz(2) [required 
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Table 1.2 
A Coupling 
Mediators of E. 
Force Charges force: Spin 1 j : 
ticl basic fermions 
Baus? pearbices and mediators 
y 
Electro- 
magnetic Qem Photon (7) 
wt+,w-,w® 7 
Qw, Ww 4 ; w 
? W~ change 
Weak w, Qw] fl $ 
avor as 
Nuclear = Q3 ; u 
oi) shown in the 
aa next column 
8 color 
carrying 
3 color 
Strong diarges gluons: Gab 
a,b 
=1,2,3 


by parity violation in weak interactions] while the right-handed fermions 


(spinning anticlockwise) are singlets as indicated below: 


anes 
= eR UR dr 
S L d j; 

Ba) (z3) | tay=3) 

Y =i -1/3 | —2 | 4/3 | -2/3 
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We have [I3z is the same as Q3 and Yw is identical with QB] 


1 
Qem = Is + 5 Yw, (1.18a) 
giving 
1 1 1 


so that we have the unification conditions 
2 


e? e 
sin? Ow = a cos? Oy = ye 
Unlike photon, which is massless, the weak vector bosons W+, W7 and Z° 
must be massive since we know that weak interactions are of short range. 
This is achieved by spontaneous symmetry breaking (SSB)[see Chap. 13]. 


For this purpose it is necessary to introduce a self-interacting complex scalar 


field 
+ 
s=( ). 


which is a doublet under SU;,(2) and has Yw = 1. This is the so-called 
Higgs field which also interacts with the chiral fermions introduced earlier 
as well as with gauge vector bosons, W=, W3 and B. The scalar field ¢ 
develops a non-zero vacuum expectation value: 


o=o- ( os J 


(1.18c) 


V2 
thereby breaking the gauge symmetry of the ground state |0}. This amounts 


to rewriting 
or 
= ( dition y v 
v2 v2 


where ọ* and hermitian fields ¢; and $2 have zero vacuum expectation 
values. In contrast to the gauge invariant vertices shown in Table 1.1 [which 
are not affected by SSB], one starts with manifestly gauge invariant vertices 
involving ¢ and other fields and then translate them to physical amplitudes 
after SSB as pictorially shown below [the dotted lines ending in X denotes 
(6) = v/v]: 

Because of mixing between Wo and B, these are not physical particles, 
the physical particles y and Z are defined in Eq. (1.16). This requires diag- 
onalization of the mass matrix for Wo — B sector, which on diagonalization 
gives 
mw 


ma = 0, I ae 
w 


(1.19a) 
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— Ww + 


where from the above picture 
il 
mw = 5920. (1.19b) 


Further we note from the above picture that the mass of a fermion of flavor 
f and that of Higgs particle H are respectively given by 


h 
mp = WR my = V2v2X. (1.19c) 
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What has happened is that ¢* and ¢2 have provided the longitudinal de- 
grees of freedom to WF and Z which have eaten them up while becoming 
massive. The remaining electrically neutral scalar field is called the Higgs 
field and its quantum is called the Higgs particle which we have denoted 
by H in the above picture. We note from Eq. (1.19a) that 


sin? ôw = 1 — W (1.20a) 
m 


The directly observed Fermi coupling constant in weak nuclear processes 
at low energies (i.e. < mw) is given by [|cf. Eq. (1.18¢c)] 


Gr g2 e2? 
= = , 1.20b 
V2 8miy 8m3% sin? Ow ( ) 

or 
rä 1/2 

mw = | —— ; 1.20c 
Fear sin? Ow | ( ) 
where a = E = a is the fine structure constant and Gp is the Fermi 


constant (~ 1075 GeV~?). 
The main predictions of the electroweak unification are 


(i) existence of a new type of neutral weak interaction mediated by Z°, 
(ii) weak vector bosons W, Z whose masses are predicted by the relations 
(1.20c) and (1.20a), once sin? 0w is determined, a and Gp being known, 
(iii) existence of the Higgs particle with mass my = V2v?A, which is arbi- 
trary since is not fixed. 


The first prediction was verified more than 30 years ago and the phe- 
nomenology of neutral weak interaction gives 


sin? Ow & 0.23. 


One can now use this result to predict mw and mz through the relations 
(1.20) to get 


my © 80 GeV, mz 92 GeV 


in agreement with their experimental values. The standard model is in very 
good shape experimentally. The third prediction is not yet tested and the 
present lower bound on my from Higgs searches at LEP is 


my > 114 GeV. 
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We also note that the electroweak unification energy scale is given by 


Ap =v =2 Y 
g2 


—1/2 
= (vier) 
= 250 GeV. (1.21) 


We will briefly discuss the unification of the other two forces with the 
electroweak force after discussing the origin of the strong force between the 
two quarks below. 


1.7 Strong Quark-Quark Force 
We have already remarked: 


(i) each quark flavor carries 3 colors. 
(ii) only color singlets (colorless states) exist as free particles. 


Strong color charges are the sources of the strong force between two quarks 
just as the electric charge is the source of electromagnetic interaction be- 
tween two electrically charged particles. The analogy is carried further in 
Table 1.3. 

The binding energy provided by one gluon exchange potential of the 
form mentioned above cannot be sufficient to confine the quarks in a hadron 
since as one can ionize an atom to knock out an electron, similarly a quark 
could be separated from a hadron if sufficient energy is supplied. Thus V9, 
the one gluon exchange potential, can at best provide binding for quarks 
at short distances and cannot explain their confinement, i.e. impossibility 
of separating a quark from a hadron. The hope here is that the self in- 
teraction of color carrying gluons may give rise to long distance behavior 
of the potential in QCD completely different from that in QED, where the 
electrically neutral photon has no self interaction. One hopes that the long 
range potential in QCD would increase with the distance so that the quarks 
would be confined in a hadron. Phenomenologically, a potential of form 


Vis(r) = V(r) + V(r), (1.22a) 
where 


V(r) Soh ey (1.22b) 


1.7. Strong Quark-Quark Force 


Table 1.3 


17 


Electromagnetic Force Between 
2 Electrically Charged Particles 


Strong Color Force Between 
2 Quarks 


We deal with electrically neutral atoms. 


Mediator of the electromagnetic force 
is electrically neutral massless spin 1 
photon, the quantum of 

the electromagnetic field. 

Exchange of photon gives the electric 
potential: 


É © ia | š 
Va 4n r Tj | 
For an electron and proton 


= |E; 


e2 


i = Tr 

This attractive potential is 
responsible for the binding 
of atoms. 


a 
ai 
r 


The theory here is called quantum 
electrodynamics (QED). 

Due to quantum (radiative) corrections, 
a (vE) increases with increasing 
momentum transfer q’, 

for example 


We deal with color singlet systems 
i.e. hadrons. 

Mediators are eight massless spin 1 
color carrying gauge vector bosons, 
called gluons. 


Exchange of gluons gives the color 
electric potential: 


Vig = -30s ias = F, 

for Gq color singlet system (mesons) 
while for qqq color singlet system 
(baryons). 

Vat = -Bast 

Note the very important fact that in 
both cases, we get an attractive 
potential. Without color, vin would 
have been repulsive. 

The theory here is called quantum 
chromodynamics (QCD). 

Due to quantum (radiative) corrections, 
Qs (v ?) decreases with increasing q? 
[this is brought about by the self 
interaction of gluons (cf. Table 1.2)], 
for example 

as (mr) % 0.35, 

as (my ~ 10 GeV) & 0.16, 

Qs (mz) © 0.125. 

That the effective coupling constant 
decreases at short distances is called 


the asymptotic freedom property of QCD. 


(... 


denotes spin dependent terms, (see Chap. 7) and ks = 4/3(qq), 


2/3(qqq)) is the single gluon exchange potential while V‘“(r) is the con- 
fining potential (independent of the quark flavor), has been used in hadron 
spectroscopy with quite good success. Lattice gauge theories suggest 


(1.22c) 
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with K x 0.25 (GeV)’, obtained from the quarkonium spectroscopy. This 
gives the confining potential. Note that as r increases V“(r) increases 
and as such it requires an infinite energy to release the quarks from a 
hadron. However quarks can be produced for example, in electron-positron 
annihilation 


ete” —> y> q] 


In this process, the photon emitted from the electron-positron pair lifts the 
quark and antiquark pair from the vacuum. The gg pair in a very short 
time hadronize themselves into hadrons. In the process of hadronization, 
the foot print is left by quarks which provide us information about them. 

To sum up the most striking physical properties of QCD are asymptotic 
freedom and confinement of quarks and gluons. The quark hypothesis, the 
electroweak theory and QCD form the basis for the “Standard Model” of 
elementary particles to which most of the book is devoted while Chap. 18 
is concerned with the interface of cosmology with particle physics. 

We now briefly discuss the attempts to unify the other two forces with 
the electroweak force. 


1.8 Grand Unification 


The three strong color charges introduced earlier generate the gauge group 
SUc(3) while that of the electroweak interaction is SUz(2) x U(1). Thus 
the standard model involves 

SUc(3) x SU, (2) x U(1) 


Qs ag a’ 


where the associated coupling constants as, @2 and a’ are very different at 
the present energies. But these coupling constants are energy dependent 
due to quantum radiative corrections. Grand unification is an attempt to 
find a bigger group G: 

GD SUc¢(3) x SU, (2) x U(1) 
such that at some energy scale q? = m} , 

as(mx) = a2(mX) = a! (mx) 

= QG. (1.23) 

This merging of coupling at high energy in principle is possible because of 


the logarithmic dependence of coupling constants with energy scale as cal- 
culated in quantum theory (renormalization group analysis, see Appendix 
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B) and the fact that the two of the three coupling constants, namely, a’ and 
Qə are related at Ve = my through the electroweak unification conditions 
given in Eq. (1.18c). As will be discussed in Chap. 17, the relation (1.23) 
holds at y/q? = mx % 10!® GeV or less, which gives the grand unification 
(GUT) scale. In other words, the GUT breaking scale is almost 14 orders 
of magnitude of SU(2) ® U(1) breaking scale. In a way it is good because 
such a large scale suppresses proton decay, though we now know that it 
does not work for simple SU(5). The reason is that with the modern values 
of the couplings, they do not merge at a single scale. They do merge for 
supersymmetric version of SU(5) (see Chap. 17). 
In spite of this GUT scale have some attractive features: 


(i) quark-lepton unification 
(ii) relationships between quark and lepton masses 
(iii) quantization of electric charge, for a simple group it is a consequence of 
the charge operator being a generator of the group and traceless. So for 
example, sum of charges in a multiplet containing quarks and leptons 
= 0, thus giving some relation between quark and lepton charges. 


But they still leave arbitrariness in Higgs sector needed to give masses 
to lepto-quarks and W+, Z vector bosons, do not explain number of gen- 
erations, do not explain fermions mass hierarchy typified by m;,/m,, œ% 10° 
and the gauge hierarchy problem my /mx ~ 1071? ina natural way. These 
mass hierarchies are more naturally accommodated in supersymmetry (see 
Chap. 17). 


1.9 Units and Notation 


We shall use the natural units: 


We note that 


[h] = ML°T = 6.582 x 10~??MeV-s 
[e] = LT! = 3 x 10'°cm/s 
[ñc] = 197 x 1071 MeV-cm 
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If A = c = 1, then 

ep p(MeV/c) 
E p (Mev/c”) 
If we take, M = 1 GeV 


v = 


(in units of c) 


h 
get Day 96 1071 Gin 
GeV 1000 MeV 
1 h 
T = 6.58 x 107% s 


~ GeV 1000 MeV 
1 MeV = 1.6 x 10~°%erg = 1.6 x 107137 


1 gm = 5.61 x 1072GeV 
1 GeV = 10°MeV 
We will denote the position by a 4-vector x (u = 0,1, 2,3): 
x” = (ct,x) = (t,x); contravariant vector 
Tu = (ct, —x) = (t, —X) = Qype" covariant vector 


r = Lye = pe 


o 0 

= gn (FY) 
o 0 

ce. A PS st 

p ORs G v) 


2 
pa- (2-08) a0 


with guv = 0, AY, goo = 1,911 = 922 = 933 = —1. On the light cone 


r? =0, ie. t? —x?=0. 


The energy E and momentum p are represented by a 4-vector p: 

p" = (E/c,p) = (E, p), 

pP’ = pp" = p- p° = E* p. 
For a particle on the mass shell 

E? =p? +m, 
i.e. 
pP = pup" = m. 

The scalar product 


p.q = pq, = E,E, — p.q. 
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1.10 Problems 


(1) Show that the gravitational potential energy for a body of 1 kg on the 


surface of the earth is 6.250 x 107 J= 3.90 x 1076 eV. Force of attraction 
F = ¥ = 9.8 N, g = 9.8 ms. Take mass of earth M = 5.974 x 1074 
kg. Mean equatorial radius of earth is 6.378 x 106m. 


(2) Newton’s gravitational constant 


Gn = 6.67 x 1071! (kg)™t m3s~? 
= (6.67 x 10711) (kgm?s~?) m (kg) ~* 


Show that in GeV: 


=9 
Gy = 1.35 x 10-54 (GeV/m) (Gev/c’) 
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Chapter 2 


Scattering and Particle Interaction 


2.1 Introduction 


Most of the information about the properties of particles and their interac- 
tions are extracted from the experiments involving scattering of particles. 
High energy projectiles (electrons, protons, photons and pions) are used to 
probe the structure of matter at short distances. For high energy parti- 
cles, the theory of special relativity becomes relevant. As such the Lorentz 
invariance is assumed in any process involving particles. The transition 
reaction amplitude is a function of Lorentz invariant variables. We first 
briefly review of the Lorentz transformation. 

In relativity theory, space and time are treated on equal footing and as 
such we deal with four vectors in four (1+3)-dimensional space: 


a = (x°,a') = (ct,x), contravariant vector 


Lp = (£0, £i) = (ct, —x), covariant vector 


o 10 
= Go = y 


o 10 
i SO ee DS 
Oxy, Gà v) 


We introduce metric tensor guv 


Correspondingly 


guv = diag(1, —1, —1, —1) = g”, goo = 1, gij = —ðij 
which can be used to lower and raise the indices 
LE = g” £y, Ep = Iut” 
The Lorentz transformation 


ol! = Abg” (2.1) 


23 


24 Scattering and Particle Interaction 


leaves the length of vector x 


2 


2,2 2 
L° = t tu = C -X 


invariant so that 


r guv” = a’ gaga’ 
= AZt AET” gap 
giving 
Juv = Agap AG (2.2) 
In matrix form the Lorentz transformation is 
x! = Ar, z = Ate! (2.3) 


and the metric 
EIRT 
g= (A Jia Jap (A) a, 
=ATgA (2.4) 


Aisa4~x4 matrix. It has two sub-matrices, that is, Lorentz transformation 


has two subgroups 
_ [ A(v) 0 [10 
T E os) 


where 
cosh¢ —sinh¢ 0 
A(v) = | —sinh¢ cosh¢ 0 (2.6) 
0 0 1 


corresponds to the Lorentz velocity transformation. Noting that cosh? ¢ — 


sinh? ¢ = 1 and putting cosh¢ = y, sinh¢ = ye with y = eT we 


have the usual Lorentz transformation (v = (v,0,0)) 


c 
7 os t- Ta) aah pn y 27 
a! = (2 - 22°) =a tv (2.7) 
x2 = r? 
T3 = r3 


connecting two inertial frames when one frame moves with velocity v in 
x-direction relative to the other. The matrix 
cosw sinw 0 
Ar = | —sinw cosw 0 (2.8) 
0 0 1 
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gives the rotation in three dimensions along the z? axis 
pOg? 
x” = cosw zt + sinw 2? 


r? = —sinw z! + cosw x” (2.9) 


It is easy to see that a generalization of the Lorentz velocity transformation 
when v is not restricted to the xt-direction is 


2 = y|2°- =Z] 
c 
v-x Vo 
x =x+(y-1) ae ge (2.10) 
giving [vj = —v’] 
i Y i Uj i i vv; 
AD =% ear >, ea A Taaa (2.11) 


In relativistic mechanics, energy and momentum are treated on equal 
footing just like the space and time. Accordingly we introduce energy- 
momentum 4-vector : 


p” = (p°, p) = (E/c, p) 
Pu = (po, —p) = (E/c, —p) 
so that 
P = p" = P/P -p = me (2.12) 


where the particle is on the mass shell. 


In terms of y = 1 , the above relation is identically satisfied 


(1-v?/c?) 
with 
E=ymc’, p= ymv 
so that 
cp 
= 2.13 
vie= (2.13) 


Thus in analogy with space-time transformation 


v-p E 
v 


EF’ =y|E-v-pl (2.14) 
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where the primed quantities are in the frame moving with velocity v relative 
to the one in which E and p are measured. It is convenient to write the 
vector p in terms of its longitudinal and transverse components 


p = (Pj P1) 
, v 
P57 [pi T ze] 
p'L=pL (2.15) 


E'=7|E-v: pi] 


From now on, we will put c = 1. 


2.2 Kinematics of a Scattering Process 


Consider a typical 2-body scattering process 
a+b—c+d. 


We denote the four momenta of particles a,b,c and d by Pa, po, Pe, Pa 
respectively. Energy momentum conservation gives: 


Fig. 2.1 Two-body scattering: a+ b—-c+d 


Pa + Pb = Pe + Pa (2.16a) 
or in the component form 


Pa + Ps = Pe + Pa (2.16b) 


E, + Ey = Ee + Ea (2.16c) 
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We assume Lorentz invariance in any process involving particles. The 
reaction transition amplitude is a function of scalars (i.e. Lorentz invari- 
ants) formed out of the four vectors pa, py, Pc and pa. The invariants are 


5 = (Pa + pb)? = (Pe + pa)? (2.17a) 
t= (Pa — Pe)” = (pa — pe)? (2.17b) 
u = (Pa — pa)? = (pe — po). (2.17c) 
But only two of the three scalars are independent: 
s+t+u= 3p + pp + pe + Pat 2Pa' (Po — Pe — Pa) (2.18) 


= ma + mM + me + mg 
In an actual scattering experiment, we have a projectile (let it be a) and 
a target (b), which is stationary in the laboratory frame. Thus 


(2.19) 
Hence in the laboratory frame: 
s= (Pa gy Po)? 
= m + m, + 2mpvr, (2.20a) 
t= (pa — Pe)? 
= m? + m? — 2v, EY +2\|pr||p2| cos 0z- (2.20b) 
or 
a pe DEL 8 ; 
ppe e a e (2.21a) 
2M, Mp 
PL = -p4 +v}, = -m +v? (2.21b) 


[Pz] = (2.21c) 
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where 
A (x,y, 2) = r? +y? + 27 — 2ry — Qaz — Qyz. (2.22) 


Theoretically, it is convenient to consider a scattering process in the 
center-of-mass (c.m.) frame. In this frame: 


Fig. 2.3 Two-body scattering in the center-of-mass frame. 


Pa = (Ea, p) > P= (Eo, —p) ) 
Pe = (Ec, p”) > Pda= (Ea, =p’) $ (2.23) 


Thus we have 


s = (Pa +p)’ = (pe + pa)? 


= (Ea + Ep)? = (Ee + Ea)? = En (2.24a) 
t = m? + m? — 2E, E. + 2 |p] |p'| cos 0 
= m? + m? — 2EyEa + 2 |p] |p'] cos 0- (2.24b) 
Now 
s = E? + E? + 2E, Ep (2.25) 


= (p° + ma) + (P? + mg) + 2v (p° + mê) y (p? + m5). 


Solving Eq. (2.25), we get 


ip| = ¥ Hai mts) (2.26a) 


Similarly by considering, s = (Ee + Eu)”, we get 


n VA(s, m2, ma) 
|= NE dz, (2.26b) 


|p 


2.2. Kinematics of a Scattering Process 29 


We also note that 


patam n p, St ma 
2/s 2/s 
stm- m? s+ m? -— m? 
Pos aee u y a e e 2.27 
oe ee 2/5 (22n) 
For the elastic scattering 
c=a, d=b 


and 


pl =]p], Ee= Ea, Ea = Er 


0 
t = —2p? (1 — cos 0) = —4p? sin? 5 (2.28) 


Thus —t is just the square of momentum transfer. 

Finally one can derive a relation between the scattering angles 0 and 
0z using Lorentz transformation. Let us take pz and p along z-axis. The 
c.m. frame is moving relative to the laboratory frame with a velocity: 


PL 


= A. 2.29 
nh (2.29) 


Lorentz transformation gives 
př cos 0r = y[p’ cos 8 + vE;] 
př sin 6, = p' sind (2.30) 
E} = q |E. + vp’ cos 6]. 
Hence, we get 


p' sin @ 


tanb; = — L" 2.31 
ae y |p’ cos 6 + vEe] 2818) 
where 
1 Vp + Me 
= = . 2.31b 
Ie 2 ea) 
Equation (2.31b) follows from the relations: 
pL= Y|[p+vEd, ve= y[Ea+vup], me = y[Eo— vp]. (2.32) 


Another variable which is useful for scattering process, particularly for in- 
clusive reactions, is rapidity. We define the longitudinal rapidity y : 
1P _ 1 ETP 

E A 2 E-— PIJ 


y = tanh` (2.33) 
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Now using Eqs. (2.15) 
E+ P| =y (1 F v/c) (E SE cp) 


one gets 
1, 1+v/e 
/ 
=y--l 
cae Iof 
and 
dy’ = dy 


i.e. the shape of rapidity distribution is invariant. It may be noted that by 
choosing some direction, e.g. beam direction for the z-axis, one can write 
the energy and momentum of the particle as 
E=mrcoshy, p: =p] =mrsinhy, pr = (Pz, Py) 

where mr is called the transverse mass and is given by 

E? — Pi = m2, 
which follows from cosh” y — sinh? y = 1 

Now 
E? — pj = E? -— (p° - pz) = m + pb 

so that 


Thus from Eq. (2.33), 
E+ p) 
= ln —— 
mr 


The rapidity 7 is defined as 
0 
= —In(tan = 
7 = —In(tan 5) 
where @ is the scattering angle in the c.m. frame. For high energy scattering 


(E ~ |p|): 


1, E+p: 1 E + |p| cos 6 
= -In 

2 E-p, 2 E- |p|cos0 

1 


cos? 0/2 

x -lIn = — ln (tan 0/2) = 
2 a) en =e 

The scattering cross section is 

Po Bo Bo 


dp  dp,dpydp.  prdprdédp. 


E 
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As 
dp, = mr cosh y dy 
= E dy 
and averaging over ¢, 


do do 


E = 
dp  ndyd(p7) 


: Bg f } ; 
ie. E a is an invariant quantity. 


2.3 Interaction Picture 


In quantum mechanics, the transition rate from initial state |2) to final state 
|f} is given by 
W = 20 | (f| Hr |i) |? ps (Ep), (2.34) 
where Hy is the interaction Hamiltonian viz. 
H = Ho + Hy (2.35) 


The above formula is obtained when Hy is treated as small in first order 
perturbation theory and |i) and |f) are eigenstates of Ho. p(y) is the 
density of final states, i.e. pf(Ef)dEf = number of final states with energies 
between Hy and Ky + dks. 
In order to define the transition rate in general, it is convenient to go 

to interaction picture, which we define below: 
The Schrodinger equation is given by 

d 

iq lt Os = HIV @))s. (2.36) 
We now go to interaction picture by a unitary transformation 

[V (t)), =e" |W (Hg. (2.37) 
Then, using Eq. (2.36), we have 
is |W (t)r = —Ho |W (t)), + et!’ He" |b (t)z. (2.38) 
Now using (2.35) 


HE (t) = e§ ot Hoet = Ho (2.39a) 
H} (t) = eet Het — Ho + HI (t), (2.39b) 
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where 
H} (t) = ef ot Hype ot, (2.39c) 


Hence we have from Eq. (2.38) [From now on, we will drop the superscript 
I from H}(t), it will be understood.] 


iÉ U O) = Hr WO), (2.40) 


Thus an operator A in Schrödinger picture is related to operator Ay (t) 
in interaction picture by a unitary transformation 


Ay (t) = 7t A eot (2.41a) 
and 
dA;(t) [> 
i = [Ar (t) , Ho] (2.41b) 


2.4 Scattering Matrix (S-Matrix) 


From the general principles of quantum mechanics, the probability of find- 
ing the system in state |b), when the system is in state |W (t));, is given by 
|C,(t)|? where 

Co(t) = (b|¥ (t))z (2.42) 
Assume that | (t)),; is generated from |W (to)); by a linear operator 
U(t, to): 


IV (t))r = U(t, to) |Y (to)); (2.43a) 
U(to, to) =1. (2.43b) 
Substituting Eq. (2.43a) in Eq. (2.40), we get 
PTE 10) ha (to)), = HOU (E, to) (to), (244a) 
so that we obtain 
e = H,(t)U(E, to). (2.44b) 


We note that U(t, to) depends only on the structure of the physical system 
and not on the particular choice of the initial state |W (to)),. Thus 


|W (t)); = U(t, to) [Y (to))y 
= U(t, t) [Y 
= U(t, t) UH, to) | (to)); (2.45) 
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Therefore, 
U(t, t) U(t, to) = U(t, to) (2.46a) 
I =U(to,to) =U(to, t)U(t, to) (2.46) 
U(to,t) =U (Et, to) (2.46c) 


Thus, the operator U satisfies the group properties. 
The formal solution of differential Eq. (2.44a) is given by 


t 
Ce rae f Hy(ts)U (th, to)dty. (2.47) 
This integral equation can be solved by iteration method, i.e. 


U(t, to) =1-if dt, H;(t1) hh dtz Hr(t2)U (ta, to) 


= =1-if dt, Hy( (t1) + -o f dtıHı( (tı) f dt2H (tz) 


as (2.48) 


Eq. (2.48) is the basis of perturbation theory. 

Now at t = to — —oo, the system is known to be in an eigenstate |a) 
of Ho. Hence the probability amplitude for transition to an eigenstate |b) 
of Ho is given by 


Colt) = (b| (t)); 
=, lim (| U(t, to) |¥ (to), 


= lim (| Ut, toe #0" |W (to)) g. (2.49) 
07 
Now for tg > —oo, 
|W (f0)).g = la, to) = |a) e *¥o%. (2.50) 


Hence from Eq. (2.49), we get 
Cy(t) = (b| U(t, —20) Ja). (2.51) 


Our purpose is to calculate C;(t) for large t (since for t — oo, the system 
is an eigenstate of Ho), i.e 


jim C(t) = Jim (b|U(t, —co) |a) = (b| U(co, —00) Ja). (2.52) 
The operator 
S = U(c, —ov) (2.53) 
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with matrix elements 
Sba = (bl U(oo, —00) |a) = b| S ja) (2.54) 
is called the S-matrix. 


An important property of S-matrix is that it is a unitary operator. This 
follows from the conservation of probability: 


X lO(œ) = 1 (2.55) 
b 
or 
X Sla) Sla)" =1 
b 
X (al St |b) (Sla) = 1. (2.56) 
b 
Hence 
la| STS |a) = 1, 
sig=1 (2.57) 


Therefore, S is a unitary operator. It is convenient to introduce “in” and 
“out” states [see also Appendix A]. Assume that before time tı and after 
time t2, H = Ho and perturbation acts only during the time interval 
tı < t< t2. Then the “in” state 


|a)in = |a, tı > —00) (2.58a) 
Similarly the “out” state is 
la) out = |a, t2 > 00) (2.58b) 


The operator S provides the link between the description of the system 
before tı (tı — —oo) and after tz (t2 — oo). Thus 


|a) in = Sla) out 
so that 
Sta’ =out (dla); (2.58) 


where a and b indicate quantum numbers necessary to specify the initial 
and final states or in more transparent notation 


Spi Sout (FI) in (2.59) 
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Now using Eq. (2.48) 


+00 


+f dt, ie dtz H(t) H7(t2) + ---(2.60) 


By interchanging the variables of integration tı — tz, we can write the 
second term as 


+00 t2 
(—7)? D dt he dt, Hr(t2)Hr(tı) 
It can be shown! that this term is equally well described as 
coef dt, T dtz Hy (tz) H7(t1) 
—oo 1 
Using this identity we can write S@) as 


love) +00 
s2) = S at, f dtəT |H; (tı)Hr(t2)] (2.61) 


where the time ordered product 


= Hr(tı)Hr(t2) tg < ti (2.62) 
= Ay (t2)Ay (ti) to > ty 


In terms of the Hamiltonian density H(z) 
Ay(t) = J Pente) 
so that 
2) _ i)? 4 4 
se) = fa z fa eT [Hy(x1)H7(22)] 
A generalization of this is 


s™ = o" J d's: J P N / dateT [Hy (a1)Hr (a2) ++ E 
l (2.63) 


Up to the first order in perturbation 


Sri = Õpi -i f ate (f |Hr(2x)| i) (2.64) 


1See J.J. Sakurai, Advanced Quantum Mechanics, Addison-Wesley (1973) p.186. 
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Using the translational invariance, which is generated by momentum oper- 
ator one can write 


Hyr(2) =e? Hy (Oe 7 
[ao Tiia j= f dae Pi=Pie (f Harli) 
= (27)* 54 (pf — pi) (F [Hil i) (2.65) 


where Hr = H,(0) and 6-function ensures energy-momentum conservation. 
This suggests that it would be convenient to introduce an operator T, called 
T (transition) matrix with the element Tp; so that 


Spi = Opi + ilr) Tj (2.66) 
In the first order of perturbation 
Tri = — (f |r|?) (2.67) 


Then, using Eqs. (2.37) and (2.38), the transition probability for large 
t from a state |i) to state |f} for i Æ f is given by 


P= lim |C? = ISI? = $ (27)? 84 (pp — pi) 84 (0) [Trl 


(2.68) 
Now 
4 Pie 1 —tp £u J4 
L a eg 
A 1 Vt 
6* (0) = (nyt z (Volume) t = (ny (2.69) 


Therefore, the transition rate per unit macroscopic volume is given by 


P 
Wri = FG, = (2m) “3054 (py — pi) Tpl. (2.70) 
To carry out sum over final states, we need to know the density of final 


states Pf (EF). 


2.5 Phase Space 


Consider a single particle in one dimension confined in the region 0 < x < L. 
The normalized eigenstate of momentum operator P is given by 


Up (x) = —ae’?”. (2.71) 
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The boundary condition that up (x) is periodic in the range L gives 


ae (=) i (2.72) 
Thus 
-= z (=) “” = p(B), (2.73) 


i.e. the number of states within the interval EF and E + dE is given by 
dn = p(E)dE. In three dimensions, we have 


fic (ESR. fh L\* 4 dp 
p(B) = = (=) a | = (5) pap fa ee) 


The generalization to the n particles in final state gives: 


—1 


IAT 
n= E) | pee dpa- Pha: (2.75) 


Pi = Pf = P1 +P tit Ph (2.76) 


Since 


only (n — 1) momenta are independent. With the normalization L = 2r, 
we can rewrite from Eq. (2.75) 


n= f 6p: — (pi +p + + ph] dpi dph dpi. (2.77) 
Thus we can write 
= fol (Ei + E3 +--+ En)] 
x ô? [pi — (pi + P +---+p,)] 
x dpi dph- dp. (2.78) 


Hence the transition rate [cf. Eqs. (2.70) and (2.78)] 
Wy = (20) I dp, dp d*py 


aa 2 
x So [Zal 8t (pi +p ++ ph- pi), (2.79) 
final spins 
where bar (—) denotes the average over initial spins if initial particles are 
unpolarized, otherwise we have to use the density matrix if initial particles 
are polarized. 
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Remarks: 
(1) In the first order perturbation theory 


Tr = — (f| Hr li) (2.80) 


(2) The normalization of states is 


(p' |p) = / de (p' |x) (x|p) (2.81) 
= a [ee Daa = 06(p’—p). 


The phase space f d?p is not Lorentz invariant. Thus we consider the 
Lorentz invariant phase space 


[tte 5? —n?) 60%) 
/ / 1 1 / / / £ 
= fay fah y DO — B+ Sw +E) Ow) 


dy! 
= i Ta (2.82) 


Now we write 
ip) = f ar’ 1P) (p) 
dy! j 
E 2E’ (p’ 
T spr P) PE’ (p' |p) 
dy! 
= | Spr V4 Po Po (P lp) Ip’). (2.83) 
It is clear from Eq. (2.82), that (p'| T |p) is not Lorentz invariant, but 
Po Ph (p'|T |p) is. Thus in general we write 
Tr = N'F fs, (2.84) 


where N’ is a multiple of factors like 1/F,. In fact it is convenient to take 


1/2 
r Mr 1 
ae (11 (27)? E, II (27)? 2B, ) i ey 


Tr S 


if there are r fermions and s bosons such that 


n+m 
1 
r+s=n+m, w= in N, (2.86) 
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m and n being the number of initial and final particles respectively. Hence 
finally the transition rate is 

w= (27) | dp, dp, dph 
(2n)°" J (27)? (27)? (27)? 


x N? (p, +p php) So Fpl’. (2.87) 


final spins 


In the first order perturbation theory 


[ea] I G" G -arn ew 


For example for s = 0,r = 4 (i.e. four fermions process) 


1 Ma Mp Me Ma 1/2 
(2m)° ( Eq Ep Ec Ea ) Pps = — (F| Hr li). (2.89) 


Here ma, Mb, Me and mg are the masses of four particles a,b,c and d 


involved in a scattering or a decay process. 


2.6 Examples 


2.6.1 Two-body Scattering 
Consider the scattering process 
a+b—c+d, 


where a and care bosons e.g. pions and 6 and d are fermions, e.g. nucleons. 
The scattering cross section is given by 


dW 

do = ——— 2. 

4 (Flux),,,’ ee) 
where (Flux); is the incident flux defined as 
Vin 
Flux), = Vin = ——: 2.91 
( Jin P1p2 (27)? ( ) 
Pa Po 

i ee 2.92 
v T (2.92) 


We calculate the scattering cross section in the c.m. frame. In this 
frame: 


1 


Pa = —Pdb = Pab = P, Pe = —Pd = Pcd = P (2.93a) 
Eom = Eq + Es = Eo + Eu. (2.93b) 
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Eom 
Ea Er l 


Vin = |pl (2.94) 
Now from Eq. (2.87) 


(2m)! 


dp. dpa MyMa 4 < 2 
aS e NAAA alien te PE 
(2.95) 


We can write 


54 (pe + Pa — Pa — Po) = Ô? (Pe + Pa — Pa — Po) 6 (Ee + Ea — Ea — Ep). 
(2.96) 
The integration over d*pq in Eq. (2.95) can be removed by the three- 
dimensional 6-function. Writing 


pe = |p'|? d|p’| d, (2.97) 
Eq. (2.95) gives 


mpmq 1 2 
w= [Pam aa (am - VoF- yp + mi) 


~ 4EyEq (27)? 


1 1 Sen 2 
Fr. 2.98 
/p? + m2 Jere Fil ( ) 


Now using the formula 


1 
dx |E — Y (x)| F (x)= E (x) | ; (2.99) 
J Y' (x) | p-y (2) 
we have from Eqs. (2.90) and (2.98) 
dW (2r)? 
do — dW (27) 
Vin 
1 |p| 1 ose 
= — —— |M|* dQ 2.100 
Gan? Jp] Be, l > aed 
where 
Ampma X [Fal ,if particles a,c bosons and b, d fermions. 
spins 
|M]? — J 16mamemema X. Fal? „if all particles are fermions (2.101) 


spins 


X |Fy|" , if all particles are bosons 


spins 
In the c.m. frame, 
dt = —dQ? 


/ 
T 
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41 
do 1 1 |M}? 
= 2.102 
dQ? E2., |p|? 647 ( ) 
In the Lab frame we note from Eqs. (2.29), (2.31b) and (2.32) 
p = (pr — vrr) 
_ YPL™b _ PL™d 
VL + Mp Ecm 
so in the Lab frame 
do 1 1 |M} 
dQ? m |p, |? 647 
From Eq. (2.20b), 
1 
dQ? = —|px| |p] 2; 
one gets 
do _ 1 |p}| |M]? 
= : 2.103 
dQ, me |p| 647? ( ) 
2.6.2 Three-body Decay 
2.6.2.1 Three-body Phase Space 
Consider a three-body decay 
a—>b+c+d 


m — mı + m2 + M3 


k = pı + p2 + ps- 
The decay rate [cf. Eq. (2.87)] is given by [pin = zz] 


1 
(27) 
iat 
Pin 
= (any! f dp, f d?po ee (ee | 
(2m)? J (2m)? J (2r)? E EEE 


x 03 (pi + po + ps — k) ô (E1 + E2 + E — E) |M}? , (2.104) 
where for definiteness, we have taken all the particles to be fermions. 
We evaluate Eq. (2.104) in the rest frame of particle m. In this frame 
k = 0 and E = m. Hence we have 
pı +p2 +p3=0 


Fy + Es + E3 =M; (2.105) 
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From Eq. (2.104), removing the integration over d?p3 due to three- 
dimensional 6-function, we get 


dt = oo (mmama) | pid. P3dpa ia pe 
5 | Ei + Ea + (pi + pa)? +m} =m |M]? (2.106) 
After performing the angular integration over Q12, we obtain 
2 (27)? EE dB, dE, E3 2 
a = mmama = E amna 
= rene | dE, dE, |M}? , (2.107) 


where m? is the value |M|? after the angular integration has been per- 
formed. In order to evaluate the integral in Eq. (2.107), it is convenient to 


define the invariants: 
2 


s12 = (k — pa)” = (pi + p2)” 
$13 = (k — po)” = (pi + ps)” 
893 = (k — pi)? = (p2 + ps)? . (2.108) 


In the rest frame of particle m, we have 


si2 =m? + m3 — 2m E3 
$13 = m? + ms — 2m Ev 
S23 = M? + mi — 2mE, (2.109) 


Sig + Sia + S23 = M? + m? +m +m. (2.110) 


On the other hand, in the c.m. frame of particles 1 and 2, we put 
Pı =-P2 =p and p3=q. (2.111) 


In this frame, we denote the energies of particles 1, 2 and 3, by w1, w2, w3 
respectively. Thus in this frame 


513 = (w1 + ws)” — (p +a) = m? m3 — 2p.q+2w1w3 


893 = (w2 + w3)” =(p= q)? = m3 + m3 + 2p.q+2wows3 
$12 = (wy +)”. (2.112) 


For fixed s12, the range of s23 is determined by letting q to be parallel or 
antiparallel to p. Thus 


2 
(so3) me = (w2 + w3)” Re m3 F ye? mål ; (2.113) 
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We also note that one can express w1, w2 and wg in terms of s12. 


— $124 m? = m3 
oon 2/812 
_ $12 — m? + m3 
W2 = Di Jam 
2 2 
w3 = mM 3 sR (2.114) 


2/512 
In terms of the invariants sı3 and s23, Eq. (2.107) can be written as 


dI = T; Jisa ds) |M}. (2.115) 
(27)? (4m?) 

The scatter plot in s23 and s12 is called a Dalitz plot (Fig. 2.4). If 
m|? is a constant, we have uniform distribution of events. Non-uniform 
distribution of events over Dalitz plot will indicate a structure in m? and 
would provide an important information about the dynamics underlying 
the process concerned. 


10 ~ ae eee os a naan ea a e E 
E (m,+m,)? : J 

E (m ] 
gL (M-m)? I 
Le b n 
ô [ (M-m) J 
ail ] 
ER ES 7 
2 O (m,m) EE iai 1 = 
reer! crs 6 a da 
0 1 2 3 4 5 

mê, GeV?) 


Fig. 2.4 Dalitz plot for a three body final state [ref. 6]. 


2.6.2.2 (-decay 


A-Bt+e +%, P = PB + Pe + Pv 
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e.g. 
OFS N!4 + et + ve. 
We obtain from Eq. (2.104) 


4 2 
dv = on | ee. pdp Aer ô (Eg + Ee + Ep — ma) 
T 
MA MB Me My 2 
mais BE, MI“, (2.116) 
where 
Pv dp, = E, dEy. (2.117) 


It is a very good approximation to neglect the recoil of the particle B, 
so that pg ~ 0 and Eg = mpg. For this case, the 6-function removes the 
integration over dE, and we get 


= Gul pe dpe ev (Ma — mp — Ee) 
(27) 
2 2 1/2 f Mme my 2 
x ((ma -mp — BLY = m?) (e |M| ) l (2.118) 
Let us write 
Emax = Ee + Ey = ma — mp. (2.119) 


Then one gets 


Ar)? 1/2 
dv = ( y pe dpe (Emax = Ee) ((Emax T BJ = m?) 
(27) 
Me My 2 
Mr} dRe. 2.12 
« (Se ime) (2.120) 
In the first order perturbation theory, 
< 2 Ee Ey 
|M? = (21)? $0 KI Hw |e)? (2.121) 
Me M 


spin 


If the expression $. |(f| Hw |i)|? is averaged over angles between electron 
spin 
and neutrino, dI can be integrated over dQ,, and we obtain 


x ((Bmax — Be)? — m)” (2m)? SAA w (2122) 


spin 
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Let us make the simplest assumption that the averaged expression is inde- 
pendent of electron energy Ee. In this case 


1 fd 1/2 
= ( ) x (Emax — Ee) [ (Bmax ae (2.123) 
De \ dpe 
If we neglect the mass of the neutrino, then 
arp \ 12 
K= Emax — Ee). 2.124 
(Haz) mm ai 


From Eq. (2.124), we see that plot of (dr /p? dpe) 1/2 versus Ee should be a 
straight line. This is called Fermi or Kurie plot. Figure 2.5 shows that it is 
indeed a straight line. Therefore, the assumption that the matrix elements 
(f| Hw |i) are independent of energy is correct. 


A 
K 


E 


e 


Fig. 2.5 Fermi or Kurie plot. 


From Eq. (2.123), we get 


_ 1 12 Wey A Pe 2 2 
Dg= zia [E0 TATA] f Euas- Be)? dpe 
1 2 
= 5-5 "å [(2n)? [FLAW lil | f (00) (2.125) 
T 
where 
po 2 
f (00) = | pP (Vati - veri) dp (2.126) 
0 
_ Pe z pee 
P Me’ po Me 


This does not take into account Coulomb corrections due to Coulomb 
force which the electron experiences with the nucleus of charge Ze once 
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it has left the nucleus. This can be taken into account in the integral 
f (po) and the formula (2.126) remains valid. The lifetime for (G-decay 
Tg = 1/Tg, but it is the half life t;/2 = 7g(In2) which is experimentally 
measured, while f is computed. ft1/2 is called the ft value. It is assumed 
that Hw is universal, i.e. the same for all decays and this assumption is 
supported by experiments. ft values for G-decay vary from about 10° to 
102° seconds. This variation is due to the phase space available in the final 
state characterized by Emax and hence by f (po). Other cause of variation is 
due to the nuclear wave functions that enter into the calculation of matrix 
elements (f| Hw |i). Without the universality of Hy, an understanding 
of weak interaction would be hopeless. Some characteristic ft values are 
shown in Table 2.1. 

We now consider the transition O14 — N' so that we do not have 
complications due to spin. Nuclei may be described by highly localized 
wave functions described by ane Uilr) and aan (r) which vanish for 
r > 10718 cm. Electron and neutrino can be described by plane waves as 
they carry large momenta. We take that Hw responsible for -transitions 
is characterized by a parameter Gr which determines its strength. Thus 

2 
ws J U% (r) Ui(r) eet Petar] | (2.127) 
(27) 
Since pe/h ~ 101! cm™t, r = 107 cm, it is a good approximation to 
replace the exponential in the integration by 1. This is called the allowed 
approximation. Thus one gets from Eq. (2.128) 


(f| Hw |i)? = Gp 


(27)? |(f| Hw li)? = Ge. (2.128) 
Hence we obtain from Eq. (2.126) 
G2, më 
Tg = 3 F (eo) 
1 In2 
== (2.129a) 
Te tase 
or 
27° In 2) 1 
gel — 2.129b 
a ft me ( ) 
or 


5 
(Gr m)? = ere) (==) = (2.129c) 
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Using = a~ (0.7) 107?4 sec and ft = 3100 sec we get 
Gr mh œ 1.5 x 107° (2.130) 
to be compared with its present accurate determination 
Gr = 1.166 x 107” GeV?. 


We rewrite Eq. (2.130b) in a more transparent form 


Pags a a o 1 ( h ) bass 


IMr]? Gr mec?)* \ mec? 


where Mp is called Fermi matrix element. We note that f tı/2 is constant. 
With 
Gr 


=1.1 107 zA 2.132 
E 66 x 107° GeV (2.132) 
one gets 
5972 
f tij2 = —, sec (2.133) 
/ Wak 
In G-decay, isobars are involved, i.e. it is a transition with AJ; = +1. In 


particular for 


o4 aN; [JP =0t, T= 1, p= 0,)] 
Mp = (ws: 0*;1,0 |I| di = 0, 1,1) (2.134) 
=> V2. 
Also in the Fermi transition, AJ = 0. Thus for the decay O14 — N14 
f tis2 = 2986 sec (2.135) 


to be compared with the experimental value 3100 sec; a discrepancy of 
only 1%. In view of the simplification used, it is in good agreement with 
the experimental value. However, the decay He? — Li® is forbidden in the 
Fermi theory as it involves a transition AJ = +1, whereas in Fermi theory, 
the selection rule is AJ = 0. 

But the decay oHe — 3Li°+e~ + De does occur. Gamow and Teller, 
then introduced an additional matrix element 


Mor = Ca (bs lalt) = f U7 xs lolx) Us dz (2.136) 
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which allows the selection rule AJ = 0,+1. Summing over the spins and 
taking the average for the initial spin s 


Mer? = $E I oa lol xa) g lol xa)” 
i f 

= 5 EE lolx) (x lol xa) 
toT 


-ÍS (alx) =3 (2.187) 


where we have used o? = 3 and there is no interference term as Tr(a) = 0. 
Hence we replace |Mp|? in Eq. (2.131) given by 


2 2 2 
\M|° = g% |Mr|" + 94|Mor| 


where gy = 1 and g4 = 1.261. The results are summarized in Table 2.1. 


Table 2.1 
tiyo Tm | |MrF|? | Mer? | f trols) 
n—p 3. — 4" | 10.6 min | 0.7821 | 1 3 1100 
He® 5° Li | 07 S17 0.813 s 3.50 0 3 810 
of —'4 N | oF — ot 71.48 1.812 2 0 3100 
H> Hë | 535 12.33 Yr | 0.0186 | 1 3 1131 


Finally we note from Eq. (2.124) that a non-vanishing neutrino mass 
reveals itself as a downward deviation from a straight Kurie plot as the 
energy approaches its nominal (m, = 0) kinematically allowed maximum 
T°. We can write Eq. (2.124): 


al’ 3/2 (Te T ma max | max 2 2 We 
(+ ) x Te T, F 2m. (T — Te) (T = Te) — mi , 
(2.138) 


e 


where 


Te = Ee — Me = Vp +m2— me. (2.139) 


We note that the effect of m, is near Te = T°”, otherwise (T7*” — Te)? > 
m2. If we put 


Te e 
Tras =O S a (2.140) 
then 
1 3/2 
2Te 
Dr-o x (Timer? / eP tieg? e (2.141) 
0 (£+ Ze) 
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Hence it follows from Eqs. (2.138) and (2.141), that if m, Æ 0, then the 
fraction of events G(m,) which will be absent at the end point is given by 


1 ft” dD 
oe Te 
G (o ) T (ae (ar ) my =0 


(T2) mg ( my | 
oC TE , 


CS AAT 


(2.142) 


where g is some constant. Hence it follows from Eq. (2.142), that in order to 
have G (m_) as large as possible, T/”*” has to be as small as possible. Thus 
we see from Table 2.1, that tritium (H°) is most suitable to determine the 
mass m, of neutrino experimentally, since electrons from this decay have 
very low end-point energy (18.6 keV). 

The distortion at the extreme end of the Kurie plot due to m, Æ 0 is 
shown in Fig. 2.6. Thus in order to determine m, one has to look for such 
a distortion, but note that the deviation is in fact quite small. Moreover, 
the fraction of the events in the energy range of 18.5 keV < Ee < 18.6 keV 
is only 3 x 1077. The experiment is hence quite difficult and even then 
it would be extremely difficult to determine m, better than 2 eV by this 
method. We shall come back to this point in Chap. 12. 


{N(E)/F(E)per]”” 


18.4 18.5 18.6 


Fig. 2.6 The distortion at the extreme end of the Kurie plot due to my 4 0. 


50 Scattering and Particle Interaction 


2.7 Electromagnetic Interaction 


A monochromatic electromagnetic wave is composed of N monoenergetic 
photons, each having energy and momentum, E = hw and p = hk. The 
electromagnetic field is described by a vector potential A with polarization 
vector £. Electromagnetic waves are transverse waves so that k -e€ = 0 and 
thus have two independent states of polarization. We can conveniently de- 
scribe it as left-circularly or right-circularly polarized photon or we can say 
that a photon has two helicity states +1. Such a photon can be described 
by a polarization vector 


c+ = — (F1, —i, 0), ° =0, 2.143 
+ Z i, 0) ( ) 


where we have taken the propagation vector k along z-axis. 
The spin 1 matrices S are given by 


(Si) je = —iéijk (2.144) 
Writing them explicitly, we have 
00 0 
Sı = Sr = | 00-2 
0i 0 
00i 
S2 = S= | 000 
—i 00 
0-70 
S3=S,= {72 00 (2.145) 
000 
If we write et and £7 as column matrices 
—1 1 
1 1 
Epania ei e aaa Ie (2.146) 


it is easy to see that they are eigenstates of S, with eigenvalues +1 respec- 
tively. We also note that 

ev ep = l= ene 

Eei e = 0 S= ene (2.147) 
EX EA = Onn AAEE (2.148) 
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For a real photon, if we sum over polarizations (spin), we have 


Yo eneza = big — ae (2.149) 


In quantum field theory, electromagnetic force between two electrons (or 
any charged particles) is assumed to be mediated by photons, the quanta of 
electromagnetic field. The simplest case is the exchange of a single photon 
as shown in Fig. 2.7. 

The Coulomb potential between two charged particles is e?/4rr in ra- 
tionalized Gaussian units. This is the Fourier transform of an amplitude 
M(q) corresponding to the diagram shown in Fig. 2.7. Thus we write 


Fig. 2.7 Electron-electron scattering through exchange of a photon. 


e2 1 foe) : 
Sh ae tat 3 
m aT i Àa M (q) dq. (2.150) 


In order to find M(q), we note that 


co iq.r (e0) T 1 
- d°q = 27 ellalrces® — lai? diq|sin@ dO 
q? 0 0 q? 


4T sin |q|r 
== ar alq 
rT Jo lq] 
= AT : sin £ dnat™™ E 27? (2.151) 
r Jo x r 2 r 
Hence we have 
2 
e 
M (q) = m (2.152) 


This gives the matrix elements of the above diagram (Fig. 2.7) in mo- 
mentum space in non-relativistic limit. A relativistic generalization of this 


e? mı ma m, m! (J), (Jn) 
Dea el mae se B 


1S 
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Le. 
Fa ou ei Ca 
q 
where (J”} is the expectation value of the electromagnetic current. g,,/q° 
is called the Feynman propagator of the photon. J,, is given by 


(2.154) 


J =e% y, 
so that in free particle approximation 
(J*), = eT (p;) u (p:i), i=1,2. (2.155) 


Thus 
1 
z u (p3) eq”u (p2) U (p1) eu (p1) 


1 m 


x 6 7 =. 
(27)? JE, Ez El Eh 
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In the non-relativistic limit 2 ~ 0, P- 0, E1 = E= E| = E} =% m, 


T= 


2 


u(p)Pu(p)=1, U(p)yu(p) ~ 0, 


2 2 
q = (p1 = p1) = (E; — £1) — 4p? ~ —4p’, 
and q? — —q? so that we have from Eq. (2.153) 


e2 


-T = M (q) = Z (2.157) 


2.8 Weak Interaction 


If weak nuclear force is mediated by exchange of some particle, then this 
particle must have a finite mass, since weak nuclear force is a short range 
force. We assume that mediator of this force is a vector particle of finite 
mass. It, therefore, has three directions of polarization or it is a spin 1 


particle with M, = +1,0. These spin states can be expressed as 
1 
e+ = — (F1, —i, 0), & = 0 
s= ye. 
€o = ( 0, 0, 2), el = dal (2.158) 
mw mw 


In this representation 


q= (q0,0, 0, lal), 4? = my (2.159) 
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so that 
q:e=0. (2.160) 


It is easy to see that e+, €o are eigenstates of S, with eigenvalues +1, 0 
respectively. For a spin 1 particle on the mass-shell 


o 


qq 


m, (2.161) 


Mao Mo H o* Haat _ to 
` EEA SEL EL, HELEL +EgEo =—9™ + 
=+1,0 


In order to estimate the strength of weak interaction, we evaluate the 
matrix elements of the scattering process 


Vete —-vete 


as given by the diagram in Fig. 2.8. In analogy with Eq. (2.154), the 


Fig. 2.8 Neutrino-electron scattering through exchange of vector boson. 


scattering amplitude F is given by [the propagator 1/ (a°) is replaced by 
1/ (q? — m?y) as W-boson is massive] 


w w 
(4? — my) 
Now in contrast to electron, neutrino is a two-component object and its 

wave function is (1 — ys5)u(p). Thus in analogy with Eq. (2.155) 

(JY!) = gw Upi) a” (1-745) u(ps), i=1, 2, (2.162b) 
where gw is the strength of weak interaction just as e is the strength of the 
electromagnetic interaction. Thus for q? << mj, 


F= (2.162a) 


F=- afp) 7 (1—75) ulpo)] (CPL) Yu (1-95) w(pr)] (2-1620) 
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54 
Using Eq. (A.48), we get 
An ee 
Beu Iw *V D* 
|F? = ae ee Be (2.163) 
spin 
gw 1 Iho IV „H / uV : LV po / 
aa må, mem, [p3 Po + Pz Po — P2' P39” + te Pop Pho] 
2 ; 
x Mey [piy Piv +P Pip — Pi apipi + Euvap Py Pi ] 
4 
_ Iw _ 2 2 2)\2 
= nae (s- m- m?) , (2.164) 
where 
s = (pı + pa)” = (01 + p3)” = Eem (2.165) 
From Eqs. (2.103) and (2.164), we get 
2g 1 2 2) 2 
o= — (s= mi- m). (2.166) 
wee s 
If we neglect the lepton masses (viz for s > m2), then we have 
o= ($ F (5. r) Ans. (2.167) 
Now Gr/V2 = g2,/m2, so that 
GSC: (2.168) 
T 
Taking o ~ 1078 cm? at s = (1 GeV)?, we get 
1078 —4 2 
(= aE) * GeV “=G 
(2.169) 


Gr 107° GeV? 
to be compared with Eq. (2.130). This shows the universality of the weak 
interaction since Gp is the same as obtained from the -decay or from the 


scattering of neutrinos on leptons 
In unified electroweak theory [see Chap. 13] 
: (2.170) 


sindw = — >, 
gw wW 9 Wa 
where sin Ow is a parameter of the theory. Experimentally, sinf 0w ~ 1/4 


thus we get 
GF e? Q 
= = 2.171 
i V2 8m, sin? 0w 4 8mF, sin? Oy ( ) 
soe 1/2 
2 
mw = |—= (sinf dw G 2.172 
w = [E8 (ou? ow Gr) (2.172) 


Using sin? Oy ~ 1/4, and Eq. (2.172), we get 
my œ~ 80 GeV. (2.173) 
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2.9 Hadronic Cross-section 


Consider the N — N scattering through the pion exchange. In particular 
consider the diagram (Fig. 2.9). 


N(p',) N(p',) 


N(p,) N(p,) 
Fig. 2.9 Nucleon-nucleon scattering through pion exchange. 


Neglecting the spin of the nucleon 


1 
Fe ge —~ 
Is P — m2’ 


P = (p, — p1)”. (2.174) 


From Eqs. (2.103) and (2.174), we get 


do 1 4 1 jp] 1 


4 
= 2.175 
dn 9s (q? — may 4r? |p| En ( ) 


For elastic scattering |p’| = |p|, so that 


gt mee 27 sin 0d 
a 
| 


2 m4 2 
Ana MaS 1+ IEF (1 — cos 6)] 


2\ 2 2 2 
g; m 4r 4m 1 
(2 ) ( x) ( z) ( x) sam: (2.176) 
T Mr m2. 8 1+ NN 


ms, 


Now 


= 4m, (1 Er 2.177 
a= My Faiy , (2. ) 


where EF is the incident kinetic energy of the nucleon. Now — ~ 2 x 
-13)2 ‘ 
(10-1)? cm?, (2x) ~ 50, thus 


1 


Pru] (2.178) 


CA 
A å —23 2 
o=(#) (1.3 x 107*%cm”) 
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For Ef’ < g ~ 10 MeV, 


2\ 2 
o= (£) (13x10 cmt]: (2.179) 
T 


Js y], (2.180) 


2.10 Problems 


(1) Show that for the scattering 
e et soya (kı) T~ (ke) 


the differential and total cross sections are given by (s >> m2): 


d s —m? 32 
T = |F(s)|? G m (1 — cos? 0) 
/2 
_ 8m 4 2 (3 - m2)” 


where s = q? = (kı + k2)? and F(s) is the electromagnetic form factor 
of the pion, defined by (0| Jg" |r" (kı)n" (k2)}) = F(s)(kı + ka) 
Hint: See Appendix A. 

(2) Consider the decay 


w —> ntr n’. 
Discuss the Dalitz plot for this decay. 


Hint: From Lorentz invariance, the decay amplitude 
Py ~ Eduvp Pi P3 P5, 


where p1, p2 and p3 are four momenta of pions. 

(3) Consider a process in which one proton is at rest and the other collides 
with it, as a result of collision a particle of rest mass M is produced, 
in addition to the two protons. 


p+p—>M+p+p. 


(a) Find the minimum energy the moving proton must have in order to 
make this reaction possible. 

(b) What would be the corresponding energy if both the protons are 
moving. 
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(4) (a) A K-meson decay into a muon and a neutrino 
K` > ihe 
Find the energy and velocity of u`. Using the above result show 
that whether the reaction 
tytpoptin 
is allowed energetically. 


MeV MeV 


mg = 494 on m, = 106 


a 
(b) In c.m frame 
s = (Eg” + EE")? = BB, 
Pa = (Ea, p), pe = (Eo, —p) 
In the lab-frame 
Pa = (EL, Pt) 
Po = (me, 0) 
Show that in the limit Er > Ma, mp 
Eem = V2 E, 
(5) Consider the decay 
Wo >p +o, 
80.4 GeV /c?, mp ~ 106 MeV/c? 


T = YT, jM=2.2x107%s 


Q 


mw 


What distance u~ travels, before its decays? 

(6) To explore a structure of size of linear dimension d, we need a beam 
of particles of de Broglie wavelength A < d. What is the momentum of 
beam particles required for d = 0.01 fm? 

(7) For the decay 


a—>b+e, 


show that the decay width is given by 


1 
T= PL fire an 
ma 


327? 
1 ipl 


2 
8r m2 |M] ’ 
a 


T= 
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if |M|? is independent of angles and |p| is the momentum in the rest 
frame of particle a and 


D |F? , if all particles are bosons. 
spin a 
IM}? = (4mame) > [Fal if particles b and c are fermions. 


spin 


(4mamy) D [Fj]? if particles a and b are fermions. 
spin 


(8) Consider the process 
e (pi) + et (p2) = Gk) + q(k2) + g(ks) 
Define s = (pı + p2)? =@ , q = pi + p2 = kı + k2 + k3 
2ki -q 
Ti = 

@ 

Show that the phase space integral is 

| d?kid’kodkz 1 1 1 
(27)? 2E 2E 2 E3 


q? 
= es |i fin 
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Chapter 3 


Space-Time Symmetries 


3.1 Introduction 


Symmetries have played an important role in the progress of physics. There 
is a close connection between a symmetry and a conservation law. This is 
stated in the form of Noether’s theorem. This can be illustrated by a simple 
example. Consider a single particle of mass m moving in a time independent 
potential V(x‘). Such a system is described by the action integral 


t2 ; 

r= | dtL(a", t) (3.1) 
ty 
where the Lagrangian 
AŽ 
, 1 dx’ ; 

L(x’, t) = = — Dr 2 
(n = am (T) - vee (3.2) 


Let us subject this system to a small change : x*(t) > 2'(t) + xt (t) then 


E 1 d(x’ + ôx’) i i 
raisar= f at [5m 7 V(x’ + 62") 
To the order 6(z") 
fie heaven” (3.3) 
oxi 
and 
d(a* + ôx’) d(a'+da*) (dat : P 9 dei a i) 
dt dt ~ \ dt dt dt 
dri N? d /_ dx’ (Px! 
= (Gr) +(e) -* (Ge) 
(3.4) 
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Thus 


E i drt  8V(z$) tud ¡dz 
a= f dtôx | m- ai Jom [ a (52 T) (3.5) 


t 


The second integral is known as the surface term and can be eliminated if we 
assume that the variations to the path vanish at the end points ôx’ (tı) = 
0 = 6x*(tz). Then we get the classical equation of motion as a result of 
extermization of I: 

dt OV (zÏ) 

dt? Ox* 


3.1.1 Rotation and SO(3) Group 


To establish the connection between symmetry of the action and existence 
of conserved quantities, assume that V (xt) is a function of length z? = 2a" 
only and consider rotation of coordinates 


x’ = RÖ gi (3.6) 
which leaves the length of a vector x invariant 
rgi — REg Rig) — gigi 
RE RÌ = (3.7) 


For an infinitesimal rotation 


RY = §3 4 (3.8) 
éi = ef (3.9) 
r = igi (3.10) 


Thus J is manifestly invariant under rotation since it depends on the length. 
Thus ôl = 0 but now one cannot put surface integral equal to zero since 
the boundary condition x’ (tı) = 0 = 6x*(tz) will destroy the rotational 
invariance. So the invariance of I, together with equation of motion gives 


ea da’ dx’ 
= dt— A EN; = i — t2 .11 
0 I Z (sem) dam — k (3.11) 
But 
ôx’ = gi (3.12) 
so that 
, dz’ oy. dz’ 
a — y pd 
ae! (m=) ce! (m=) 
1 


= sce (3.13) 
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s xd dx’ 
Oso (a Sg 14 
L m (e de TE ) (3.14) 


where LÍ are components of angular momentum and from Eq. (3.11) 
L(t) = L” (t2) (3.15) 


i.e. L are conserved. Thus the conservation of angular momentum is 
a consequence of the rotational invariance of the action. The same thing 
holds in Quantum Mechanics where L” are operators. They generate SO(3) 
group which have just three generators corresponding to three independent 
parameters ¢’7. One can easily identify these generators [A = 1] as 


rife =) (3.16) 
T 


because of the identity 


; :2, 
ag ao) eee ee Oe k 0 i 
Ôx =" L’ x =e (=e sa) 


= =z" (0 5" — PO") 
Ce ee 
wes (ea) — ff) 
= igi (3.17) 
It is easy to see that LY satisfy the commutation relation 
[LY L] = i [6 LI™ — FL +i jl (3.18) 


which forms the Lie algebra of SO(3). The most general representation of 
the generators of S'O(3) is given by 


JOST? + S (3.19) 
where the hermitian S”’ satisfies the same commutation relation as L’? and 
commute with them and refer to internal degree of freedom. For spin-4 


particle, 
a Eee. i 
S¥ = 504 = See (3.20) 
where o’s are Pauli matrices. Consider 
LY = ek EF (3.21) 
1 
aJ ap m (3.22) 


[JŻ, JI] = iet J* (3.23) 
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In Quantum Mechanics a transformation is associated with unitary operator 


U, which corresponding to the rotation 
r’ = rê tag) 


is 


which on exponentiation becomes 
Une $e" 
= e wd 
where 


es = cd k yk 


3.1.2 Translation 
For space-time translation 


o/h = gh + ab 


or 
bach = g/# — gt = eb 

and 
[er eee EA 
Ox 


is corresponding generator since 


dat = ie” (—id, Ja" = E = e! 


(3.24) 


(3.25) 


(3.26) 


(3.27) 


(3.28) 


(3.29) 


(3.30) 


(3.31) 


By Noether’s theorem, the invariance of action under translation gives con- 
y ; 


servation of P#, i.e. energy momentum. 
The corresponding unitary operator is 


Up =1- ie’ P, 
which on exponentiation gives 


Ur = ei Pu 


The above discussion can be extended to Lorentz group. 


(3.32) 


(3.33) 
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3.1.3 Lorentz Group 


As discussed in Sec. 2.1, a Lorentz transformation is 


al! = Mag’ (3.34) 
Suv = Nigoo Ns (3.35) 
An infinitesimal Lorentz transformation can be written as 
a = OP bg eant” (3.36) 
so that 
AE = Ob + gh ea (3.37) 


and the above condition (3.35) gives 
Euv = —Evp (3.38) 
Corresponding to six parameters €,,,, the Lorentz group has six generators 
PE =i (GP OS OP Lyu = (tuð Bye) (3.39) 
since in terms of these we have the identity 
Pm) 


(7 
62% = rò — rò = g Eur (20 — 2") r` 


2 =e (at g> = a” gt) 
ag Bes cat (3.40) 

It is easy to check that L"”’s satisfies the commutation relations 
[LA , LPP] = i {gP LY? — g’? LHP + no v} (3.41) 


which form Lie algebra of the Lorentz group. The most general represen- 
tations of the generators of this group that obey the above commutation 
relations are given by 


M" = LH” + SH” (3.42) 


where the hermitian S#” satisfies the same commutation relation as L#” 
and commute with them so that 


[Me M) = i [gM — gM + ov] (3.43) 


For a Dirac spin 4 field 


sey = yyy = Fe yy, (3.44) 


64 Space-Time Symmetries 


since this is the only combination of y-matrices which have six indepen- 
dent components and is antisymmetric in u,v. The unitary transformation 
corresponding to the infinitesimal Lorentz transformation is 


eas SEM” (3.45) 

which on exponentiation is 
Un = ere (3.46) 
Just as the Lorentz transformation has two subgroups as discussed in Sec. 


2.1, the six generators of the Lorentz group spilt into three generators M“ 
which belong to SO(3) 


MY = —5* J, = tE (3.47) 
where et?’ = 1, e123 = —1, €°* = etk 
(Pie | = itt JA (3.48) 


satisfying the commutation relations of SO(3). The other three generators 
KŻ = M” give the Lorentz boosts with commutation relations 


[eye =e K™ (3.49) 
[Kt K?] = — [Mma 
= —ig® MY = itt JE (3.50) 


Note that the minus sign in the last equation which is manifestation of the 
non-compactness of the Lorentz group. Note also K’s are antihermitian. It 
is useful to introduce hermitian combination 


M’ = ; (Jt +ik’) (3.51) 
as Ree : 
Neam I nE] (3.52) 
which satisfy 
[M}, Mİ] = itt M* (3.53) 
[Ni, NI] = iett NF (3.54) 
[Nt, MI] =0 (3.55) 


This algebra is identical to the Lie algebra of SUm(2)& SUyn(2) with the 
Casimir operator 


M? = M’ M’ (3.56) 
N? = NİN’ (3.57) 
[M?, M*] =0 = [N?, N*| (3.58) 


Thus in analogy with angular momentum, one can use the eigenvalues 
of M?, MÌ, N?, N® to label the irreducible representations of the Lorentz 
group, but this is beyond the scope of this book. 
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3.2 Invariance Principle 


We now formulate an invariance principle in a general way. Consider a 
transition from an initial state |i) to a final state |f}. This transition is 
described by a matrix element (f| S |i). The invariance means: 


(FLS li) = (f"| Se") = (f|UTSU li) (3.59) 
S = USU (3.60a) 
[S, U] = 0. (3.60b) 
Here 
|i") =U fi) 
If") =U IF) (3.61) 


are the transformed states. We see that the invariance under unitary trans- 
formation means that S-matrix commutes with it. Since S-matrix is related 
to the Hamiltonian of the system, it follows that |H, U] = 0. 

We consider two cases when U is continuous and discrete, as discussed 
below. 


3.2.1 U Continuous 


U can be built out of infinitesimal transformations. Thus we need to con- 
sider an infinitesimal transformation: 


U=1-ieF, (3.62) 


where F is a hermitian operator. F can often be identified with an observ- 
able of the system, for example, the energy-momentum P, or the angular 
momentum J. F is called the generator of the transformation represented 
by U. From Eq. (3.60b), we get 


[s, F] =0. (3.63) 
This means that F is conserved. To see this, let |i) and |f} be eigenstates 


of F : 


If) = Fs If). (3.64) 
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From Eq. (3.63), we have 


a|s, Flo =0 (3.65a) 
or 
(Fi — Fy) (FIS |i) = 0. (3.65b) 
Hence, we get 
Fi=F; if (f/ Si) #0, (3.66) 


i.e. F is conserved (eigenvalue of F is conserved) in the transition |i) to |f}. 
F is then said to be a constant of motion. We have already discussed some 
of the common transformations and their generators in Sec. 3.1. Invariance 
under these transformations means that the corresponding generators are 
conserved. There is no evidence that space-time symmetries are violated by 
the fundamental laws of nature. The translation and rotational symmetries 
implies that space is homogeneous and isotropic. 


3.2.2 U is Discrete (e.g. Space Reflection) 


U? =1. (3.67a) 
Eigenvalues of U are 


U' = +1. (3.67b) 


Thus U is both unitary and hermitian. U can be regarded as an observable. 


3.3 Parity 


Consider a transformation corresponding to space reflection: 
xx’ = —X. (3.68) 


The corresponding unitary operator is denoted by P, which acts on a wave 
function gives 


P W(x, t) = Y (-x, t). (3.69) 
Now 


P= 1, (3.70) 


so that P has two eigenvalues +1. If 


[s, P] =0 ot |H, P| =) (3.71) 
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then we say that parity is conserved. P does not commute with all types of 
H. In particular, the weak interaction Hamiltonian Hw does not commute 
with P : 
Hw, P| £0 (3.72) 
i.e. parity is not conserved in weak processes. 
Under parity operator P 


x—->-x, p—--p (3.73) 
but the orbital angular momentum 
L=xxp-L, (3.74a) 
so that 
J-J, o-0. (3.74b) 


Such vectors are called axial vectors. Also under parity, the scalars trans- 
form as: 


X:-P>X p (3.75a) 
(Pi XP2)-P3— — (P1 XP2) ` P3 (3.75b) 
J-p—-—J-p. (3.75c) 


The scalars which change sign under parity are called pseudoscalars. All 
the three quantities are rotational invariant, but the last two have different 
behavior under P. 

A particle when it is in an orbital angular momentum state l has an 
orbital parity associated with it. In polar co-ordinates x = (r, 0, $), so that 
x — —x implies 


ror, @>7-0, d>7+¢9. (3.76) 
Now we can write the wave function of a particle as 
U(x) = R(r)Yim(0, $) (3.77a) 
1/2 
Yin (8,0) = D" [EAA a) Pin cose) em 
(3.77b) 
Under space inversion 
P"(cos 0) => P™(—cos6) = (—1)'*™P?"(cos 0) (3.78a) 
eime _, gim(d+n) _ (_1)meimd (3.78b) 
so that 
Yim (0,6) > (—1)! Yim(8, $). (3.78c) 


We see that the orbital parity of a particle in an angular momentum state 
Lis (-1)!. 
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3.4 Intrinsic Parity 


As far as orbital parity is concerned, it is independent of the species of 
particles and depends only on orbital angular momentum state of system 
of particles. When creation or annihilation of particles takes place, we 
have to assign an intrinsic parity to each particle. Consider, for example, 
a photon, the quantum of electromagnetic field represented by a vector 
potential : 


A(x) =e f(z), (3.79) 


where € is the polarization vector and f(x) is a scalar function. Now the 
interaction of a charged particle with electromagnetic field is introduced by 
the gauge invariant substitution: 


p > p-e A(x). (3.80) 
Since x and p change sign under P, it follows that 
A (x) > —A (—x) (3.81a) 
Le. 
P A(x) P~ = —A (-x). (3.81b) 


This means that under parity 
E> -€. (3.82) 


The behavior of the polarization vector ¢ characterizes what we call the 
intrinsic parity of a photon. Thus we say that intrinsic parity of a photon 
is odd. Similarly for any particle a represented by a state vector |a, p), 


Pla,p) =n? |a,—p), (3.83) 


where 7? is called the intrinsic parity of particle a. Note that n? = +1. 
We now show that the conservation of parity leads to multiplicative con- 
servation law. Consider a reaction 


a+b>c+d. (3.84) 


We can write the initial state 
lji) = ja) |b) | relative motion }. (3.85) 


Here |a) and |b) describe the internal states of a and b, while the third 
factor describes their relative motion. This state can be described by a 
wave function R(r) Yım(0, ġ). Since, we assume that parity is conserved in 
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the reaction (3.84), it follows that the states |i) and |f} are eigenstates of 
P, with eigenvalues n? and np respectively. Now 


l 
n =n 1 (-1) (3.86a) 
U 
ny =m na (-1) , (3.86b) 
where 72, nf, ne, and nẸ are intrinsic parities of a, b, c and d respectively 


and (—1)! and (—1)" are their orbital parities in the initial and final states. 
Parity conservation for the reaction (3.84) gives 


m =n (3.87a) 
or 
mem (—1)' =e ne (D) (3.87b) 
i.e. parity is conserved as a multiplicative quantum number. 
However, the law of parity conservation is not universal, in particular it 
does not hold for weak interactions. Then it follows from Eq. (3.72) that 
it is not possible to find simultaneous eigenstates of Hw and P. Thus if 


parity is not conserved, the energy eigenstates | Y ) are not expected to be 
eigenstates of parity. In this case, we can write 


|v) = [Vregular) + y [Virregular) ; (3.88) 


where |W regular) and |Virregular) have opposite parities. y is called the parity 
mixing amplitude and is a measure of the degree of parity non-conservation. 
Parity violation is maximum if |y|? = 1. Several experiments involving 
hadrons show that in hadronic interactions 


|y |? < 107”. 


Experiments involving atomic transitions show that parity is conserved to 
a high degree in electromagnetic interaction and that | y |? < 10714. For 
weak interactions, the parity violation is maximum viz |y|? = 1. It follows 
that in order to determine the intrinsic parity of a particle, one cannot 
use weak interactions. Only by considering reactions involving hadronic 
or electromagnetic interactions, one can determine the intrinsic parity of a 
particle. Even then the intrinsic parity cannot be fixed uniquely and we 
have to use a convention viz the intrinsic parity of a proton is +1, i.e. 


n (proton) = +1. (3.89) 
Since proton and neutron form an isospin doublet, we also take 


n (neutron) = +1. (3.90) 
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3.4.1 Intrinsic Parity of Pion 


We shall assume that the spin of pion is zero (we shall show later, how it 
comes out to be zero). Consider first the decay 7° — 2y. Here we have two 
polarization vectors €; and £2 corresponding to two y-rays, whose momenta 
we take as k; and kg, such that (gauge invariance) k,-¢, = 0, kə £2 = 0. 
We also note that £1 -¢€2 = 0. Now only the momentum k = kı — kg is 
independent as K = kı + ky = 0 in the rest frame of 7°. It is clear that the 
only invariant which we can form is k - (€, x €2), which is a pseudoscalar, 
showing that intrinsic parity of 7° is —1. 

Consider the capture of 7~ at rest by deuteron. The dominant processes 
are 


mam +d>n+n (3.91) 


>n+n+y- 


Parity conservation for the first reaction gives 
l i V 
Nr Na (—1) = Mn Mn (—1) = (1) , (3.92) 
where J is the relative orbital angular momentum of m~d and l’ is that of 
two neutrons. There is evidence that m~ is captured in l = 0 orbital state. 
Thus from Eq. (3.92), we get 


Tm Na =(-1)'. (3.93) 
The deuteron is a bound state of a proton and neutron and has spin 1. 
The relative angular momentum of the two nucleons in deuteron is pre- 
dominantly zero. Thus deuteron is a predominantly 3S4 state, ie. for a 
deuteron J? = 1+. It follows that the total angular momentum of the 
initial state is J = 1. Conservation of angular momentum gives Jgna = 1. 
The spin S of the two neutron system is either 0 or 1. Thus for J = 1, we 
have two possibilities: Triplet spin state (S = 1): V = 2,1,0, ie. the final 
state is ?D, or 3P} or 3S). For the singlet spin state (S = 0): l = 1 and the 
final state is 1P}. Now the Pauli exclusion principle requires that the final 
state must be antisymmetric. Since the triplet spin state is symmetric, the 
orbital state must be antisymmetric, i.e. 1’ = 1 and allowed final state is 
3P,. For the spin singlet state, since it is antisymmetric, l’ should be even. 
Thus 1P, state is not allowed by the Pauli exclusion principle. Hence we 
have the result that the final state must be ?P; so that from Eq. (3.93), we 
get 
1- = (-1)" =-1 (3.94) 
since ng = +1. Thus for a pion J? = 07 and it is called a pseudoscalar 
particle. 
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3.5 Parity Constraints on S-Matrix for Hadronic Reactions 


3.5.1 Scattering of Spin 0 Particles on Spin z Particles 


Consider two-body elastic scattering of a spin 0 particle on a spin ł particle 


a + b E ¢ + d 
Pi (P2,0) pi (P2,7) 
In the center-of-mass frame 
Pı = — P2 = Pi 
Pi = — Po = py. (3.95) 
For the elastic scattering |p;| = |p| = |p| = p. The initial and final states 
can be labeled as |) = |p;, a) ,|f) = |pr, o). Under parity 


Plò ="? |-pi,o), Pl f) =n} -pr o). (3.96) 
The transition matrix elements 


(py, oT pio) = (prol PÊ T PIP |pi,c) 


= nen? (-pr o| ÊT Pt |-pi,o). (3.97) 
Now invariance under P implies 
PT P =T. (3.98) 
Because of elastic scattering 
nf = nf. (3.99) 
Therefore, we have from Eqs. (3.97), (3.98) and (3.99) 
(—py,o|T |—pi,o) = (pr o| T [pis 0). (3.100) 


If we assume rotational invariance, then ( T } can depend only on the 

rotational invariant quantities p, Py: Pi, 7°P;, -Pp a (pix ppr). 

We need not consider ø? or higher powers of it, because o? = 3 and 

(a-a)(o-b) =a-b+io-(axb). Thus these quantities can be reduced 

to either a constant or ø. In other words, assuming rotational invariance 

only, we can write in spin space 

(py,o|T |pi,7) = [A (p, 0) + Ai (p, 8) o.p: + A2 (p, 0) o-Ps + B (p, 0) o. (pi x Py)]- 
(3.101) 

This is a 2 x 2 matrix in spin space. It is understood that the above matrix 

elements are to be taken between spin wave functions xh and x; for the final 
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and initial states. Thus using rotational invariance alone, we have 2? = 4 
independent amplitudes. If in addition we assume invariance under parity, 
then Eqs. (3.100) and (3.101) imply A; = 0 = Ag. Therefore, invariance 
under rotation and space-inversion gives 

(py,o|T |pi,o) = x}, [A (p, 0) + B (p, 9) 0. (Pi x Py] xi- (3.102) 
This is an example which shows how a symmetry principle restricts the 
form of a transition matrix. 


3.5.2 Decay of a Spin 0+ Particle into Three Spinless Par- 
ticles Each Having Odd Parity 


Consider the decay 
A -> Pi + P> + Ps 


where all the particles have spin 0. Consider the decay in the rest frame of 
particle A. We have 


0 = pı + P2 + P3, (3.103) 


where p1, p2 and p3 are momenta of particles P,, P> and P} respectively. 
The transition matrix elements for the decay is given by 


M (pi, P2, p3) = ( Pi (pi) P2(p2) Ps (ps)|T | A(0) ). (3.104) 
Under parity 


P |P; (pi) ) =- |P; (~p:) ),  i=1,2,3. (3.105) 
Now 
M (pı, P2, ps) = ( Pi (pı) Po (p2) Ps (ps)| PtP T PtP| A(0) ) 
= (—1)? ( Pı (—p1) Pz (-p2) P3(—ps)| P T Pt| A(0) ). 


(3.106) 
If parity is conserved 
ÊT P =T (3.107) 
and we have from Eqs. (3.106) and (3.107) 
M (pi, P2, Ps) = —M (—pi, —P2, —Ps)- (3.108) 


Because of the rotational invariance, M can be a function of rotational 
invariant quantities pı : P2, Pp2-p3, P3- pı and pı- (pe X p3). But the 
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last invariant is zero, since p3 = — (pı + p2). Hence the rotational and 
space-inversion invariance implies 
M (pi-Pp2, pe: P3, P3: Pi) =—M (Pı: P2, p2- P3, P3- P1) 
or 
M=0. 


Thus we have the result that the decay of a spinless particle with even parity 
to three pseudoscalar particles is forbidden if we assume invariance under 
space-inversion. On the other hand, decay of a spinless particle with odd 
parity to three pseudoscalar particles will be allowed under space-inversion 
invariance. 


3.6 Time Reversal 


Under time reversal 
to>-t, x7x. (3.109a) 
Therefore, 
p--p, L-—--tL, o> oO. (3.109b) 
Let II denote the operation which transforms quantum mechanical states 
and operators under the above transformation, i.e. under t — —t. First 


we show that II cannot be a unitary operator. Under II, the commutation 
relation 


is not invariant. Hence the transformation generated by II cannot be uni- 
tary. But we want the above commutation relation to be invariant under II. 
A way out of this difficulty is as follows: All cnumbers are simultaneously 


transformed into their complex conjugates. Such a transformation is called 
antiunitary. Then under II, 


>&=, >i p = -p (3.111) 
i ——i 
and the commutation relation (3.110) remains invariant. Also, we note that 


HJ n~ = -J (3.112) 
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and the commutation relation 
[Ji, Jj] = teizn Jk (3.113) 


is preserved. 
If Ho and V are invariant under time reversal, then 
0 ’ 


II Ho It = Ho 


H Hine Ut = Hint. (3.114) 


Now [cf. Eqs. (2.60) and (2.61)], under time reversal we have to follow the 
rule , 1 — —7 and as such 


ISI! = Sİ 
ITI! = T' 
Now referring to Eq. (2.58) 
IHļajin = Hja, to > —oo) 
T la’, to => oo) 
= la van 
Invariance under time reversal implies 
(FIT | = (f |O T WI | 4) 
SAP EE 
SPP (3.115) 


From time reversal invariance, we derive some important results: 


3.6.1 Unitarity 
Consider the weak decay B — f. The decay amplitude is 
Af =out (f |H| B) 
Time reversal invariance gives 
Ay =in (f* |H| BY 
=our (f° |StH| BEY (3.116) 


The superscript t on states represents that we have to reverse momenta 
and spins. If we use the fact that spins are to be summed and final states 
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are to be integrated and work in the rest frame of B, then we can remove 
superscript t and Eq. (3.116) gives 


PES cals 8") ttle B) (3.117) 
= 2 ShrAn 
=X (ing — tp) An (3.118) 
A% = + -iX Tijn (3.119) 
Ay — Ap = iT Ay (3.120) 
SA; = es (3.121) 


n 
where T,,¢ denotes the scattering amplitude for f — n scattering. 


3.6.2 Reciprocity Relation 


Let us specify the initial and final states as 
| 7) =|, pi, mi) 
lf) =|, Pr, my). (3.122) 
Then 
| * ) =|, —ps, =mi) 
| f°) =| 8, —pr, —ms). (3.123) 
where m; and my denote the z-component of spin and a and ( denote the 
all other quantum numbers which may be necessary to specify the states. 
Therefore, Eq. (3.115) gives 
(b, Pf; my|T | a, Pi, mi) = (a, —pi, —mi|T |£, —Pf —mf). 
(3.124) 
This expresses the equality of two scattering processes obtained by revers- 
ing the momenta and spin-components and interchanging the initial and 
final states. This is known as reciprocity relation and is a consequence of 
invariance under time reversal. Since II is not a unitary operator, there- 
fore, it does not have observable eigenvalues. The states cannot be labeled 
by such eigenvalues. Therefore, invariance under II cannot be tested by 
searching for time-parity forbidden decays. It can be tested by using the 
relation of the form given in Eq. (3.124). No violation of time reversal has 
been found in hadronic and electromagnetic interactions. 


76 Space-Time Symmetries 


3.7 Applications 


3.7.1 Detailed Balance Principle 
3.7.1.1 Determination of Spin of the Pion 


If we assume invariance under time reversal, we get Eq. (3.124). In addi- 
tion, if we assume parity conservation, we have from Eq. (3.124). 
(B, Pf, ms|T la, Pi, mi) _ ( Qa, —pi, —m,;| PIT P 2, —pf, —mf) 
= (a, pi, —mi|T |8, py, —my). (3-125) 
If the spins are summed, then we can write 
5 I8, Pf, ms|T la, Pi, mi)? =%_[|(a, Pi, mi| T |8, Pf, mpy’. 
spin spin 
(3.126) 
This is called the “semi detailed balance principle”. We now apply the 
above result to two-body scattering 


at+boctd, eg. ptpoda' +d. 
Then we get [cf. Eq. (2.100)] 


d 1 2 De 1 
7 (a + b cH d) HEN Ped 5 [Fig veal 


dO ~ 162 E2, Pap (284 + 1) (25 + 1) A 
(3.127) 
and 
d Oo 1 m2 Pab 1 2 
+ d Hb) = Nee Payal; 
da ( ar?) ae? ES, bea OS) Cage JŽ d—abl 
(3.128) 
But Eq. (3.126) gives 
sal? = N aes (3.129) 
spin spin 
Hence we have 
do (250 + 1) (254 + 1) p? do 
a+b—c+d)= 5 c+d—a+b). 
dQ ( ) (2sa + 1) (2s, + 1) p2, dQ ( ) 
(3.130) 


This is known as the principle of detailed balance. We now apply the above 
result to the reaction 


ptpon's+d. 
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Then from Eq. (3.130), we get 


3 (28, +1) p? do 
4 p2 dQ 


LAEE meer ae 


ia (r*+d—p+p), (3.131) 


where we have used the result that the proton spin sp = 5 and that the 


deuteron spin sq = 1. For the total cross sections, we get 


2 
o (p+p wt td) =F s+) o (nt +d pte). (3.132) 
p 


From the experimentally measured cross sections, we find s = 0, i.e. the 
spin of the pion is zero. 


3.8 Unitarity Constraints 


So far, assuming rotational invariance, we have discussed the constraints on 
the T-matrix imposed by space reflection and time reversal invariance. In 
this section, we discuss the constraints on the T-matrix due to the unitarity 
of the S-matrix. 

Unitarity of the S-matrix gives 


Ssh a1 (3.133a) 

or 
GIS S$ = li) = fji, (3.133b) 
where |i) and |j) are initial and final states. Introduce a complete set of 


states |k}, 


NO GIS Ik) (IST li) = 55 (3.134a) 
k 
or 


SO Gl [1 + i (2m)* 54 (P; — Pe) T| 1k) (el [1 - i (2) * 94 (Pe — P) TH) lò) 
k 


= (3.134b) 


ju 

which gives 

—1 (2n)* 5 [dx of (P; pY Px) Tjk _ 5jn0* (Px ai P;) (7) 
k 


= (2n)® $754 (P; — P,) (j |T |k) (k| T li) 54 (P; — Pe) (3-135a) 
k 
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—i [Tj — Th] = (27) XL (G |T |k) (k| TT li) ôt (P; — P). (3.135b) 
k 
In Eq. (3.135b), X means integration over momenta and sum over other 
k 


quantum numbers. Only those states will contribute which are allowed by 
energy-momentum conservation implied by the -function in Eq. (3.135b). 
For forward elastic scattering and no spin flip, i = j and we get 

2STa = (27) XO (IT |k) (k |T} |i) 8t (Pk — P;). (3.136) 

k 
For two-body scattering viz 
a+b—-14+2+4--- 

the right-hand side of Eq. (3.136) is the transition rate W; [cf. Eq. (2.99)], 
where W;( = a + b) is given by 


1 |p| Eem 
Wi = o; (Flux), = ci ; 3.137 
an (27)? Ea Ex eee 
Expressing the T-matrix, in terms of the amplitude F, we have 
4 
(27)? 
where 
E Be a and b both fermions 
N= 4 36: m> 4 boson, b fermion (3.138b) 
TP a and b both bosons 
Hence, we have from Eq. (3.136): 
1 
2nS Fii = Eem |p| Cab = 5 A (s, m2, m?) Cab; (3.139) 


where F;; is the forward elastic scattering amplitude, o; = Cap is the total 
cross section for the reaction a+ b—-1+2+--- and 
MaMa 

n=4 % (3.140) 
depending upon the nature of particles a and b. Equation (3.139) is known 
as the optical theorem. As a simple example, consider a and b to be spinless 
particles. Then we can express 

Fi; (5,0) = 87 s'?N° (2L +1) Fij, (8) Pr (cos) 
L=0 
= 8r s!/? fij (8,0). (3.141) 
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If we put fi; (s,0) = f(0) we have from Eqs. (3.139), (3.140), and (3.141) 


Sf (0) = R Tab (3.142) 


the usual form of optical theorem in potential scattering. 


3.8.1 Two-Particle Partial Wave Unitarity 


Assume that for each channel k, three or more particles states can be ne- 
glected. We work in the center-of-mass frame, with initial state i = a + b, 
so that Pa = Po = p. We take p along z-axis. Two-body Lorentz invariant 
phase space is given by 


3 3 
4 d? pik d? Pok ca 
ng (27 ô* ( pik + por — Pi). 3.143 
BAE / (4r)? By, (27)? Ezr (PIRE Da ey 
In the center-of-mass frame, Pik = —Por = Pk, where 
A (s, mAs M2) 
Pr = |Pr| = v ae (3.144) 
i, both bosons 
Ne = 4 TE, lst particle boson, 2nd one fermion (3.145) 


Mik Mək, both fermions 

Then working out the integral (3.143), we get 

Pk , 

Me Tz gira OY 

where Q’ = (6’,¢’) is the solid angle between p and px. Q = (6,¢) is the 

solid angle between p and pı; where pı; is the momentum of first particle 

in the state j. Q” = (6”, @”) is the solid angle between px and pj,;. For the 

two-particle states in channel k, the unitarity relation (3.135b) becomes, 
on using Eq. (3.146) 

; * Nk Pk * 
-i [Fu (0) - Fh CO] = DE, | Fa) FR (-O) ae. 


7 4r2 gl/2 


(3.146) 


(3.147) 
We use the general relation (3.147) for two-particle unitarity for three im- 
portant cases: 
Case (i): Collision between spinless particles. In this case i,j, and k are 
simply channel indices. For this case, we can expand F;; (0) in terms of 
the Legendre polynomials of cos @ [this is a consequence of rotational in- 
variance; there can be no dependence on the magnetic quantum number m 
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and hence no dependence on ¢]. This expansion is given in Eq. (3.141). 
Similarly Fix (Q’) is independent of ¢’ for spinless particles and can be ex- 
panded in terms of Pr, (cos 6’). Likewise Fj, (Q”) can be expanded in terms 
of Pr (cos 0”). Hence, we have from Eq. (3.147) 


—i8n s"? N° (Fj, 1 (s) — Bi, 1 (s)) (2L +1) Pr (cos) 


È 
= 1 Pk 2 
= meen 12 647° s 
x SOS (2L" +1) (20 +1) Fye, r” (8) Fh, r ($) 
L? L’ 
x [Pe (cos 6”) Pr, (cos 6’) sin 6’ d6’ dé’. (3.148) 


In order to evaluate the integral on the right-hand side of Eq. (3.148), we 
use the following formulae: 
4T 


Pr, (cos 0”) = GL p2 Yim (0,0) Yrm (6',¢') (3.149a) 
M 


2r 
2r 4 
J, Pe cosa) do! = pÈ | Yim 00) Year (00) a 
0 


8r? j 
= I (cos 8) Pr (cos 6") (3.149b) 

2 
Ja (cos 6’) Py (cos 6’) Pr (cos@’) = SE p107 (3.149c) 


We get from Eq. (3.148), using Eqs. (3.149) 


EI (L41) (Fi, z (s) — F}, z (8)) Pr, (6086) 
L 


=X pk X (2L +1) Fir, 1 (8) Fh, r (s) Pr: (cos) (3.150) 
k Lt 

Since the Legendre polynomials are linearly independent, we get the desired 
2-body partial- wave unitarity relation 

1 j x 
F (Fyi, (8) — F$, 1 (s)) = Xp Fir, r (8) FA, z (s)- (3.151) 

k 

If we are interested only in elastic scattering, we may drop indices i and j 
and we obtain 


SFr, (s) = > pe |Fr, xl” - (3.152) 
k 
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Occasionally all channels except the elastic one are closed at low energies. 
Then pz = p and we have 


SF, =p |FLI’ , (3.153) 
so that we can put 
F; = Z et? sin op, (3.154) 
where 67 is a real function of s. We can also express 
F; = z (ec? — 1) = p™! (cotd,—i) (3.155) 


The differential cross section is given by 
d Tij _ 1 p 1 


= F;; (s,0)|° 
dQ 4s p 167? [Fey (8, 8) 
2 
/ 
=" |Y (2L 41) Fyz (s) Pr (cos) , (3.156) 
P 


L 
where we have used Eq. (3.141). Using the orthogonality of Legendre 
polynomials, we get 
f 


Fi = 4r (2L +1) |F (9)|? = 5 Oji, L, (3.157a) 
PS > 
where 
/ 
Oji L = in (2041) |El. (3.157b) 


For “purely elastic” region, where Eq. (3.154) applies, we have from Eq. 
(3.157b) 
4 
or = (2L+ 1)sin? ôr. (3.158) 
Pp 
Case (ii): Particles a and b carry spin. Here it is convenient to introduce 
helicity. Let A, and Az be helicities of particle a and b respectively and 
let A = Ay — Ag. In the center-of-mass frame pg = —pp, = p. Let us 
take the vector p = (p,@,¢@) . In the center-of-mass frame we represent the 
two-particle state as [Q= (0, ¢)] 
Ip, A1, A2, 9) = |p, Ax) |P; A2) (19> (3.159) 
The last factor in Eq. (3.159) is due to phase convention. Noting that 
(J = J, +J2) ’ J- p= Jı 'P> Jz (—p) , we have 
J-p 


|p] |p, A1, A2, 2) = |p, At, A2, Q) (3.160) 
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Now 
R |0,0) = |8, 4) (3.161) 
where R is the rotation operator e~"4/" [n = (— sin ¢, cos ¢, 0)] and 
R |J M)= 5° |J M’) (J M' |R |J M) 
y 


=O |J M’) dwm (9) (3.162) 
T 


where dł; (Q) are rotation matrices. Thus 
(J M ,A|0¢) = (J M,A |R |0 0) 
= S°(J M,A |R |J M',A) (J M',A |00) 
M’ 
= dieu (Q) (J M' ,d/0 0) 
M’ 


2J+1 
= N\ dl y (Q Om 
> dium (9) An M'A 


[2J +1 
= A diy (Q) (3.163) 
Tv 


l0, $, à) = Š |JM, d) (JM, Al 04) 


Hence 


JM 
2J+1 
= Te MA) di, (Q). (3.164) 
JM 


Thus we can write 


2I+1 


T ds (9). (3.165) 


10, $, 1,42) = 5° |JMA1A2) 
JM 


We now consider the scattering process a+b = c+d. Let A; and A2 be initial 
helicities and à} and Aj be final helicities. A = Ay — Ag and A = Aj — AS. 
We take initial momentum p = (p, 0,0) and final momentum p’= (p’, 0, $). 
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We can write the scattering amplitude on using Eq. (3.165) 

Fji (AVAQ, AtA2, 9) = (0 o ALAD JLE [0 0 Ard, ô) 

2+1 y 2J+1 
>p Yoaizy (Q = dua (0) i 
JM! JM 
x (J'M' MN 53 j| E | JM Ai Az2, t) 
5i (2J'+1) (2J +1) 

— 5 Nodita (Q 3 

J'M! JM (47) 
x band sym őma Fi (ALAS, A1à2, 8) 


(2J +1) è 
= Deere eee (A Ad, A1A2, 8) dX’ (0, @) - 


(3.166) 


Note that n = 81° -E 
spinless particles n = 327? s\/?, A = X = 0, J = L and dé (6,6) = 
sri Yio (0,¢) = Pr (cos0), we get back Eq. (3.141). The differential 
scattering cross section for the process a + b > c+ d is given by 
do _ |p’ | 1 
dQ |p| (2s1 + 1) (2s2 +1) 


when all the particles are fermions. For 


2 


x XO SS 741) FF (AAG, A1A2, 8) diy (8) (3.167) 
NAMAAQ| J 
where we have used 
dł, (0,6) = &-*)# ad, (0). (3.168) 
To proceed further we note the following properties of rotation matrices 
J Sa = J — Jt 
dja (-9) = (a° (9) = (a (0) = ah (Q) (8-169) 
J (Q) dlix (Q) dQ = 2 ——_§ 57 Oyu (3.170) 
DA MA (2J +1) 
d? (Q") = a? (-O’) d (0) = d” (@’) a (9) 
or 
J = Jt J 
Boy (0) = JE (a OY) (E (ODay 
= X dih (O) diry (9) (3.171) 
M 
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Note that in Eq. (3.171) d? (Q”) has been expressed as product of two ro- 
tation matrices corresponding to —Q’, Q. Then using Eqs. (3.166), (3.169), 
(3.170) and (3.171), we get from Eq. (3.151), for the two-particle partial 
wave unitarity relation. 

1 x 

z [Ej Ag ArAz; 8) — FY" das MAg s)| 
= XOAN Eh (ALAZ Aki Aka; 8) Fig (A1A2; Aki Akas). (3.172) 

k 


Akı Ako 
The two-particle elastic unitarity gives 
1 x 
5 LP? (A4Ab; At dai s) — FY" (Avda A1 Ab; 8)] 
=p) FY (MAg AAG; 8) FY” (Ard AYAZ; 8) - (3.173) 
AJAL 
Assuming parity conservation, we get 
F7 (Xj, X23 Ar, A 
Soy (Saye e888 EI (AL NE Aor 8) (3.174) 


where sı, s2, s} and sh are the spins of particle a and b in the initial 
and final states and 7 is the product of their intrinsic parities. Equation 
(3.174) shows that not all the amplitudes are independent. Time reversal 
invariance puts additional restrictions on the amplitudes F’’s namely 


FY (ALA; AA; 8) = Fo (A1A25 A493 8) (3.175) 
For the elastic scattering: 
FY (¥,Ag; A1A2; 8) = F (Ara; AL Ab; 8) (3.176) 


Finally using the orthogonality of d-matrices, we get integrated cross section 
for elastic scattering from Eq. (3.167) 


c= Soa) 
J 


where 
(2J +1) 


(3.177) 


oy =40 5 |B? (A1 Ab; A12; 8) 
AL AL A1A2 
In particular, when all the particles have spin 1/2, the S-wave unitarity 
gives (s = Ap”) 

4r sin? ôo T 
TOE 7 < ze (3.178) 


3.9. Problems 


85 


For special case of the elastic scattering of a+b — a+b, where a carries 
spin s and b is spinless, we have A = \y—Ap = Ay and X = Ay — A4 = à|. For 
this case we have from Eqs. (3.166), (3.167), (3.173), (3.174) and (3.176) 


(for a to be fermion) 


Pyy (0) = DEY 8I +1) Hy (0) dy (0.0) 
wog, 


2 


$L (2J + 1) Fgh (8) dïx (0) 
J 


J _ ppd 
Fry = F yz 


(3.179) 


(3.180) 


(3.181) 


(3.182) 


(3.183) 


We end this chapter with the following remarks. We have shown how 


the symmetry principles put restrictions on the S-matrix. 


In this way, 


we get the minimum set of observables to describe the experimental data. 


This approach is especially rewarding, when the underlying dynamics is not 


known, which is the case for the hadronic interactions. 


3.9 Problems 


(1) Nucleon-nucleon scattering 
Na + Ne > Na + No 


In the center-of-mass frame 


Pa = -Po = P 
Pa = -P =P’ 
Introduce three orthogonal unit vectors 1, m, n 
x p’ 1 Ji 
PRs. pea. ge 
Ip x p’| Ip’ — p| Ip’ + P| 


Ll; + MyM; + ninj = bij i= 1,2,3 
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Then T-matrix can be written as 


(T) T (a, p’, 01, o| T la, P, 1, o2) 
= [Ay + Bı oi l+C o,:m+D, c-n] 
x [A2 + Bə oz: 1+C2 o2:mMm+ Də oxn] 


It is understood that the matrix elements are to be taken between the 
spin states Xl xl; and Xai Xbi- Then using parity conservation and 
time reversal invariance, show that T can be written as 
m 
(T) = (=) [Hy + Hə c-l 02° l+iH3 (o1 + 02) -l 
+ iH} (o1 — 02)  1+H4 o1-m o9-m+H; oin o2-n] 


For identical nucleons like p — p and n — n scattering, (T) has to be 
symmetric under 1 +> 2; hence H4 = 0. Show that 


01: 02 = Cil o2: l+ oim ozm + orn oon. 
By eliminating cı-n o2-n, using the above relation, express (T) as 
m 


(T) = (=) [Gi + G2 01 -02+ G3 01M o2-m 


1 
+G4 i(o1 + 02) -14+G;5 5 (orl 02 -lto9l1 01 -1) 
+ Ge i (cı — 02) - l] 
Using 
— éar G (a?) dq= V (r), 
F (a?) dq = V(r) 


show the most general form of 2-nucleon potential can be written in 
the form 


Vio = Ve + Vs 01: 024+Vr Si2+ Vig o: L+V; Qi2+ Ve (o1 — o2) -L 
where 

Sig = 3 o1 T o2 T — 01-02 

Q= Zli L oz-L+ o2: L o1- L] 


o = 01 +02 = 2S 


L= (r x p) 


3.9. Problems 


(2) Consider the elastic scattering a + b — a + b, where a is spin half 
particle and b is spinless. For this case J = L + 1/2. Expressing the 


two independent amplitudes Fil 1/2 and Fi, -1/2 as 


1 
Fi +1/2~ 5 (fc, x faan) , 


where Ls correspond to J = L+1/2, and then using Eq. (3.153), show 


that 
2 
Sfr: =P |fr.| 
Hence one can write 
ee 
fi, = n etr sin ôL, 
T.i 
fg == ett- sin ôr 
P 
The scattering matrix [cf. Eq. (3.102)] can be written as 
Ans\/? 
Fr (0,9) = xir [f tig o-n] xm 
Ma 
where n = E s = T If p is along z-axis, then 
xm =e 72 ym, n=(—sind,cos¢,0). 


Using the relations (where the prime denotes differentiation with re- 


spect to cos 0), 


dy 9 1/2 (0,9) = dijz a wap s? 5 (Ph — Prea) 
= d2 479 —1/2 (8) 
dlja 1/2 (0,9) = a di yy 1/2 (9)| 
= a : 5 (B T+1/2 + Ph ipa) 
d2 1/9 1/2 (0,6) = me di yy —1/2 (8) 
show that 


Ma Oi . 0 
f (0) = Insel? [Fi 1/2 C085 +e Ê Fyy 1/2 sin j 


Ma 
g (9) = FEED 


; 0 . 6 
[ev Fyj2 —1/2 cos g = Fiye 1/2 sin d 
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Now, using Eqs. (3.179) and (3.180), show that 


f (0) = 5 (L1) fr, + Lfr_] Pr (cos8) 
L=0 


g(0)= 5 [(ft, — Lft_) sinb P; (cos @)] 
L=0 
do m2 


1 2 2 2 
= es ye Eum P= |f? + l 
MM' 


(3) Consider the decay 


ay > PT 
p" = k" +q", p=k+q 
P =m, P=m?, =m a0 


List all the ¢-values allowed by the conservation of angular momentum 
and parity. The decay width is given by 


1 |k 
pee | |m}? 
ST MG 
where 
2 = 2 
IMP= $, IF 
Polarization 
Take 
F = fapr Ma, N-E 
where 
n” : Polarization of axial-vector particle a1 
e” : Polarization of p 
Find T. 


(4) Consider the decay 


Vo P,P» 
V(17) > AO PO") 


(a) Show that it is a p-wave decay, if it is a strong decay. 
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(b) p” : 4-momentum of V 
E€¥ : polarization vector of V 
p-e=0 
Using, Lorentz invariance, show that the amplitude has the form 
F = gvppū E, q" = (pı — pa)" 
(c) Show that the decay width is given by 
3 
r= IVPP 2 IpI 
4r 3 mi, 
|p| is the momentum in the rest frame of V 


ALÀ — PuPv 
> gaie =a + —z- 
my 

À 


(5) Consider the decay 
T? — VY 
(a) Show that it is a p-wave decay. 
(b) Show that the decay amplitude can only have the form: 
F = e Fryk- (a x e>) 


Show that 

[k|" 

T (x° — 17) = Aror Faija 
no 


Ta? o ; 0 
= a Fixx (in the rest frame of 7 ) 
using the experimental value 


T = (8.4+0.5) x 1071s. 


Find F045; 


(6) Consider the decay 
A>X+V 
J?(X)= 0, J?(V)=17, J” (A) = 17,17 

List allowed l-values for the final state. If the parity is conserved, which 

l-values are excluded for JP (A) = 1+ and JP (A) = 17. 
(7) (a) For the decay 

X>Vi+V, JP(X)=07 
the decay amplitude is given by 
A = Aye, : E2 + Á2£€1 ` P E2 -p + Asp: (£1 x E2) 

where €, and £ are polarization vectors of V; and Vz and p is the 
momentum in the rest frame of X. If the parity is conserved which 
of the above amplitudes are zero. 
List all the allowed l-values for the final state. If the parity is 
conserved which l-values are excluded. 


— 
jem 
ee 
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Chapter 4 


Internal Symmetries 


Hadrons found in nature are not fundamental constituents of matter. There 
are hundreds of them. They can be divided into two classes: (a) baryons: 
they are fermions with half integer spin, i.e. J = 3/2,1/2; (b) mesons: 
they are bosons with integral spin, i.e. J = 0,1,2. Some of the low lying 
mesons with JP = 07 and JP = 17 are shown in Figs. 4.1 and 4.2. 
Low lying baryons with J? = 1/2+,3/2+ are shown in Figs. 4.3 and 
4.4. Hadrons with the same J? are distinguished from each other by some 
internal quantum numbers. The assignment of these quantum numbers 
is meaningful, since these quantum numbers are additively conserved in 
hadronic interactions. 


4.1 Selection Rules and Globally Conserved Quantum 
Numbers 


A particle would decay into two or more lighter ones if the decay is allowed 
by energy-momentum conservation. The reason is that the entropy S = 
kp ln (phase space). Since phase space for the lightest particles is largest 
and the entropy S tends to increase, the system tends to decay into the 
lightest particles, unless there is some selection rule to forbid that decay. 
But we know that certain decays, although allowed by energy-momentum 
and angular momentum conservation, do not take place. Thus there must 
be selection rules or conservation laws which forbid these decays. 

We now list these “global” conservation laws: 

(i) Electric charge conservation: The decay e~ — v+7 is not seen (Te > 
4.3 x 1073 years). This is a consequence of electric charge conservation: 
“Electric charge is additively conserved in any process”. This in turn is 
a consequence of the invariance of Hamiltonian under the global gauge 
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Mass (MeV) 
960 


S= 1, J=1/2 


550 a as 
494] 5=-1, J=1/2 K K $= 1, J=1/2 


140 


M (MeV) 


783 
770 


“i 0 1 Q 


Fig. 4.2 Lowest lying vector mesons J? = 17. 


transformation Ug (1) : 
|v) = et@4 |) (4.1a) 
so that 
|â, H] =0. (4.1b) 


LE 
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M (MeV) 


1320 S= -2, 1/2 


1190 yt S=-1, 11 


1115 S=-1, 1=0 


938 p 5=0, I=1/2 


-1 0 1 Q 


Fig. 4.3 Lowest lying 1/2+ baryons. 
M (MeV) 


1672 j S=-3, I=0 


153 S=-2, 1=1/2 


138 


Fig. 4.4 Lowest lying 3/2+ baryons. 


The electric charge Qisa generator of Ug(1) global gauge group. If A is 
a function of space-time viz A = A(r,t), then the gauge transformation is 
called local. Actually, electric charge has a dual rule; it is also a generator 
of the local gauge group, U = e’@4@-), It is a feature of local gauge group 
that corresponds to this transformation, there is a vector field A, coupled 
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to the matter field Y, with a universal coupling whose strength is just the 
electric charge of the particle represented by the field Y. None of the other 
quantum numbers has this feature. 

A closely related concept is the quantization of the electric charge, which 
at particle level is expressed as 


= e k 
q= N; e, (4.2) 


i.e. the electric charge q of any hadron or lepton is an integral multiple of 
elementary charge e. In particular Na = 0 [qn = (—0.4 Æ 1.1) x 107?! e] 
and Ne + Np = 0 [|(qe + qp)| < 1.0 x 107?! e]. 
(ii) Baryon charge conservation: 

The following decays 


p>et+y 


p— et +r’ 


although allowed by electric charge conservation are not seen experimen- 
tally (Tp > 101—103 years). This can be understood, if we assign a baryon 
charge B as follows: 


+1 for baryons 
B = $ —1 for antibaryos (4.3) 
0 for leptons and mesons 


and demand that B be additively conserved in any reaction 
AB = Bj — B; = 0. (4.4) 


The corresponding global gauge transformation under which the Hamilto- 
nian is invariant is given by 


IV)  cfBA jy), (4.5) 


(iii) Lepton charge conservation: 

Some decay modes of leptons are not seen. The absence of these de- 
cay modes is a consequence of non-conservation of lepton charge which is 
assigned as follows: 


+1 for leptons 
L= å —1 for antileptons (4.6) 
0 for all other particles. 
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Any reaction in which L is additively conserved (AL = 0) is allowed; oth- 
erwise it is forbidden. Some examples are given below: 


nopte + De Allowed 
LO 0 1 —1AL=L;-—-Li=0 


De + (Z,A) > (Z +1, A) + e~ Not allowed 
L-1 0 0 1 AL=2 

De + (Z, A) > (Z — 1, A) + et Allowed 
L-1 0 0 -1AL=0 


Further, the reaction [antineutrinos obtained from the decay of pile neu- 
trons in a fission reactor (n — p + e7 + De)] 


De + 3C —> e <P Ae 
for which AL = 2 is not seen, but the reaction using solar neutrinos, 


ve +37 Che +° Ar 


has been seen and is allowed by lepton charge conservation. Also the allowed 
reaction 


De+tp—>et+n 


has been observed with expected cross section. The global gauge transfor- 
mation, under which the Hamiltonian is invariant is given by 


|b) = et^ py. (4.7) 
It was later discovered that the neutrino produced in the decay 7* = 
pt v was not the same as ve since if it were so, a reaction of the type 
v+(Z,A) > (Z+4+1, A +e 
would have been observed. Instead what was observed was u` replacing 


e`. This clearly shows that the neutrino accompanying jt in n+ decay is 
different from ve and is denoted by v,. The muon number defined as 


+1 for W`, Vy 
La = 4 —1 for u*, Du 
0 for all other particles 


is conserved in processes involving 4®, Vu, Du. The best limits are 


Tu ey) <12~x 1971! 
T(u = all) 
and 
T(u > 3e) 


ee 107}? 
Flu > alh S i 
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(iv) Strangeness and Hypercharge: 

It is clear from Figs. 4.1-4.4, that hadrons with the same spin and parity 
occur in nature as multiplets. Consider, for example, JP = 07 mesons. 
We distinguish the triplet of pions (t*+,7°), the doublets (K+, K?) and 
(K°, KT) by assigning a new quantum number, called strangeness: S(r) = 
0, S(K) = +1 and 9 (K) = —1. The singlets 7 and n’ have strangeness 
S =0. Similarly the baryons with J? = 1/2+ are assigned the strangeness 
quantum number as follows: For the doublet (p,n), S = 0, for the triplet 
(=+,u°), S = —1, for the singlet (A°), S = —1, and for the doublet 
(=°,=-), S = —2. Sometimes, it is convenient to write Y = B + S, where 
Y is called the hypercharge. 

The quantum number S is additively conserved in hadronic interac- 
tions. In any process, involving hadronic interactions, AS must be zero. 
This immediately leads to the result that in hadronic collisions, the strange 
particles are produced in pairs: 


— K} +A AS =0 

B kee yet AS =-2 
T™ +p i K- +p AS= 1 (4.8) 

>n +K? +K- AS =0. 


Experimentally, only the first and the last reactions are seen and the cross 
section for these reactions is typical of strong interactions. On the other 
hand, strange particles decay into ordinary particles by weak interactions: 
A> pT 
K? > rtr. 
These decays have lifetimes of the order 10~!° seconds, characteristics of 
weak interactions. Thus strangeness is not conserved in weak interactions. 
In strong interactions, since both quantum numbers B and S are con- 
served, it is clear that hypercharge is also conserved. The gauge transfor- 
mation under which the Hamiltonian is invariant is given by 
IT) > YA |W). (4.9) 
It is interesting to note that the hypercharge of a multiplet is just equal to 
twice the average charge of that multiplet, i.e. 


Y =2 (Q)=2 (a/e). (4.10) 
For example for the triplet of pions (t*,7°), (Q) = 0 and Y = 0, for the 


doublet (p,n), (Q) = 1/2 and Y = 1, whereas for the doublet (K°, K7) or 
(See), (Q) = 1/2 and Y = —-1. 
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It is tempting to assign another quantum number, called isospin to each 
multiplet. For example we can assign J = 1,/3 = +1,0,—1 to the triplet 
of pions (r+,7°,7~) and I = 1/2, Iz = 1/2 and —1/2 to the doublet 
(p,n). We will discuss isospin in the next section. Here we summarize the 
conservation laws for internal quantum numbers Q, B, S and I for the three 
basic interactions. 


| Quantum Number | Hadronic | Electromagnetic | Weak 
| Q Yes Yes Yes 
| B Yes Yes Yes 
| Sor Y Yes Yes No 
| Isospin Yes No No 


4.2 Isospin 


We now introduce isospin. From Figs. 4.1 and 4.2, it is apparent that 
particles occur in nature as multiplets. In analogy with ordinary spin, we 


can regard proton and neutron as an isospin doublet (nucleon) N = A ; 
n 


with J = 1/2 and Iz = +1/2. 
The concept of isospin is meaningful only if in hadronic interactions 


isospin is conserved. This is indeed the case. Experiments on nucleon- 
nucleon scattering show that after subtracting the effect of Coulomb force 
in pp scattering, pp, np and nn hadronic forces are equal in strength and 
have the same range. That is nuclear forces do not depend on the charge 
of the particle and are thus charge independent. It is now known that all 
hadronic forces, not just the one between nucleons are charge independent. 

The two states of nucleon N viz p and n will have similar properties as 
far as hadronic forces are concerned. Without electromagnetic interaction, 
proton and neutron will have the same mass, but its presence makes their 
masses slightly different. This is supported by the fact that (mp — Mn) = 
—1.2 MeV only, i.e. about 0.1% of mp. 

Like ordinary angular momentum, we introduce a quantity isospin 
I = (hh, Io, Jz) in isospin space. The operator I satisfies the commutation 
relations of angular momentum J viz. 


is is] = ieir Penn eee (4.11) 


As a consequence of these commutation relations, it is possible to find a 
complete set of simultaneous eigenstates |I T3) of I?, and [3 with eigenvalues 


98 Internal Symmetries 


I(I +1) and Is: 


P |I Is) =1(1+1) M I) (4.12a) 
Is |I 13) =Is3 |I I). (4.12b) 
Tz has (2I + 1) eignenvalues 
-I,e , +I. (4.13a) 
The possible eigenvalues of I are 
I =0,1/2,1,3/2,2,--- (4.13b) 


Thus, all the multiplets in Figs. 4.1 and 4.2 belong to an irreducible repre- 
sentation of the isospin group, i.e. they have any of the possible eigenvalues 
of I given in Eq. (4.13b). For example, the proton and neutron states can 
be written as far as the isospin is concerned as 


Ip) = |1/2 1/2) 
|In) = |1/2 — 1/2), (4.14) 
and the pions can be represented as 
ja = (2D 
|7°) = |1 0) 
m} =[|1 -1) (4.15) 
The charge of a state is given by the relation 
Q= ($) = Ih +(Q) = +5¥. (4.16) 


This is called the Gell-Mann-Nishijima relation. 

Charge independence of hadronic force implies that this force does not 
distinguish any direction in isospin space that is to say that hadronic inter- 
actions are invariant under a rotation in isospin space in complete analogy 
with ordinary angular momentum. This means that the S-matrix or the 
hadronic part of the Hamiltonian Hp commutes with the rotation operator 


Ur = eto, a=wn (4.17) 
in isospin space, i.e. 
[S, Uz] = 0, or (Hn, Uz] =0. (4.18) 


Î is the generator of a rotation group in the isospin space. For an infinites- 
imal rotation 


Ur=1-ia.Î. (4.19) 
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Hence, we have 
[s. i] =0, or [Hn, I] =0, (4.20) 
i.e. isospin is conserved in any process involving hadronic interactions. 
Thus we have the selection rules 
A|t?=0, AR=0. (4.21) 
Since in the absence of electromagnetic interaction, the mass Hamilto- 
nian Hm commutes with I, the eignestates of Hm with the same J, i.e. 
(2I +1) states with different values of Iz, are degenerate in mass. 
As an illustration of isospin conservation, we consider the m — N scat- 
tering. 
mp — at p 
T pT p 
> n’n 
We can write 
a? p) = |1 1) |1/2 1/2) = |1 1/2 1 1/2) 
[nT p) = |1 1/2 —1 1/2 


[n° n) = |1 1/20 — 1/2). (4.22) 
Now the scattering amplitude F is given by 
(1 p|F|T" p) 
=X X (m p| I L 11/2) 


IIs T'I, 
x (T I} 11/2|F|I Is 11/2) (I Is 11/2 |x p) 


=X X (m p| T 11/2) Fr ôr Snr, (IIs 11/2 |x p) 


II TI, 
=So (m p| I —1/211/2) Fr (I -1/2 11/2 |r p). (4.23) 
I 
Using the Clebsch-Gordan coefficients, we have 
= _ 1 2 
(n7 p|F| x Dee eee. (4.24a) 
Similarly, we get 
E v2 v2 
(n° n|F| a7 p) = a F; — gh (4.24b) 


(at p|F| z" p) = Fs. (4.24c) 
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Without using isospin invariance we have three independent amplitudes. 
With its use we have only two independent amplitudes. Thus 
2 


Ont =p |F; = ot) (4.25a) 
or- = |o (r pT p) +o (x po n)] =o! ) +o 
zlila a lpn 4.25b 


Here p is the kinematical factor. If F3/2 > Fı/2, then from Eq. (4.24) 
0) 26) +69 =9:1:2. 


Experimentally, the cross-sections are in the ratio (122+8) : (12.8 +1.10) : 
(25.6 + 1.3) for the kinetic energy of the pion from 120 MeV to 300 MeV. 
Thus it is clear that the scattering takes place predominantly in the J = 3/2 
state for the above energy range. 

Finally, we note that since the electric charge is always conserved, the 
conservation of Jz; implies Y-conservation and vice versa. To summarize, 


for hadronic interactions 
A\I|? =0 
A(Q, B, Y) =0. (4.26) 


4.2.1 Electromagnetic Interaction and Isospin 


Because of Eq. (4.16), electromagnetic interaction breaks the rotational 
symmetry in the isospin space: 

cee i] £0 (4.27a) 
but 

[ Hem; is| =0. (4.27b) 
Hence Hem is invariant under an isospin rotation about the 3rd axis, i.e. 
Iz is still conserved by the electromagnetic interaction. 

We can say that the isospin symmetry is broken by the electromagnetic 


interaction and a small mass difference between the members of an isospin 
multiplet may arise due to the electromagnetic interaction. Since 


| Hem; â| =0, (4.28) 
therefore, it follows from Eq. (4.27b) that 
Eee | =0. (4.29) 
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Hence for electromagnetic interaction, we have the selection rules: 
Als = 0, AY =0, AB =0, (4.30a) 
but 
AJI? £0. (4.30b) 


4.2.2 Weak Interaction and Isospin 


Consider the weak processes 


A> p+n 


n—>p+e +e. 
Clearly J3 is not conserved in weak interactions and hence I? is also not 
conserved. It follows that Y is also not conserved, since Q is conserved. 
Thus for weak interactions, we have the selection rules: 
AJIJ? 40, AY £0, AB=0. (4.31) 


4.3 Resonance Production 


We now consider the reaction shown in Fig. 4.5. We have three particles in 
the final state, produced incoherently. Let us consider the pair of particles 
(nnt), (nw~) and (z+ n~). We define the invariant mass of each system 
designated by Eq. (4.22) and |1,1,1,—1): 


812 = (E1 + Ey)? — (pi + p2)? (4.32a) 
813 = (E1 + E3)? — (pi + ps)” (4.32b) 
893 = (Ez + E3)? — (P2 + ps3)? (4.32c) 


If the reaction proceeds as in Fig. 4.5, n, 7* and m7 will have energy and 
momentum statistically distributed. The number of (n n+) pairs with an 
invariant mass \/812, N (s12) can also be calculated. N(s12) can be plotted 
as a function of ,/sı2 and the result is called a phase space spectrum as 
shown in Fig. 4.7. If the reaction takes place as shown in Fig. 4.6, i.e. with 
m*’s strongly correlated with the n’s, then energy-momentum conservation 
demands 


Ea = E + Ez 
PA = Pı + p2 


ian. (4.33) 


102 Internal Symmetries 


Fig. 4.5 The reaction t~p > nata-, nT p— pron. 


Fig. 4.6 The pion production through resonance m~p > Atr > nat+r-. 


In this case the final n m” results from the decay of a quasi-stable particle 
At, called a resonance. In this situation, N(sj2) shows a strong peak 
at,/si2 = ma (Fig. 4.7). The finite width of the peak shows that the 
particle is very short lived, the life time 7 = 4T being the width of the 
resonance. Actually a broad peak is seen experimentally at \/s12 = MA = 
1238 MeV with the full width at half maximum Ta œ% 120 MeV [see Fig. 
4.8]. 

Similarly, if we consider the pair n m“ one finds a peak due to A~. The 
(ntr) invariant mass distribution, N(s23), also shows a broad peak at 
about \/533 = 750 MeV, due to the p° resonance. 
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4.3.1 A-resonance 


We now discuss the quantum numbers of the A-resonance. We first deter- 
mine its isospin. The resonance A is seen both in m~“ p and mp scattering. 
Since for mtp, I = 3/2 is the only possibility, it follows that its isospin 
must be 3/2. This is confirmed in the 7*p and m~ p scattering experiments 
at energies at which multiple mesons production is insignificant viz the 
processes: 
ap 1p 
1p ap 
—> n?n. 


If the J = 3/2 channel dominates in the above processes, we then have from 
Eq. (4.25) o0,4+/o,- = 3, at the resonance energy. This is what is borne 
out experimentally, showing unambiguously that the resonance channel is 
I = 3/2 (see Fig. 4.8). 


4.3.2 Spin of A 


We first consider two-body scattering 


at+b—>R-a' +b (4.34) 
through a resonance R. Suppose the spin of R is J. Consider the decay 
R-atb. 


Let p be the momentum in the center-of-mass frame of particles a and b. 
Let A; and 2 be their helicities. Now |p| = p and its direction is given by 
w = (0,ġ). We can write the helicity state [cf. Eq. (3.165)] 


2 1 
ere a pay cae i DATE LOONIE: W 


J'M! 
where À = A, — A2. Therefore, the decay amplitude is given by 


2 Lye! 
=> 1 Z a (J'M',X|F| JM). (4.36) 


J! M! 
We now take R and a to be fermions and b a boson. Now 
(J'M',A|F| JM) = 637 dum FY (s)V 4. (4.37) 


Therefore, 
Fy (w) = V2T+1dxr, (0,9) FX (s) 
= f2F F 1eO-M)¢ FY (s) dfi (O). (4.38) 
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Fig. 4.8 The resonance scattering for rtp and mp channels. 


Now 


dpa d'm mr m 2 
4 a a 
PSLRA | aT Gt Tee mw? (4.39a) 


spin 
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or 
dr A Ma < 2 2 
Toosby a PID I+D OPIRAO. (139%) 
spin 
Therefore 
F ae MDD [EX (9)|", (4.40) 


spin 
where we have used the orthogonality of d-functions. When R, a and b all 
are bosons, we get 


= S IFI (6)? 
= lds o. (4.41) 
spin 
For a resonance scattering as in Eq. (4.34), the invariant scattering 
amplitude is given by 
F(ab > R > d'b") = X` F(ab > R) F(R > d'b") ér(s), (4.42) 


where ġr(s) is the resonance factor. Now using Eq. (4.38), we have 


F(ab R > d'b') = z di (w) diiy (o) (25 +1) 


xFY (ab > R) Fy, (R= a'b') op(s), (4.43) 


where w’ = (6’,¢’) and w” = (6”,¢”) are the polar and azimuthal angles 
of particles a and a’ with respect to some fixed direction. Using the group 
property of d-functions 


D, Bale! ) diy (w") = dx (0,9), (4.44) 


where 0 and ¢ are the polar and azimuthal angles of the particle a’ relative 
to a. Hence we have 
F(ab > R > d'b’) = (2J + 1) d7% (0, 4) 
x FY (ab > R) FY, (R > d'b) ġr(s). (4.45) 
Now comparing it with [cf. Eq. (3.179) for the Jth partial wave] 


_Aty/s | 


m! 
Ma Ma 


Fy (w) = (2J +1) Fy (s) dix (0,ġ), (4.46) 


we have 


1 
Ma M, 


BS (s) = a (ab > R) FY, (R => a'b’) ġr(8). (4.47) 
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Now the partial wave cross section in the angular momentum state J is 


given by 
27 +1 \p’| f 
OJ = 4T Fy, : 4.48 
7 (254 + 1) (25, +1) |p| 2, | val oe) 
Using 
|F} (ab > R) j? = [FY (R — ab)|° (4.49) 
and Eqs. (4.40), (4.47) and (4.48), we get 
Ar 2J+1 T (R= ab) T (R— a'0’) 2 
Oy = —> lor(s)I 
|p|? (2Sa + 1) (25, +1) 4 
(4.50) 
The resonance factor is given in the Breit-Wigner form: 
1 
|on(s)|° = (4.51) 
(vV5- mr) + 


Hence we have 


T 2J+1 T (R= ab) T (R —> a'b’) 
°F TBP ET aoe |e Aree 
|p|” Sa + 1) (25, + 1) (/s— mr) +4 
Consider now the process 
ntp — Att > aT p. (4.53) 
From Eq. (4.52), we get 
2 
az(ma) = c (2J +1). 
Ip| 
Experimentally, near the resonance 
8 
oy 5, (4.54) 
|p] 


giving J = 3/2. 

It is also possible to determine the spin of a resonance by angular dis- 
tribution of its decay products. This we illustrate by considering the A- 
resonance viz Att — mtp. Take the z-axis along the direction of the nu- 
cleon (or pion) in their center-of-mass frame, so that lt = 0 (i-refers to 7p 
in the initial state and l refers to orbital angular momentum). Since pion 
is spinless, M* = +1/2. If J is the spin of A-resonance, then M = +1/2, 
by angular momentum conservation. Now from Eq. (4.39b), the angular 
distribution of prt in the final state is given by 


KO x S~ FX (8)|” ldz) 


M,X 


ies (4.55) 
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Thus for J = 1/2, M = +1/2, —1/2, 


1/2 1/2 1/2 2 1/2 2 
6) « (Lise | + BEA P) (a 1/2(9)| T a -12(0)| ) 
(4.56) 
Using [Problem 3.2], we have 
29 2 98 
I(0) x |cos 5 + sin z|“ (4.57) 


Thus the angular distribution is isotropic. 
For J = 3/2 and M = 1/2, we have 


3/2 3/2 3/2 2 3/2 : 
0) x (Lists o| + Py) () I) (ae 1/2(9)| a lays -12(0)| ) 
(4.58) 
Again using [Problem 3.2], we have 
I(8) x (1+3 cos? 0) . (4.59) 


We note that I(—0) = I(@). The observed angular distribution of the 
protons or the pions at the resonance agrees with the prediction of Eq. 
(4.59), showing that J = 3/2 for the A. The above derivation clearly 
shows that the angular distribution depends only on the value of J, and 
not on the parity, i.e. orbital angular momentum which never enters in the 
helicity representation used above. 


4.4 Charge Conjugation 


It is a general feature of relativistic quantum mechanics that corresponding 

to a particle, there is an antiparticle which has the same mass and spin as its 

particle. We treat particle and antiparticle on equal footing. We, therefore, 

postulate an operator U., which changes a particle into its antiparticle. The 
operator U, is a unitary operator. Thus, for example 

U, at) Sila (4.60a) 

Ue |p) = |Ð). (4.60b) 


In general, for a charged particle 


Ug IQ, P, s) = |l-Q, P, s), (4.61) 
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where |Q, p, s} represents a single particle state with charge Q, momentum 
p and spin s. Now 


Q |Q, p, s)=Q |Q, p, s) (4.62a) 
U. Q |Q, p, s5)=Q |-Q, p, s) (4.62b) 
Q U. |Q, p, 8) =Q |-Q, p, s) 
= -Q |-Q, p, s}. (4.62c) 
Therefore, we have 
U: Q+ QU, =0, (4.63a) 
|u. Â| _=0, (4.63b) 


i.e. U. and Q do not commute. Hence it is not possible to find simultaneous 
eigenstates of U. and Q. In general, for any additive internal quantum 
number, such as Q, I3, B, Y and L, 


Ue |Q, Iz, B, Y, L)=|-Q, —Is, —B, -Y, -L) (4.64) 
and consequently, 
[Ue, Qi] #9, (4.65) 
where 
Q= b, B, Y, or Ê 
Now 
U. |B) = |—B) 
U? |B) = U. |-B) = |B). (4.66) 
Therefore, 
U? =1 (4.67) 


and eigenvalues of U. are +1, i.e. Ue is a discrete transformation. 

It follows from Eq. (4.64) that states with Q 40, B #0, Y #0, etc. 
cannot be eigenstates of Ue. Only states with Q = 0, B =0, Y = 0, Iz 
0 can be eigenstates of Ue. For them it is possible to define the charge 


conjugation parity 7: 
U. |B =0) =. |B =0), (4.68) 
where 


HH or Ne= +l. (4.69) 
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Ne is a multiplicatively conserved quantum number in any process which 
conserves C’-parity. The C-parity is either +1 or —1. 
Charge conjugation is an internal symmetry. If 


(U., H}=0, or (Uz, S]=0, (4.70) 


we say that the corresponding interaction is invariant under charge con- 
jugation Ue. While strong and electromagnetic interactions are invariant 
under Ue, weak interactions are not 


(Uc, Hweak] 4 0 (4.71) 


This is clear from the fact that neutrinos and antineutrinos which 
come out in -decay of nuclei have opposite polarizations or helicities 
[H = 2s-p/ |p|] . If charge conjugation were conserved in weak interactions, 
neutrino and antineutrino would have the same helicity. 


P P 
v J=S v ||J=S 
<H>=-1 <H>=+1 


Fig. 4.9 The neutrino with helicity —1 and antineutrino with helicity +1. 


How to test charge conjugation in hadronic interactions? Consider for 
example, the reactions 


ptpomth 


ee E h, 
where h (h) denote all other hadrons with B = 0 and with positive (nega- 
tive) electric charge. Now 
(P p|S|a* h) = (p p|US* Ue S Uz? Ue| n" h) 
= (p p|S|n~ h), (4.72) 
where we have assumed that S is invariant under U;: 


U. S U7! HS. (4.73) 
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Thus C-invariance requires that positive and negative pions have same en- 
ergy spectrum. Comparison of 7+ and m7 distributions show no difference, 
the result is stated as 


C — nonconserving amplitude 


< 0.01. 


C — conserving amplitude 


As we have discussed, y, 7° and 7° can be eigenstates of U.. We now 
determine the C-parity of these states. Now under Ue, the electromagnetic 
current j7”: 


sem Ue sem 
te Se (4.74) 


But the electromagnetic field A,, satisfies the equation 
Aga (4.75) 
Thus from Eq. (4.75), it follows that 


Ue 
Au = Ap- (4.76) 
Since a photon is a quantum of electromagnetic field, it follows that the 


C-parity of photon is —1 viz. 
Te (7) = —1. (4.77) 


The decays 7° — 2y and 7° — 2y and w? — 7°y have been observed. 
Hence if these reactions proceed via electromagnetic interaction, it then 
follows from C-conservation that 


Ne (x°) = +1 

ne (n°) = +1 (4.78) 

Ne (w?) =-1. (4.79) 
Since 7° — 3y and 7° — 3y can proceed via electromagnetic interac- 


tion, but have never been seen, these decays are strictly forbidden due to 
C-conservation in electromagnetic interaction. We conclude that the elec- 
tromagnetic interaction is invariant under Ue. 


[Ces Hem] =0. (4.80) 


Consider now the positronium, the bound states of e~ and et. Let 
us consider e~ — et in definite (l, s) state. Now e~ and et are identical 
fermions which differ only in their electric charges. We can use a generalized 
Pauli principle for the positronium viz “under total exchange of particles 
(which consists of changing simultaneously Q, r and s labels), the state 
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should change sign or be antisymmetric”. Under exchange of space co- 
ordinates, we get a factor (—1)', under spin co-ordinate exchange, we get 
a factor (—1)**t! (s = 0 for spin singlet state and s = 1, for spin triplet 
state), exchange of electric charge gives a factor ne. We require the state 
to be antisymmetric, i.e. 


(-1)' (-1)*** yn. = -1 (4.81) 
or 
Ne = (—1)'** (4.82) 


which gives the charge conjugation parity of the positronium in (l, s) state. 
The positronium (e~ — et) can decay into n y by electromagnetic in- 
teraction. C-parity conservation gives 


(—1)'** = (-1)”. (4.83) 


From Eq. (4.82), we get the following selection rules: 


190 — 2y Allowed 
1S — 3y | strictly forbidden 
l=0 39, — 2y | strictly forbidden 


s=1 3S1 — 3y Allowed 


Similarly for (p — p) and quark-antiquark systems: Ne = (—1)!*°. 

Now for (n+ — n~) system for which B = 0, Y = 0, Q = 0, generalized 
Pauli principle requires that the state should be symmetric (even) under 
total exchange of pions that is 


(—1)' no =1 (4.84) 
Ne = (-1)'. (4.85) 


Similarly for 7° — 7° system we get ne = (—1)!. For this case, since two 
l 


n®’s are identical particle, ordinary Pauli principle requires that (—1) 
even, i.e. they must be in an orbital state with l even. Thus 7. must be 
+1 for 7° — 7° system, whereas 7. depends upon l value for ntm system. 
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4.5 G-Parity 


For strong interactions, both isospin and C-parity are conserved. For 
hadrons, it is convenient to define a new operator G = charge conjugation 
+180° rotation around 2nd axis in isospin space. It follows that strong 
interactions are invariant under G, but 


[G, Hem] #0 (4.86a) 
IG, Hweak] # 0 (4.86b) 


i.e. electromagnetic and weak interactions are not invariant under G. 
Under 180° rotation around the 2nd axis in isospin space, we have 


Tı) > — |m) 
T2) — |72) 
13) > —|73). (4.87) 
Therefore, we get 
|r*?) —>— TENY ; (4.88) 
Under charge conjugation 
lrt) B | ¥) (4.89a) 
lr?) 25 |x). (4.89b) 
Thus we have 
Jn*) S —|n*) (4.90a) 
and 
jn?) Ê —|n°) (4.90b) 


Thus the G-parity of pions is G (r) = —1. The nucleon state |N}, under 
180° rotation about 2nd axis in isospin space transforms as 


|Nz) = e ™ */? |N) 
= (cos 5 +i sin 7 ) IN) 


=in |N) (4.91) 
i.e. 
Ip) 29 In) 
In) “2 — Jp). (4.92) 
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But 


In) <3 jn). (4.93) 
Therefore, 

Ip) S Jn) (4.94a) 

In) S — |p). (4.94b) 


Only states with B = 0 and Y = 0 for which isospin J is integer can be 
eigenstates of G. Only for such states we can define G-parity G. In general 
G-parity of a state with isospin I is given by 


G=n(-1)' (4.95) 


Thus for 7° and w?, G = +1 and —1 respectively. Thus for fermion- 
antifermion e.g. q — q system, the G-parity is given by 


G = (1) HH =n, (-1)7 (4.96) 
For (ntr) system 
G = (-1) (-1/' =(-1)"*F =1 (4.97) 


The concept of G-parity is particularly useful to see whether a decay which 
does not involve y is strong or electromagnetic (problems 4.3 and 4.4). 


4.6 Problems 


(1) Consider pion nucleon scattering 
r+N—or+tN 
where ¿i and j are isospin indices of the incoming and outgoing pions 


respectively. Using isospin invariance, show that in isospin space, the 
scattering amplitude A can be written 


1 
Aji = fa ji + A inn 5 


Show that isospin 2 and 4 projection operators are given by 


2+t-T 1l—t-T 


P3/2 = a Pij = 3 
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where 7 are Pauli matrices and t are isospin matrices for J = 1. Further 
show that 


1 1 
(P32) j; 73 f2 Õji — 3 inal 
1 1 
(Pijo); 73 { O54 + z inl) . 
Hint: (tk)ji = lEjki. 
Show that for the decay 


(aca EY 


either AT = 0 or |AJ| = 1. 

Hence show that for the decay n —> mtr ~y, pions are in I = 1 state 
and I is odd, but for the decay w —> ntry, pions are in I = 0 or 2 
state and | is even. 

Show that the decay w — mtr” is forbidden in strong interaction, 
but is allowed by electromagnetic interaction. What are the values of 
isospin J and orbital angular momentum for the pions ? 

Show that n — mtr 7° is forbidden in strong interaction but is allowed 
by electromagnetic interaction. Determine the possible values of isospin 
for the final pions. 

A meson f has been seen in the invariant mass plot of (77) in the 
reaction: 


T pont! 


but not in the reaction 


np => prt n° 


What can you say about isospin of f? What is its electric charge? 
Let us consider the following particles: 

X°? : I=0, JE=0 + 
YES eee JSS 


Which of the following decays are allowed by strong interaction? Also 
for what values of orbital angular momentum and isospin of the final 
states the decays is allowed. 


(a) X} > ntr 
(b) Y — X "r 
(c) Y? sata 
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(d) Y+ — X "rt 
(e) Y= => Tn? 
(7) (a) List all the decay channels allowed by strong interaction for Q7. 


i. Why strong decays of Q7 are not seen? 
ii. Why radiative decay of Q7 is not possible? 


(b) List all the possible weak decays (Semi-leptonic and Hadronic) for 
Q7. 
(8) A particle with spin angular momentum J has the following Hamilto- 
nian in an external magnetic field B (B = V x A) 


geh J 
Ana SS ee —|)-B 
g (=) @ 


How Hmag transform under C, P and T respectively? 
(9) For (ntr )p : 


no (tr) = (-1)" 


K — 3r is parity conserving decay, i.e. parity of three pions in the 
final state is negative. 
Show that CP-conservation implies 


KÌ — 1°n nr is allowed 


K N — 777 is forbiden 
K? — nrn’ is allowed if l is odd 
0 


K? satan is allowed if ¢’ is even 
where 
CP\K?) =|Ky?) and CP\|K) = —|K) 
G-parity of ntron? is 
ne = ne (-1)' = (-1)°*! = -1 
Hence show that 


for l even — I =1,3 
for č odd — I =0,2 


(10) G-parity is defined as 


ng = nc(-1)/ 


ae 


WN 
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where J is the isospin 


JPC JC 
1~~ | 07 
p |177 jit 
aE a els 
a 1 r 


C-parity and G-parity are conserved in the strong decays. For 
(ntr) system 


ne= (+1); ne = n = * 
where / and I’ are the orbital angular momentum and isospin of the 
(ntr). Which of the following decays are allowed and which are 


forbidden? 


w > ntr 


p >N T T 


For the radiative decay 
li) > If) + 
Show that either 
Ali|/=0, G(f)=-G(i) 
or 
A|f|/=+1, AG=0 


Photon behaves either like “p-mesons”, i.e. it carries “I = 1 G = 1” or 


” 


like “w-mesons”, i.e. it carries “J = 0, G = —1 

pony All|=0, G(f)=-—1, Ga=1 

wry, Alij=1, AG=0 
Which selection rule forbids, the decay 

w —> ntr 
as a strong decay. Show that this decay has 
All| =1,AG #0,G(f) = -G(), 

i.e. this decay is allowed by electromagnetic interaction as second order 
in electromagnetism. 
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(13) Show that the decay 


ag 0 


W> T T 


is allowed in strong interaction. What are the allowed / and J values 
for (ntr) system? 

(14) By using the similar arguments as used in A-resonance, show that p(770 
MeV) meson has J = 1 and J = 1. 
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Chapter 5 


Unitary Groups and SU(3) 


5.1 Unitary Groups and SU(3) 


Consider a vector ¢;, i = 1,2,---,N in an N-dimensional vector space. 
An arbitrary transformation in this space is 


d=ai¢; i,f=1,2,---,N. (5.1) 
For unitary group U(N) in N dimensions, 
ak ok — ae i 
a; a; = (at), aj = ð. (5.2) 


For the group SU(N), we also have 
det a= 1. (5.3) 


The basic assumption of all the group theoretical approaches to classi- 
fication of hadrons is that particles belong to an irreducible representation 
of some group (in our case SU(N)) form a multiplet and thus have the 
same space-time properties, especially the mass, spin and parity. The ba- 
sic mathematical problem is the investigation of the representations of a 
group. There are two approaches to this investigation (i) global way, (ii) 
infinitesimal way. For continuous groups it is convenient to restrict to (ii). 
For the general infinitesimal transformation: 


pi = [8 +el] dy. (5.4) 
Then conditions (5.2) and (5.3) give 


The unitary transformation corresponding to (5.4) may be written as 


U (a) =1-e) Ai +O(e?). (5.6) 
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A’ are called the generators of the group U(N) and characterize the group 
completely. The N x N unitary complex matrices U(a) form the represen- 
tation of U(N). Hence there are N? arbitrary real parameters and thus 
there are N? generators of the group U(N). For SU(N) we have N? — 1 
generators because of the unimodularity condition. 

The matrices U(a) have the group property: 


U (b) U(a) =U (c) 
U(a) =U(a) U (1), U(1)=1 
U~! (b) U (a) U (b) = U (b™tab) 
Ut (a) U (a) = 1 (5.7) 
It is easy to see that Eqs. (5.5) and (5.6) give 
(Ai)! = 47. (5.8) 


By taking a to be an infinitesimal transformation, it is easy to derive (see 
problem 5) the commutation relations 


|a, Ai = & Al— 6! Al. (5.9) 
For the transformation (5.4), we have 
Pr =U! (a) be U (a) = on + €l [Ai de] - (5.10) 
But we can write 
k =U} Qı. 
Ph = (+e! (MG) p) 9r (5-11) 
Comparing Eqs. (5.11) and (5.4), we get 
(Mi), = 6464. (5.12) 
Hence from Eq. (5.10) one has 
[Aj oe] = (M4), 6 
= 5454 br = dh oy. (5.13) 


The matrices Mj [mi = Mj] give the representation of group U(N) for 
the fundamental representation ¢;. Let us define a vector 


d= ot. 
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It belongs to the representation N of U(N), whereas vector ¢; belongs to 
the representation N of U(N). Thus ¢’ transforms as 


df = or = (8-7) 95 


= (ð — e$) ø. (5.14) 
Hence it follows that 
[Ai o*] = -07 g. (5.15) 
Now if we consider a tensor a, it transforms as ¢*¢;, so that 
[Ai TF] = 6} TF — ôf TÌ. (5.16) 


Thus the tensor T h transforms in the same way as the generator Ai. 
Let us now restrict ourselves to SU(N). The generators of SU(N) must 
be traceless. Hence we can write its generators as 


i t 1 i k 
Fi = A} — voi Ay. (5.17) 
so that 
U(a) =1- e Fi 
i) j 
(Fj) =F} 
F? =0. (5.18) 


Since Af is a U(N) invariant, the commutation relation for F} remains the 
same as in Eq. (5.9) viz. 
[Fi, FF] = ôi FP - ô? Ff. (5.19) 
The matrices M, 3 must now be traceless, hence 
ayk ick 1 ci ok 
(Mi), = ôi ôf — m or. (5.20) 
Thus instead of Eqs. (5.13) and (5.15), one has 
[Fi be] = 5% pj- Wor Pe 


i oe es 
[Fi, p] = 8} p + Ww og. (5.21) 
Let’s now confine to SU(3). It is convenient to express eight generators 
F} (i,j = 1,2,3) in terms of hermitian operators F4, (A = 1,--- ,8) intro- 


duced by Gell-Mann. The relationship between F4 and F 4 is as follows: 
1 
Fo=F-ifh, F?=F +i F, 5 (Fi — Fe) = Fs, 
Fi = Fy —i Fs, F= Fı+i Fs, R=h-if, 
2 
V3 


F3 = Fę— i Fy, FR =-—— F}. 
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From the commutation relation (5.19) for F}, one can show that F4’s satisfy 
the standard commutation relation of a Lie group: 


[Fa, Fs] = CRpFp 
=ifasc Fo, (5.22) 
where the structure constants fasc are real and antisymmetric. F4’s also 
satisfy the Jaccobi identity 
[Fa, (Fe, Fol] +[Fs, (Fc, Fal] +[Fo, [Fa, Fel] = 0. (5.23) 
Infinitesimal unitary transformation generated by F4 is 
U=1-1 EA Fa, 
£a being infinitesimal real parameters. For an inifinitesinal transformation, 
the vectors ¢; and @' transform as 


$; = Uj $; 

= Q + SEA ow $j, (5.24) 
giuig = a- ieaoo 

= o - tea ow ø, (5.25) 


since the matrices A4 are hermitian. The matrices A, are related to M. 3 in 
the same way as F4 are related to F 4 . Thus 


1 ’ 1 . 1 
M; = z Ar tra), Mj = 5 (Ar + 2) , M3 = aye (5.26) 
Now for SU(3), the matrix elements Mj are given by Eq. (5.20) 
ik ee 
(Mj), = 51 ôF — 35) r (5.27) 
Using Eqs. (5.26) and (5.27), we can explicitly write 3 x 3 matrices Ay. 
They are 


010 0-i0 100 
A= [100], rA2=[i00],rA4=[ 0-10 |, 
000 000 000 
001 00-i 000 
à= [000],A4=[000 ],r%42 = | 001 |, 
100 i00 010 
000 wo o0 
A7v= | 00-1], A= | 0 Fi 0 (5.28) 
N 2 
Oi 0 0 0 -5 
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Obviously the matrices An satisfy the same commutation relations as the 


generators F4, so that 
[\A, AB] = 2i fasc àc. (5.29a) 
They are traceless and have the following properties: 


Tr(\a AB) = 2648 (5.29b) 


4 
[Va, Asl+ = 2 dasc Ac + 3ÔAB, (5.30) 


where dagc are real and are totally symmetric. Defining ào = yI , the 
commutation and anticommutation relations can be written as 


[Aa, AB] = 2i faBc àc 
[Aa, AB]4 = 2 dase àc 
Tr(v\4 AB) = 24B 


2 
dogc = V2 OBC; fogc = 9, (5.31) 


where A, B,C = 0,1,--- ,8. Thus A4 are closed both under commutation 
and anticommutation. We also note that Ag, As, Ay are antisymmetric while 
the rest of them are symmetric. We express this fact by writing 


Al = na ra (not summed), (5.32) 


where ņa = —1, for A = 2,5,7 and +1 otherwise. The following identities 
follow from Eqs. (5.31) and (5.32): 


na 1B Nc fasc = -fasc 
na neg nc dapc = dasc (repeated indices not summed) 
(5.33) 


ie. fasc (dago) is zero if even (odd) number of indices take the value 2, 
5 or 7. The values of fasc and d,agc have been tabulated by Gell-Mann 
and are reproduced in Table 5.1. The role of F4 is the same in SU(3) as 
that of isospin I in SU(2) and for this reason F'4’s are sometimes called 
component of F-spin. 
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Table 5.1 Values of fapc and dasc 
ABC fapa ABC dABC 


123 1 118 1/v3 
147 1/2 146 1/2 
156  —1/2 157 1/2 
246 1/2 228 1/V3 
257 1/2 247 —1/2 
345 1/2 256 1/2 
367  —1/2 338 1/73 
458  v3/2 344 1/2 
678 v3/2 355 1/2 
366 —1/2 
377 —1/2 
448 —1/ (2/73 
558  —1/(2v3 
668 —1/(2V3 
778 —1/ (2v3 
888 -1/73 


doAB V2/384B 


5.2 Particle Representations in Flavor SU(3) 


Out of the eight tensor generators F of SU(3), the set F}, Fy, F? and 
F? form the generators of the subgroup SU(2)x U(1). We have SU(3) > 
SU(2) x U(1) D SU(2). It is convenient to classify states in an SU(3) 
representation by making use of this fact. The generators of the SU(2) x 
U(1) subgroup which are conveniently taken to correspond to isospin and 
hypercharge are 


=F), L= F}, b =b (F] -— F3) 


1 
2 

Y = F} + F? = —F}, (5.34) 
in the case of SU (3) group. There are thus two diagonal operators in SU (3), 
namely Iz and Y. SU (3) is, therefore, a group of rank 2. Further if we define 
the electric charge as 


Q = F} in SU(3), (5.35) 


Eq. (5.34) give the Gell-Mann-Nishijima relation 


oana = (5.36) 
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The fundamental representation is a vector which we write as q;. Let 
us take 


Q 
N 
II 
wm QS 


(5.37) 
13 
as the field operator which creates a u-quark, a d-quark or a s-quark viz. 


u|0) = |u), d|0) = |d), 5|0) = |s). 
field operators 


(5.38) 
The field operators q; belong to the representation 3 of SU (3), whereas the 


q! 
==]? 
q 


Ill 
v AES 


(5.39) 
belong to the representation 3 of SU(3). 


q¢ create antiquarks or annihilate 
quarks. From Eq. (5.21), we have 


: , i 
[F}, ae] = 5% qj — 393 qk. 


(5.40) 
In the matrix notation, we can write the field operators q; and q’ as row 
and column matrix respectively viz. 


(5.41) 


[Fa, q = 


(5.42) 
Hence we see from Eqs. (5.36), (5.38), (5.40) or (5.42), that the quark 
states or simply quarks belong to the triplet representation of SU (3) and 
have the following quantum numbers: 


I; Y Q 
lu) 1/2 1/3 2/3 
I=1/2 
Id) -1/2 1/3 -1/3 
ls) I=0 0 


-2/3 —1/3 
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1/3 ju> 


1 Weight diagram for 3. 
A 


2/3 


-1/3 


Fig. 5.2 Weight diagram for 3. 
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It is convenient to plot each state of the triplet representation on a I — Y 


plot as shown in Fig. 5.1. Such a diagram is called the weight diagram. 


gag 


The 3 representation of SU(3) is not equivalent to 3; it transforms as 
It is the hypercharge which distinguishes 3 and 3. Antiquarks 


belong to the 3 representation of SU(3) and the weight diagram is shown 


in Fig. 5.2. 


5.2.1 Mesons 


Quarks are taken to be spin 1/2 particles. To build observed particles from 
quarks, it is convenient to assign a baryon number 1/3 to quarks. Thus 


Consider 


qi |0): B = 1/3 
g |0} : B = —1/3. 
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da = («as — Fora a) + 38an 
= P; (octet) Singlet 
3@3= 8 ® 1 


Pi can be regarded as a field operator for pseudoscalar mesons. Thus 


Pi 10) = |P}) = (g'a — 38au) 10) (5.43) 


has baryon number zero and is an octet. It may be taken to represent octet 
of pseudoscalar mesons 7, K and 7. We write (in our notation upper index 
is row index and lower index is column index) 


Pi = J a)y A (5.44) 


where identification is shown in Table 5.2. 


Table 5.2 Pseudoscalar Mesons JP = 07 [cf. Eqs. (5.43) and (5.44)] 
State and its quark content D1, Y,I, I3) 
|P?) = |rt) = |u d) mti) : — |8,0, 1,1) 
i r0) |” ad 2) 73) : |8, 0, 1,0) 
|Pz) = |77) =|d a) T2 ) : |8,0,1,—1) 
|P) =|K+) = |u 5) Raters : |8, 1, 1/2, 1/2) 
[Pe = |K?) = |d 3) meiir : |8, 1, 1/2, —1/2) 
|P?) = |K?) = |s d) TETT ) : |8, —1, 1/2, 1/2) 
|P}) = |K) = |s a) mare : |8, -1, 1/2, —1/2) 
ars ) = Ins) = |" gs = |s) : |8, 0,0,0) 


Hence in a matrix notation, the octet of pseudoscalar mesons J? = 07 
can be represented by a matrix: 


Fens + wan at K+ 
P= nT z" — yam K? . (5.45) 
K- K? -ns 


The singlet pseudoscalar meson nı is given by 
moita) ut ts 


lm) = V3 3 


|0) : |1,0,0, 0). 
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Another possible set of candidates for the octet of bosons is vector mesons 


JP=1-: 
ppp =1,Y=0 
xt x? 
asia T=1/2,Y=1 
K°K*  I=1/2, Y=-1 
We I=0, Y =0 


A singlet vector boson is denoted as w;. In broken SU (3), a singlet meson 
can mix with the eighth component of an octet. For example, wg and w1 
can mix and physical particles are mixtures of them and are denoted by w 


and ġ. The weight diagram for mesons is given in Fig. 5.3. 


Y 


Fig. 5.3 Weight diagram for pseudoscalar meson octet. 


5.2.2 Baryons 


We now consider baryons. Baryons have B = 1 and they must be con- 
structed out of 3 quarks. For this purpose let us proceed as follows. Writing 


1 1 
qj Ik = 5 (qj dk + Ue aj) 4 5 (dj dk — qk qj) 
1 1 
= Vai + p^ 


where the symmetric tensor 


1 
Sik = Va (qj dk + Wk q;) 
has six independent components. The antisymmetric tensor 


1 
Ajk = Va (dj dk — dk qj) 


(5.46) 


(5.47) 


(5.48) 
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has three independent components. Now a vector JT’ belonging to the 


representation 3 can be written in terms of Am as 


Tt = gim Atm 


Ajk = Leir T 
Hence we have the result 

38®3=663 
and 

38303 =(6@3)+(3@3). 
First consider 3 @ 3: 
T’ q= (ria TS mw) +555 TF qk 

viz. 

393=891. 


The octet operator for baryons can be written as 


Di 1 i ie 
B} -3(7 G— 3 ð T DE 
where 
‘ i 1 ; 
Tt = gilm Aim = —eel™ Needy . 
m=z ( q Gm — am q) 


For the singlet representation, 


1 1 1 
a Tk = eklm Alm 
2 V3 dk 23 lm Wk 
1 
= ya qi Im — qm q) dk- 


Now let’s consider 6 ® 3: It is given by 


Sij dk = Sij dk + Sjk Git Ski Gy — Sik Gi — Ski qj 


= Tije} — Sik qi — Ski qj, 
where 


Trijny = Sig de + Spe qi + Ski G 


(5.49) 


(5.50) 


(5.51a) 


(5.51b) 


(5.52) 


(5.53a) 


(5.53b) 
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is completely symmetric tensor and has 10 independent components. Now 
we show that 


— (Sin qi + Ski qj) +2Sij qk = Engl AUE EN, E T E k Sin qm. (5.54) 
Proof: 
R.H.S = (6g 69 — óp 87°) Sin dm + (Og Of — Op r) Sjn dm 
= Sij qk — Sik qj + Sji dk — Sik qi 
= — (Si, di + Ski qj) +253; qk = LES. 
Hence from Eqs. (5.53a) and (5.54), one gets 


1 ~ 1 
Sij dk = 3 tisk} t3 [erji E” Sin dm + Eki E” Sin qm] 
Ts 1 
= zT =e 3 [exjt Op + Exil ô] gorm Srn dm- (5.55) 
Hence we have 
683=10908. 


We write the decouplet representation: 
Tise} = V3 Plise) 


1 
ae [Sij dk + Spe qi + Ski qj] (5.56) 


and the octet (8’) representation: 


= 1 
B! = ae Srn dm 


Br =0. (5.57) 
Hence the final result becomes 
3838 3 = (66 38) 83 = (6 83) (3 @3) 
=100860 8 @1. 


5.2.2.1 Baryon States 


(i) Octet Representation 8 
From Egs. (5.51) and (5.57), we have 


B; |0) = |B;) 
1 ; 1. 
E EN" (qiqm — dQ) qj — 385E"™ (didm — dma) al |0) 
(5.58) 
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Table 5.3. Baryons JP = a 


State: 8 Quark content Q I I3 Y 
|p) = B} |0) A u, d] u) 1 Z z iL 
In) = B3 |0) Z u, d] d) 0 z => 1 
D+) rea 0) Z u, s] u) 1 1 +1 0 
Z = 
ie n TOORN 0 1 0 0 
va (Bi — B2) l0) 
=~) = Bs jo -> Ila, s] d) -1 4 -1 
2 —= |2 [u,d] s 
A?) = -2 B3 12 : 0 
aay tubal «= CO 
=-) = B3 0) Z d, s] s) —1 1/2 -1/2 -1 
|=°) = B2 |0) Ils, u] s) 0 .1/2- I/2 <1 
State : 8’ Quark content 
B! |0) A (fu, u— 2uud) 
iA A 
B? |0) -4 (Iu. dl, ds 2ddu) ) 
B’? |0) ae (te sly u— 2uus) ) 
= u,d], s 
Js (Bi! — BY) |0) 7a (2l d 
+[u, s], d+ [d, s], u))} 
D 1 
B!} |0) 4 |(la,s] = nade) 
~ 3, B$ |0) Sear ul,.4)) 
BY \o) 4 | (2ssd - [d,s], 8 s)) 
Bi? |0) 4 (1s; u], s— 2ssu) ) 
and for representation 8’ : 
Ag i 1 ; 
B! 10) = |B; J= ikl Sa qr 10). 5.59 
10) = [BF ) = gge Sn a 10) (5.59) 


The octet of baryons are then identified as given in Table 5.3. Hence from 
Eq. (5.58) and Table 5.3, we see that known eight J” = 1/2+ baryons can 
be represented as 3 x 3 matrices 


1 Ao 1 50 F 
Bi = £ gh” — N n (5.60a) 
T= =0 — 2_A9 
z = v6 
A Aly Se S- az 
6 V2 E = ia 
Bi = sr Be ee E (5.60b) 
= = 2.40 
p n -734 


Note that 
Ri *j .0 
BeBe af, (5.61) 
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where the symbol » denotes complex conjugation with respect to SU(3) 
but hermitian conjugation for the field operators. The weight diagram for 
the octet representation is shown in Fig. 5.4. 


Fig. 5.4 Weight diagram for ar baryon octet. 


Singlet representation 1: 
From Eq. (5.56), one gets 


A9 = klm ( 


E qi qm — 4m q1) qk |0) 


{[d, 5| u+ [5, u] d+ [u, d] 5} 0). 
= — |{d, s] u+ [s, u] d+ [u, d] s). (5.62) 


(ii) Decuplet representation 10: 
From Eq. (5.56), we have 
1 
V3 
The detailed identification of the states of decuplet representation are given 
in Table 5.4. The weight diagram for the decuplet of baryons is shown in 
Fig. 5.5. 


|Tijk) = = {Sij qk + Sik qi + Ski aj} |0). (5.63) 


5.3 U-Spin 


We have labeled the states within an irreducible representation of SU (3) 
uniquely by the eigenvalues of I?, I3 and Y. The reason is that SU (3) 
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Fig. 5.5 Weight diagram for 3T baryon decuplet. 


Table 5.4 Decuplet J? = 3/2+ [cf. Eq. (5.63)] 

State Quark content Q I Is Y 
[At = 7 |T111) [uuu) 2 3 3 1 
|A+) =a |T112) a [udu + duu + uud) 1 3 4 1 
|A?) = a |Ti22) A Judd + ddu + dud) o 2 =Æ 1 
|A~)= A |T222) |ddd) -1 32 æ 1 
se ) wa |T113) a [uus + usu + suu) 1 1 1 0 
la") = an) Jy a fe gt ee 
2) = 4 |T322) 4z|sdd+dds+dsd) -1 1 -1 0 
a = Z |T133) a juss + ssu + sus) 0 $ 4 —1 
=) = Z T233) J |dss + ssd + sds) T E 
| = Z |T333) |sss) -1 0 0 —2 


contains the direct product of SU(2); x U(1)y, i.e. 
SU(3) 2) SU(2)7 x U(1)y. 
The generators of SU(2); and U(1)y are identified with the generators of 
SU(3) as given in Eq. (5.34). However, we can take a different decomposi- 
tion. For example the generators 
1 
Uy = Fy, UL = F3, Us= 5 (Fi: - Fs) (5.64) 
are the generators of group SU(2)y . These generators commute with the 


generator 


Q= Fi, (5.65) 
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Thus SU(3) can be decomposed as follows 
SU(3) 53 SU (2)u x U(1)a. 


Therefore, it is possible to label the states within an irreducible representa- 
tion SU(3) by the eigenvalues of U?, Uz and Q. The generators of SU(2)y 
commute with the generator Q = F}, thus U-spin is very useful when 
dealing with electromagnetic interactions. Just as each isospin multiplet is 
associated with a definite hypercharge, each U-spin multiplet has a definite 
charge. 


5.4 Irreducible Representations of SU(3) 


We have already encountered two irreducible representations: 
triplet = qi 
eee 
octet = P; = q'qj — 30 a’ dk- 


The octet representation is a regular or an adjoint representation of SU (3) 
because P$ transforms in the same way as the generators F$. 

Now we look at more general representations of SU (3). The general 
prescription for finding the basic tensors To 1 for an irreducible repre- 
sentation of SU (3) is: 

1. Construct tensors To 2 
2. Symmetrize among tı : ip and jı -jq indices. 
3. Subtract traces so that all contractions give zero, e.g. 


i j2- ja — 
Ti iip Z0, etc. 


The linearly independent components of tensor T then supply an irreducible 
representation of SU (3) which is designated as (p,q). The dimensionality 
of such a representation can be easily computed. First let us calculate the 
number of independent components for a symmetric tensor with p lower (or 
q upper) indices. We note that each index can take only the value 1, 2 or 3. 
Thus the number of independent components are the same as the number 
of ways of separating p identical objects with two identical partitions: 


(p+2)!  (p+2)(p+1) 


p! 2! 2 
Thus a tensor which is symmetric in p lower and q upper indices has 


(p+ 2) (p+1) (¢+2)(¢+1) 
4 


Bip, q) = 
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independent components. But the trace condition shows that a symmetric 
object with p — 1 lower indices and q — 1 upper indices vanishes. This 
gives B(p—1, q—1) conditions. Hence a symmetric traceless tensor has 
dimensions 


D(p,q) = B(p,q) — B(p-1, q-1) 


= (p+ 1)(q+1) (254 +1). (5.66) 


Thus we have for example: 


Representation | Dimensionality 
(p,q) D(p,q) 
(0,0) 1: Singlet 
(1,0) 3: Triplet 
(0,1) 3: Triplet 
(1,1) 8 : Octet 
(3,0) 10 : Decuplet 
(2,2) 27 : 27 plet 


5.4.1 Young’s Tableaux 


By taking the direct product of basic representation 3 with itself, we can 
generate the representations of higher dimensions. These representations 
are however reducible. Let us now discuss a general method to decompose 
these reducible representations into irreducible representations. We have 
already discussed some simple examples. 

We represent the fundamental representation 3 by a box, i.e. associate 
index 7 with a box. 


w :3: qi. (5.67) 


We note that the representation 3 is antisymmetric combination of two 3’s 


viz. 
i 1 
T’ = e'I} (qj qk — qk v) 
= ak Ajk, 
Aij = Eijk T*. (5.68) 


This can be represented by a column of two boxes 


ee Mie (5.69) 
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Since a tensor index takes only three values 7 = 1, 2,3, a column in Young’s 
tableau can have at most three boxes 


a 
j : Eijk- (5.70) 
k 


It is completely antisymmetric and it corresponds to the trivial singlet 
representation. We note that 


| 
1=| = = =e (5.71) 
| 


Consider the (p,q) representation. It is a tensor whose components are 


poida (5.72) 


ii ip 
symmetric in lower and upper indices and traceless. We can lower the upper 
indices with £ tensors, obtaining an object with p + 2q lower indices: 
joj 
tiz...ip kila.kglqg = Ejikili-Ejakala Tii (5.73) 


It is clear that t is antisymmetric in each pair kz —> ls, £x = 1,4. 
Since there are p + 2q indices, we arrange p + 2q boxes as follows: 


(5.74) 


| kı TE ka | ta nor ip 

| iG Zan lq 
This is a Young Tableau. The most general Young Tableau has only two 
rows. An irreducible representation is completely specified by two integers 
(p,q). Note that (p,q) = (q, p). It is clear from Eq. (5.71) that tableaux of 
the form 


(5.75) 


kı ae ka | it Aa ip 
R A l 


still corresponds to the representation (p,q). Comparison with the Young 
Tableau gives the following rule for preparing a tensor with the right sym- 
metry properties to give a state in (p,q): First, symmetrize indices in each 
row of the tableau. Then antisymmetrize the indices in each column. If 
we have more general tableau with columns of more than two boxes, the 
rules for forming a tensor are the same as before. Assign an index to each 
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Table 5.5 Irreducible representations of SU (3). 


(p,q) | D,a) Tableau Tensor 
E 
1 LK 1: Eijk 
(1, 0) 3 CI 3 iqi 
(0,1) 3 Bi 3:7? = cUF ¢,, 
(2,0) 6 6 -Tij 
(0,2) 6 6:7 = etkils gikale thyly kalo 
ED 
(1,1) 8 8 T = ekl tklj 
(0,3) | 10 mje |g el li 
í ` Xt mylymgl3ms 
RJE 
(2, 1) 15 [m 15 ‘Th = etlm timkj 
i 
cS [*% Tii — eilımı sjlam2ə 
(2,2) 27 27: 7lk TE 7 


Xtminımənslk 


box. Then symmetrize the indices in each row and finally antisymmetrize 
the indices in each column. 

Some of the common irreducible representations of SU (3) are shown in 
Table 5.5. 

Decomposition of Product Representations 

We now consider the decomposition of the direct product of irreducible 
representations (p,q) and (r,s) corresponding to tableaux A and B. 


| ala|lalala 
A B 


We now give a recipe for the decomposition of the direct product of 
(p,q) and (r,s) with the aid of Young Tableaux. Put a’s in the top row of 
B and b’s in the second row. Take boxes with a from B and add them to 
A, each in a different column, to form new tableaux. Then, take the boxes 
with b and add them to form tableaux, again each box in a different column, 
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with one additional restriction given below. On reading the added symbols 
from right to left and from the top to bottom, the number of a’s must be 
greater than or equal to that of b’s, i.e. forget all tableaux which concave 
upwards or towards the lower left. This avoids double counting of tensors. 
The tableaux formed in this way correspond to irreducible representations 


in (p,q) Q (r,s). We now give several examples to illustrate how this recipe 
works. 
Examples 


(i) 


® a == a D 
a (5.77) 
3 Q 3 = 6 © 3 
(ii) 
® a = a ($>) 
(5.78) 
3 Q 3 = 8 ® 1 


LIe] H 


E 
sofao 
b| 


3 ® 3 = 8 


E 
[ele] 


Il 


(5.79) 
We discard the first and the third tableaux in Eq. (5.79) as they do not 
satisfy the constraint that number of a’s greater than or equal to the number 
of b’s as we go from right to left or top to bottom. 
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(iv) 
[aJa] 
ERA 
~ CT Tete] ® CT ye] eC ye)]* Cy 
cee ee 
re | [z] 
- [QEL e Tele] ® TT] 
eae ess 
e [Tye] ®C] Je] gaan 
Ta! an OG 


oT [Felb]e man s Era ad m E 


888=10627089100861 


or 


(1,1) ® (1,1) = (3,0) @ (2,2) 6 (1,1) 6 (0,3) 6 (1,1) 6 (0,0). (5.80) 
The slashed tableaux are discarded because they do not satisfy the con- 
straint a’s > b’s. 


(v) 
pee Eep 
15 6 3 


8@3= 158603 (5.81) 


(1,1) @ (1,0) = (2,1) 6 (0,2) @ (1,0). (5.82) 

To summarize, an arbitrary irreducible representation of SU(3) is de- 

noted by two integers, each positive or zero: (p,q). The corresponding irre- 

ducible tensor is denoted by To *. It transforms as Ø}, --- o}, Qunt Pip 
aip 
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Each component of the tensor is an eigenstate of I3 and Y and possibly of 
I. If it is not an eigenstate of I°, such a state can be formed by a linear 
combination of states with components having the same J3 and Y. The ba- 
sic states occurring in (p,q) can be completely labelled by three quantities 
I, Iz, and Y, which form a complete commuting set within an irreducible 
representation. The values of J and Y that appear in (p,q) are given in 
Table 5.6. We note that highest state i.e. the one with Imaz has 


1 
Ig = 5 (P+ 4) 


Y = 50-4), (5.83) 


Table 5.6 Isospin J and hypercharge Y for the states in 
representation (p, q). 


Iz and Y 
(p,q) y I Number of for the 
states ‘ 
highest state 
I 
joy} 3 | 2 2 1 
OL | ó 1 2? 3 
(0,1 2 = 2 3 F 
3 2 
1 4 2 
(1,1 0 1,0 34+1=4 1,0 
—1 2 2 
oll 3 
3 
(3,0 2 1 2 zl 
—2 0 1 
3 1 3 
(2,1) 3, Sia 4+2=6 3 1 
á = 1,0 34+1=4 2°73 
z5 1 2 
3 2 
2 1 3 
3 1 Š 
1 55 44+2=6 
(2, 2) 0 2,1,0 54+3+1=9 2, 0 
3 1 — 
—1 515 44+2=6 
—2 1 3 
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5.5 SU(N) 

We now discuss Young’s tableaux for SU(N). Again we assign an index to 
a box. Thus fundamental representation N(¢;, i = 1,--- , N) is represented 
by a box: 


eee: (5.84) 


The tensor €;,;,...;,, is represented by a column of N boxes 


ot (5.85) 


It describes the singlet representation 1 of SU(N). Now €j,i5..-i is a com- 
pletely antisymmetric tensor: 


0, if any of the two indices are equal 
Eiiz-in = 4 £1, if i+- iy is an even (odd) (5.86) 
permutation of 1,2,---,N. 


The N-dimensional representation N is described by a column of (N — 1) 
boxes. 


> 


(5.87) 


Hence we see that for SU(2), 2 and 2 are equivalent representation and 
both will be represented by [| Only for N > 3, N and N are distinct 
representations. 

We now discuss the decomposition of the product of representation N 
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by itself into irreducible representations of SU(N). 


g = | a ® 


N N = N (N+1) 


1 
2 


(5.88) 
Thus N? components decompose into two irreducible representations of 


dimensions ~ or” and * pes) viz. 
1 
bi ġj = va (Sij + Aij), (5.89) 
where 
1 
Sij = B (di $j + ; Qi). (5.90a) 
1 
Aij = z= (bi $5 — bj Qi). (5.90b) 


v2 
We can regard S;j as an N x N matrix, but since it is a symmetric matrix, 


it has only % a N +N =$N (N +1) independent elements and this gives 


the dimension of symmetric representation S;;. Again if we regard A;j as 


NxN matrix, we can easily see that it has N?N = $N (N-1) independent 


elements and this gives the dimension of antisymmetric representation Aj;;. 


® = ($>) | 
N-1 N (N — 1) 
Boxes Boxes Boxes in 
the column 
Ñ N =16 Adjoint representation of dimension N? — 1. (5.91) 


Thus 
i $ 1 4 
¢ j =T} + x 5; G" bp, (5.92a) 
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where 
L =¢ $j- N Ôj g" Êk- (5.92b) 


The adjoint representation has the same dimension as the number of gen- 
erators of SU(N). For example for SU(6) : 6 @6 =16 35. 

We now give a general recipe to calculate the dimension of irreducible 
representations in the decomposition of the product of representation N 
by itself. To calculate the dimension of an array of boxes there is a recipe 

ia . N tor 
which involves calculation of Saona 
Numerator: Insert N in each of the diagonal boxes starting from the top 
left-hand corner of the tableaux. 


N N+1]N+2 
N—-1/N N+1 (5.93) 
N—-2/N-1/N 


Along the diagonals immediately above and below insert N + 1 and N — 1 
respectively. In the next diagonals insert N + 2 and so on. The numerator 
is equal to the product of all these numbers. For example for the tableaux 


[N N+1 


E (5.94) 


the numerator = N? (N +1) (N — 1) = N? (N? — 1). 


Denominator: The denominator is given by the “product of hooks”. We 
associate each box with a value of the hook. To find it, draw a line entering 
the row in which the box lies from the right. On entering the box, this 
line turns downwards through an angle of 90° and then proceeds along the 
column until it leaves the diagram. The value of hook associated with that 
box is then the total number of boxes that the line has passed through, 
including the box in question. The product of hooks is the denominator. 
We illustrate this by the following example. Consider the tableau (5.94). 
The hooks associated with each box are shown in Eq. (5.95). 


e e 


e 
3 2 2 1 (5.95) 
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We see that the denominator = 3x 2x 2x1 = 12. Hence the tableau (5.94) 
corresponds to an irreducible representation of dimension N? (N? — 1) /12. 
Let us now consider some more examples: 


He He 0 C0. bom 


N » N® N 


CHA A e e 
“FR e EK ef 
Zags 


To avoid double counting, we discard the slashed tableaux. Thus we can 


(5.96) 


write 


Qi Pj Pr ~ Thay + Tiga + Dies + ge: (5.97) 
Note further that 


In order to find the dimension of these representations, we note that 


E « 


N(N+1L)(N+2) NONON-  NON+ON-1)  N(N-1XN-2) 
6 3 3 6 (5.99) 
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For example for SU(6) : 6 ®6®6 = 56 $ 70 © 70 © 20. 
Si J-E Ea H 


-| LT] el [tle 
al | de] 


= (N [N+ 


NAND NOAHDON-DAN-)  Nav-1AT-2)0-3 
12 4x2x1 4z3z2x1 (5.100) 


Hence we have 


28 -PA 


NON-D Nae) NCN -D NIN DN- Nar-1@v-20-3) 
2 12 i EE (5.101) 


For example for SU(3) : 3893 = 6 3 and for SU(5) : 10 @10 = 506 
45 $ 5. 


5.6 Applications of Flavor SU(3) 


5.6.1 SU(3) Invariant BBP Couplings 


If Ox, is an octet operator, the matrix elements of this operator between 
the states |8, B} and |8,C) can be written as 


(8,C |O4|8,B) =i fac F + dazc D. (5.102) 
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In particular if O4 is pseudoscalar meson octet operator P4, and |8, B}, 
|8, C} are octet of baryon states, the BBP couplings can be written as 


gagc = 2g [i fasc f +dagc d]. (5.103) 
For example 
4+i54-— 15 4+i54-— 15 
aam epa — fe 
E s lista Po Ne ae 
In-pn 
g(f ) Gr v2 ( ) 


We normalize gr0opp = g, so that f +d = 1. Then 


= 1 g o g 
sma =a V3f 3°) = i Bf +d) =-Te (1+ 2f). (5.105) 


In this way we can calculate all the relevant couplings: 


2 
Gn AD = V3" — f) 9, Inaz = 2 f 9, grzz = —(1 — 2f) g 


JKNA = -50 +2f) 9, gerys =—(1—2f)g 


1 
JKA = San — 4f) 9, 9xxsz =— 9 
1 2 
Ins NN = “Be — 4f) 9, Onssa = Wa - f)g 
2 1 
IEE = aN — f) 9, Inz = N +2f) g. (5.106) 
Experimentally 
INN = S 14 
4n 4r 
d 1— 
f2035, r=5= aa < 1.85. (5.107) 


5.6.2 VPP Coupling 
Here we take O4 = Va, the vector meson octet and |8, B} and |8,C) are 
octets of pseudoscalar meson states. Now under charge conjugation C: 
Va > —naVa, (no summation over A) 
|8, B) > na |8, B) , (5.108) 


where 


= f +1, B=1,3,4,6,8 
BEN E | (5.109) 
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Hence the invariance under charge conjugation gives 
(8, C [Val 8; B) > —NA NB NC (8, C |Val 8, B) 
= -na NB Nc [yr i fagc + yp dagc] 


= [yr i fagc + yp dapol. (5.110) 
But [cf. Eq. (5.33)] 
na NB Nc faBc = —faBc 
na 1B Nc dapc = dase. (5.111) 


Therefore, we have 
YD=-YD o yp=0. 
Hence VPP has only F-type coupling. Thus 
(8,C|V4|8, B) = i fase 27, (5.112) 
where we have put yr = 2y. For example V3 = p°: 
(8, = Wal HEE) =i fa oF 


Thus Yorn = 2y. It is straightforward to calculate the VPP coupling for 
other members of the octet, which are given below: 


Qy=2y. (5.113) 


1 
Yorn = 27, Yk*trog+t = VF V2 Vk«tatK0> Vwsekk — V37. (5.114) 


The decay width of decay V — PP is given by 


2 3 
WPP 2 (Pem 
r PP) = WEEL | Pem}, 11 
URS ) 4r 3 (æ) (5 5) 
Hence we have 
y? 8 p3 
T (p> rr) = L= ( 22) = 149.1 + 2.9 MeV. (5.116) 
4n 3 \mọy 
This gives = ~ 0.74. Now 
Liot (Ke = Kr) =T (Ke $ mK) +T Ca ES a K°) 
2 2 3 
= (142) Pee, 
Ar 3 Migs 
and 
Tes (K a Kr) ao 
= 3 Pic! kx 9.99, (5.117) 


T(> rr) 4 p38, /m? 
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This gives Tiot os — Kr ) = 44.5 MeV to be compared with the exper- 
imental value 49.8 + 0.8 MeV. 

In broken SU(3), wg can mix with the singlet w1, so that the physical 
particles w and ¢ are linear combinations of wg and w1: 


ġ = wg cos 0 — wi sind 
w = wg sin 8 + w1 cos 0 
cos 0 — sin 0 w 
a = ee cos 0 ) Gar (5.118) 
Let us now show that wı — PP is forbidden by charge conjugation 
invariance. The invariant coupling in this case is 
wiu P ð, PÍ 
which changes sign under charge conjugation. Hence 


T ($ => KKT) = cos? 0 T (ws > KK) 


Therefore, 

PR = (3 3 5) (2 (5.119) 
and 

eon = e s0 (Bes s) = 0.013, (5.120) 


where we have used cos? 0 = 2/3 [see Eq. (5.153) below]. This gives 
T (ġ => K*+K7—) = 1.95 MeV to be compared with the experimental value 
2.1 MeV. 


5.7 Mass Splitting in Flavor SU(3) 


In exact SU(3), the particles belonging to an irreducible representation 
of SU(3) must have the same mass. But we note that all members of a 
supermultiplet do not have the same mass. This means that SU(3) is not 
an exact symmetry of strong interactions, but is a broken symmetry of 
these interactions. This means that the interaction Hamiltonian consists of 
two parts viz. 


H = Ho + H, (5.121a) 
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where 
[Fi, Ho] =0 (5.121b) 
[F;, Hi] #0 (5.121c) 
i.e. Ho is SU(3) invariant, but Hı breaks the SU(3) symmetry. If we take 
A, such that 
1, MJ=0,  [Y, Mi] =0, (5.122) 


H; still preserves the isospin symmetry and hypercharge is conserved in its 
presence. The first of Eqs. (5.122) holds only in the absence of electromag- 
netic interaction. In order that SU(3) to be meaningful, Hı must be at 
least an order of magnitude weaker than Ho. 

The simplest general form of Hı in SU(3) which satisfies Eqs. (5.121c) 
and (5.122) is 


Hı ~ TÌ or As. (5.123) 
To get Hı from the quark model, the mass Hamiltonian for quarks is given 
by 
Ay = Mu Uutma dd+m, 5 s, 
where m,, Mq and m, are masses of u-quark, d-quark and s-quark respec- 


tively. In the exact SU (3) limit, Mu = mq = ms. If SU (3) is broken but 
isospin symmetry SU (2) is still exact, then m, = Ma 4 Ms. Now one can 


write 
5 uu—dd 
Hy =m (GWutdd)+m.3st+(mu ma) — 
T lea, pues.) 
3 
Mm- ms, 1 iS 
* uut+dd—2s3 
Tava ) 
1 
(Mu ma) 5 (wu dd), (5.124) 
where 
— My +M 2M +M, My +MatmMs _ 
m = = =m 
2 : 3 3 q 
(Mm —ms) My +mMa—2m, À 
= Z5 5.125 
v3 2/3 2 (5.125) 
H, becomes 
= _ Ag _ AZ 
Hy = mq q+] {qt (my — ma) I >a (5.126) 
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This also shows that SU(3) symmetry breaking term transforms as Ag under 
SU(3). 

It was shown by Okubo that for any irreducible representation (p,q) of 
SU(3), the matrix element of tensor TÌ is given by 
y2 

4 


((p,q) 1, Y |T3| (p,q) 1, Y) =a+0bY 4 e| I(I+4 D], (5.127) 
where a, b, c are independent of quantum numbers J and Y but in general 
depend on (p,q). Thus we can write the mass formula for particles in a 
multiplet of SU (3) as 


y2 
m= ng +Am=a+0¥ +e] 4 rr+n], (5.128) 
Let us apply this formula to baryon octet. Then from Eq. (5.128), we get 
Mun+tme 8mat+my 
= 5.129 
5 J (5.129) 
whereas for pseudoscalar meson octet, we get 
3 m2, +m? 
my = — = T, (5.130) 


4 
In Eq. (5.130), we have used squared masses, as in the Lagrangian for 
bosons, the square of boson masses appear. Equations (5.129) and (5.130) 
are well known Gell-Mann-Okubo mass formulae. 

For the decuplet 


f=—+1, (5.131) 
and Eq. (5.128) reduces to 
m=a'+vY (5.132) 
and we obtain the equal spacing rule for the decuplet. 
MQ — Mza = Mz — My = My — Ma. (5.133) 


The mass relations (5.129) and (5.133) are well satisfied experimentally and 
are regarded as a great success of SU(3). Similarly for vector bosons we 
get 


Mme = —=— P, (5.134) 


Since due to mixing between wg and the singlet w1, the physical particles 
are ¢ and w, the formula (5.134) is not directly applicable. We will come 
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to this formula later. Similar remarks are applicable to the mass formula 
(5.130). 

For octet and decuplet representations of SU(3), one can easily derive 
the mass formula as follows. We note from Eq. (5.126) that 


zA AN a 
H~g q=q (2) g 


2 2 j 
EE E ates 
=($) Ona O (5.135) 
J 
where O% is an octet operator viz. 
ee Tork 

O= y- 30 q” dk (5.136) 

and 
Ts = a (5.137) 


Hence we see that Hı transforms under SU(3) as 
H, ~ (Tx), O} = (M3)! Of = («3 ü- 403 si) oi 
= 0}. (5.138) 


Thus to first order in A, the mass splitting for the state |A) of an SU(3) 
multiplet is given by 


Am = à (A|Hņr| A) 
=A (A |O3| A). (5.139) 
Let us apply it to baryon octet: 
O} =Or (Bi B? — B? BY) + Op (Bi B? + B? BÍ) 


Hence we have 


4 
MA = Mo T 3° Op 


mz = mo +à (Or + Op). (5.141) 
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This gives the Gell-Mann-Okubo mass formula (5.129) for baryons. 
For the decuplet, we have 
à OÌ = A T'PT;ja. (5.142) 
This is the only possibility as Tij is a completely symmetric tensor. 
à 03 = [I Ti13 + 271 T23 + 2T'T133 
4 pf bead oi TAIT es ais T?T333| 
= (2 5°) 2" 42 5) Eo Se 
+ 45*7E*" + 45°94 60707]. (5.143) 


This gives 
MA = mo 
mg» = mo T 2A 
mz» = MQ T 4A 
mgo- = mo + 6A, (5.144) 


and hence this gives the mass relation (5.133) for the decuplet. 
For octet of vector mesons 


03 = Op [Vi vè +v? vý 


- plete oe 2 2 
Zs, [xn BE KR RY RO 4 2( vx) ( vs) 


v6 v6 
(5.145) 
Hence one gets 
m= ma 
mke = m+ Op 
M2, = mg + fa Op. (5.146) 


This gives the octet formula (5.134) for vector mesons. Now wg and w mix, 
when SU(3) is broken, the mass matrix in wg and w; basis can be written 


mz m? 
M?’ = E oy (5.147) 
ig MI 
Using Eq. (5.118), we can diagonalize it: 
2 
UT M2U = ("? a ) (5.148) 


0 mé, 
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where 
cos 0 — sin 0 
= ; 5.149 
( sin? cos ) ( ) 
This gives 
mg +m? =m +m? (5.150a) 
m =m? = (cos? 0 — sin? 0) (mg = mi) 
+4sin 0 cos 6 mig, (5.150b) 
2 2 
tan29 = B8 (5.151a) 
mg — m 
8 1 


m- mg 3 mg- 4m +m; 


tan? 0 = (5.151b) 


mg—m2, 4m- m -3m3 
Now using mg» = 892 MeV, m, = 770 MeV, m,, = 783 MeV and mg = 
1020 MeV, we have mg = m,, = 930 MeV, mı = m, = 880 MeV and 


tand~0.84, 640°. (5.152) 
It is tempting to take 
1 
tan x — 7 0.71, 0 = 35.3°. 5.153 
i (5.153) 
For this case sin 0 ~ Wet cos 6 & v2 and 
v2 1 
= — |wg) — —— |mı}) = — |s 5 5.154a 
Or n NE [Im1}) = —|s 5) ( ) 
1 V2 uū+dd 
W) = — |wg) + — |w1) = ; 5.154b 
Jo) = Ze leo) + E a) = AEA) (5.154b) 
Hence we have 
m = m? (5.155a) 
and from Eqs. (5.151b) and (5.153) 
mg — m2, = 2 (mje — m3) ; (5.155b) 


Equation (5.153) gives the “ideal mixing”. With this mixing ¢ is made 
up of s5, i.e. of strange quarks only. Experimentally it is observed that ¢ — 
pr or 3r is very much suppressed as compared with ¢ > KK. Note that pr 
or 3r does not contain any strange quark. The suppression of ¢ decay into 
non-strange particles is explained by the so-called Okubo-Zweig-lizuka rule 
(OZI rule): “The decays which correspond to disconnected quark 
diagrams are forbidden”. Thus the decay in Fig. 5.6a is allowed but 
the decay in Fig. 5.6b is forbidden. There is no theoretical basis for the 
OZI rule. No strong interaction selection rule forbids the decay of ¢ —> pr 
or 37. But experimentally this rule seems to be well satisfied. The small 
decay width for ¢ — pr (37) can be explained by some deviation from the 
“ideal mixing” which allows small admixture of non-strange quarks in ¢. 
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4 
= 


Fig. 5.6 (a) ¢ ~ KK decay allowed by OZI rule, (b) ¢ > m+2~ 7° decay suppressed 
by OZI rule. 


5.8 Problems 
(1) Show that for a vector operator O;(i = 1,2) under SU(2) 
Ua, Oi] = O; Gr A=1,2,3. 
Given 
(a, 3/2, —1/2 |01| 8,1, —1) = F, 
find 
(a, 3/2, —3/2 |02| 6,1, —1). 


The states are labelled as |a, I, I3). 

(2) Suppose that (TA); = (Ta);; and (74)3 = (7a) are Pauli matrices in 
two different two-dimensional spaces. In the four-dimensional product 
space, define the basis vectors 


|@= 1) =|@=1) Ja=1), [u=2)=|t= 1) la = 2) 
lu = 3) = |t=2) Ja =1), |u=4) = |i = 2) la= 2). 
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Tap =T4 80B; (Tap) = (Ta); (0B)3., 


mv=1, 4, A,B=1,2,3. 


Evaluate 
To1 = (72 8 01), as a 4 x 4 matrix. 
(3) A second ranked mixed tensor Ti transforms as ¢* j, under the unitary 
transformation 
Pi = a} $3, 
show that 


[Fi, TF] = ô TF - 


of Tj. 


(4) (a). Using the following relation for SU(3): 


[Fi, qr] = 5% qj — 


show that 


Tas 


F? |d)=|u), Fs |u) = |s). 


(b). Using the relation 


[F;, Br] = 6} By -ð Bi 


and Eq. (5.60b) of the text, show that 


Fy |ut)=—-v2|=°), FP |p) =-|=Tt). 


(5) From the group property 


U~'(b) U(a) U(b) = U(b- ab), 


derive the commutation relation for the generators of the unitary group 


U(N): 


|A}, Ai] = of Ab - of Ag. 


(6) Show that à, A2 and A3 generate an SU( 


2) subalgebra of SU(3). Show 


that the representations generated by the remaining \’s or their lin- 
ear combinations transform as doublets and singlet representations of 


SU(2). 
(7) Show that r2, A5 and ày generate an SU( 


2) subalgebra of SU(3). Show 


that the representation generated by the linear combinations of remain- 
ing \’s transform as 5-dimensional representation of SU (2). 
Hint: 5 F iù2 act as raising and lowering operators. 


(8) Find the matrix generators A4 (A = 


, 15) for the group SU(4). 
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(9) 


(12) 


(13) 


(14 


s 


(15) 


(16) 
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The following assignments for 3 quarks are given instead of the usual 
ones: 


B S$ I K 
w |1 -2 1/2 12 
d| 1 —2 1/2 -1/2 
s|1ı -3 0 0 


Find the charge Q and hypercharge Y for each quark in this case. 
Mesons can be constructed as g’ q as before. If baryons are constructed 
as q’ q' q', can the above assignment of quarks work? If not, discuss 
the difficulties encountered. 

Find the U-spin eigenstates for the baryon octet and decuplet. Plot 
them on Q versus U3 plot. 

As far as SU(3) is concerned, magnetic moment operator transforms 
as T} which is singlet under U-spin. Using this fact and the U-spin 
multiplets found above, show that the baryon octet magnetic moments 
are related as follows: 


1 
Het = Hp, Hs- =E- HE = Un = 5 (BHA — Hx), 
V3 
Myo Ao = TE (ua — ux) 


In SU(3), find 
10 88, 10 @ 10, 8 @3. 
In SU(5), show that 
5@5=2461, 10 & 10 = 5 650045 


5810 = 5 9 45, 10 210 = 1 92475. 


Consider the representation 6 of SU (3). Write down the particle con- 
tent of this representation in terms of quarks. If SU (3) breaking Hamil- 
tonian H; transforms as O3 or Tg, write down the mass formula for 
these particles. 

Draw the weight diagrams for the 15 plet and 27 vlet representations 
of SU (3). 

Consider the O~ nonet. Experimental masses are 


Ms, = 137 MeV, mx = 496 MeV, 
My = 549 MeV, my = 958 MeV. 
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(17) 


(18) 


(19 


Ke 


From the octet mass formula, find Myg. Compare it with my. Assuming 
that discrepancy between the two values is entirely due to 71 —ns mixing 
in broken SU(3), so that 


In) = cos |m)+sin@ |ng), |n) = —sin®@ |m) + cos |ng) , 


find from the experimental masses and Mys, the values of m,, and the 
mixing angle 0. If we write 


In) = cos@ |s) — sing |ns), I7) =sinġ |Mns) + coso |ns), 


where 
ma) = plauta), In) = gls) 
ns) = UU 5 s) = SS), 
n 2 Á V2 
show that 


o =tan!V2+4+8. 
You are given an octet operator 
O =cos@ Oi+i2 + sin 0 O4+i5, 
determine the SU (3) matrix elements for the transitions: 
E>A , Wop 
= =D E73 yt 


? 


n— Dp > uoan , 


a720 , 20A 
in terms of F, D and @. 
Write down the D B P couplings in the SU (3) limit for the process 


D—Bp 


2 


where 
D : Bayron decuplet J” = 3/2+ 
B : Baryon octet J? = 1/2 
P : Meson octet J? = O7. 
Hence show that for the energetically allowed decays, they are in the 
following ratios: 
Att ye D* 
— prt a >, E 
—/6 : V3 : 1 ; V2 : —1 
Show that why in Eq. (5.102), only two reduced matrix elements F 
and D are possible? 
Hint: From field operators Bi, Bi and Pý one can form only two in- 
dependent SU(3) scalars: Biiys B} PF and BiiysP} BF, giving Yukawa 
coupling between pseudoscalar mesons and J?’ = t baryons. The 
above two scalars can be arranged antisymmetric Hp and symmetric 


Hp combinations. 
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Chapter 6 


SU(6) and Quark Model 


6.1 SU(6) 


Quarks have spin 1/2. The well-known baryons with spin 1/2 and spin 3/2 
are in the octet and decuplet representations of flavor SU(3). We note that 
within each representation the mass splitting between adjacent members is 
of the same order. For example 

ma — my #170 MeV, me -— my = 125 MeV; 

my» — ma % 153 MeV, mg — mex = 142 MeV. 
It is tempting to put these two representations in an irreducible representa- 
tion of a group higher than SU(3). But octet and decuplet representations 
have different spins. This means that the proposed group cannot com- 
mute with angular momentum (spin). The proposed group must contain 
SU(3) ® SUa(2) as its subgroup. This might cause some trouble, since we 
are combining an internal symmetry with a space-time symmetry. It does 
cause trouble but this does not show up until one tries to make the theory 
relativistic [see Chap. 17]. 

We note that spin 3/2 baryon decuplet has (10 x 4) states and spin 
1/2 baryon octet has (8 x 2) states. Thus, we look for an irreducible 
representation with 56 dimensions. Such a representation occurs in the 
decomposition of the product of representation 6 of SU(6) by itself viz. 

6 8 6 & 6 = 56 $ 70 $ 70 $ 20. (6.1) 
The representation 56 is completely symmetric irreducible representation of 
SU(6). The six quark states (in this section we will not write | ) explicitly) 
(uful dtdJ| sfsJ|) can be put in the fundamental representation 6. 
We denote such a state as Y;a : a= 1, 2; i = 1, 2, 3. In matrix notation. 


“ futdtet 
cha m 
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Now SU(3), SU(2) and SU(3)@SU(2) are subgroups of SU(6). The 
representation 6 splits under these subgroups as shown in the table below: 
Subgroups Quarks Representation Generators 
of SU(6) 
(ufdtsf) (ul dls ]) s\4 @1 
See B @.) Ales 
1 
sua) tu) (ATAD (ts) 184% 
(1, 2) ° (1, 2) ° (1, 2) n=1,2,3 
SU(3) x SU(2) (3, 2) (44 @ @) 
Thus, one can see that SU(6) has 35 generators. Hence the adjoint 


representation of SU(6) has dimension 35 and is given in the following 
decomposition: 
6@6=3561. (6.3) 


The representations 56 and 35 split under the subgroup SU(3)@SU(2) as 


follows: 
56 (3, 2) & (3, 2) & (3, 2) esate 
(10, 4) + (8,2) (6.4) 
= baryon baryon 
decuplet octet 
35 [(3, 2) ® (3, 2)] 
(8, 3)6(1, 3) @ (8, 1) ® (1, 1) 
_ nonet octet of singlet (6.5) 
n of vector pseudoscalar pseudoscalar 
mesons mesons meson 


SU(6) Wave Function for Mesons 


6.1.1 
The mesons are composite of qq. The lowest lying mesons have 
(io and P=(-1)(-1) =-1. 
The spin wave functions are given by: 
iew (6.6a) 


Spin singlet state: XA = 5 
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Spin triplet states: Xe pa =|fT), 5 MN AID, Ill). (6.6b) 


PR 
The spin singlet state is antisymmetric, it gives JP = 07, whereas the spin 
triplet states are symmetric and gives J? = 17. Thus one can write SU (6) 
states for 


J? SO" (So): 
1 
(G95) L-0 XA = (4:0) Te Ce ala — lato) 


For example 
+ = (uld! — utd’) 


1 z z 
T° = 5 (ula! — utat — d'd! + d‘d') 


Similarly one can write SU (6) states for other members of nonent. For 
JP : 17 (391), SU (6) states are as follows: 


Jz, = 1 J,=0 Jz,=-1 
(4:95) 0 X5 (qiãi) r0 xS Chin t0 Xe 
(qij) (ata) (qii) J ale + lato) (4%) ala) 
pt: (uld!) a (uldt + utd!) (utd!) 
w: | 3 (utd! +uld') | 5 (uta! + ula + d'd! + dtd’) | Z (utd! + uld?) 


Similarly one can write for other states. 
We now briefly discuss, the p-wave, i.e. L = 1 mesons: 


(94) p=1> Parity P = (—1) (1): =+41 
For L = 1 mesons, we have the following SU (6) wave functions 
(94) p=1 x° : 1P} state 1t 
(oq)peive 3 Py state Ot 
: 3P} state 17 
: 3 Po state 2+ 


Now C-parity for the mesons composite of identical flavor quark and anti- 
quark C = (—1)"** and G-parity G = C (—1)’ . Hence for 


L=0 $=0 C=+1 G=17 rq 
L=0 S=0 C=+1 G=1® nn, 
L=0 S=1 C=-1 G=1Ť op 
L=0 S=1 C=-1 G=1 w,¢ 
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For 


L=1 S=0 C=-1 !B 177 
L=1 S=1 C=1 3P,3P,3P, Ott, 1++, 2++ 


Hence in the quark model we have nonent of these states. Some of these 
states can be identified in the particle data book. 

Lowest lying baryons are made up of three quarks: (qqq)t=0, P = 
(—1)°(1)? = 1. Here we have to combine three spin 1/2’s. In this case we 
have the following decomposition: 


E a E g E 


2 2 2 
LI] a a 2 HH 
4 2 2 

Completely Mixed Mixed 
Symmetric Symmetry Symmetry 
Spin 3 Spin Z Spin ł 


It is convenient to combine first two spin 1/2’s. For this case we have 
S = 0 with spin wave function x4 [Eq. (6.6a)] and S = 1 with spin wave 
functions xs [Eq. (6.6b)]. Let us now combine spin 0 with the remaining 
spin 1/2 and we get the spin S = 1/2 and the following wave function Xma: 


i, = 5 aie a e 67) 


Now combine spin 1 with the remaining spin 1/2. For this case one gets 
S = 3/2 and S = 1/2. The spin wave functions for this case are given in 
Table 6.1. 

In table 6.1, the numerical coefficients are Clebsch-Gordon coefficients 
in combining spin 1 and spin 1/2. 

The state function for the completely symmetric representation 56 of 
SU(6) can be written: 


1 
® + — |® + ; 6.8 
S XS V2 [ MS XMS MA Xma] ( ) 


where [cf. Eqs. (5.63), (5.58) and (5.59)] 
Dg = |Tijk) (6.9a) 
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Table 6.1 Spin wave functions for S = 3/2 and S = 1/2 resulting in the 
combination of spin 1 and spin 1/2. 


Sz = 3/2 Sz = 1/2 Sz = -1/2 Sz = —3/2 
3/2 5 
Xg Symmetric: ; i 
HILTI sa llit + itl 
v3 v3 
be +111), +111), mo 
/2 4: 
Xm s (Mixed 1, j- iat e 
symmetry: V3 V2 V3 V2 
symmetric 4/2 tr) y — /2 LT) 
in 1 and 2) 
dma = B; l0), ms =- B"; |0). (6.9b) 


The spin state functions ys, Xms and xma are given in Table 6.1 and Eq. 
(6.7). Using Tables 5.4 and 6.1, we can write the state function ®g xs for 
the decuplet. For example, 


[AP S, =1/2) 
=z Uud+udu+duu) 
x (ENTEL) 


wuld! + udul + dlulut 
= +ulutd? +uld'ul + dtutul |. (6.10) 
tuludld t+uldul + dulul 


a 1= 3) = Gluudtudutauyitty (6.11) 


3 
1 
= Talat Tata, t Layla; l 
= —(u'u'd' +u'd'u + d'ulu') 
aa 
z 3 tatet 
Q a =sss|ttt)=|s's's!). (6.12) 


Similarly one can calculate all the other states. 
For baryon octet 1/27 states, we explicitly calculate the state 
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|p, S- = 1/2). It is given by 


p, $= 1/2) = 5 flu d+ duju- 2u u dl- All + I) 1-2 111 
1 
+ (1/v2) fje d—du)u i- IN) ni) 


(ul d! + utd’) ul — 2uldlut 
1 + (d'u! + dtu’) ul —2dlulut — 2u'ul d? 
6/2 —2ulul dl + 4utuld! + 3uld!ul 
—3uldlul — 3dlutul + 3d!ulul 
Qui dul + 2ululd! + 2dtutul 
= — | -ululd’-—uldtul—uldtul |. (6.13) 
18 —dutul — dutut — utuldl 


The rest of the states can also be calculated in a similar way. (See problem 
6.3.) 

Finally we give the state functions for the representations 70, 70 and 
20. They are as follows: 
Representation 70 : MS 


s XMS: (10, 2) : 20 
Pms XS: (8, 4) : 32 
wi (ms xus + ËMA XMA) : (8, 2) : 16 
a xma : (1, 2): 2, ®4 = |A?)|[cf. Eq. (5.62)]. 
Representation 70 : MA 
Os YMA: (10, 2) : 20 
bma Xs: (8, 4) : 32 


wa (ms xma +®ma xms) : (8, 2): 16 
®4 xma: (1, 2):2 
Representation 20 
®4 xs: (1, 4):4 
Z (mus xma — Oma xms) : (8, 2): 16 
We will not give the detailed identification for these states. 


6.2 Magnetic Moments of Baryons 


Magnetic moment operator is given by 


A =guJ /h. (6.14) 
Define the magnetic moment u of a particle of mass m: 


u = gp, (6.15) 
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where 
Ho = eh /2mc (6.16) 


and J is the angular momentum which appears in the eigenvalue of J? 
which is J(J + 1)h?. For electron, J = 1/2, g = —2, i.e. 


le = —eh / 2mec. (6.17) 


For a spin 1/2 particle, J = 1/2ho. Thus for a quark, the magnetic moment 
operator is given by 


= Mq%q (6.18) 


where 
h 
tig = Q; GS) (6.19) 


is the magnetic moment of the quark. 
The magnetic moment operator for a baryon of JP = 1/2* in the quark 
model is given by 


ig = Nhac. (6.20) 
q 


We need to calculate the expectation value of jig, viz. 


uB = (Bz) = Date Oqz) - (6.21) 


Let us explicitly calculate the magnetic moment of the proton. For the 
proton 


fiz = UuTuz E HdaTdz T HuTuz. (6.22) 


Using the proton state |p, o; = 1) as given in Eq. (6.13), we have (we will 
not write o; = 1 explicitly in the state) 


2 (Hu — Ma + pu) uldbul + 2 (pu + pu — pa) utu’ dt 
q | t2 (cea + hu + bu) dtutul — (pu — pu + pa) ututd! 
fp- |p) = JIS (lu + Ha — Hu) ul dle — (— pu + pa + Hu) utd’ u! 
= (Ha — Hu + a dutu? — (ua + Hu — Hu) d'utut 
— (—Hu + Hu + pa) utu’ d? 


(6.23) 
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Hence 


Lp = (p| pz |p) 


1 
= ag [12 (2uu — Ha) + 6pa] 
4 1 


Sy eae 6.24 
zku — 3 Md (6.24) 


Similarly, we can also calculate the magnetic moments for the rest of the 
baryons in the octet. 

However, one can use simplified state functions to calculate the magnetic 
moments. In this calculation the order in which quarks appear is important. 
For the proton, write the state function 


Debido Swe (-=z) itt +12 Mul) (6.25) 


oz (1) [0L + 11) T -2 TH) =I — Lt) t -2 TTL) (6.26a) 
az (2) |[(TL + 11) T -2 TTL) = I- TL + 11) T -2 TTL) (6.26b) 
oz (3) [TL + 11) T-2 TT) = IIL + IT) T +2 TTL). (6.26c) 


Hence 


Tipe Xa = [Mute (1) + pua (2) + pare (3) X15 


2 (-=) {Ajo ITL) + ma ICL L) 142 T1U))}- 


V6 
(6.27) 
Therefore, 
R 1 
Hp = (pz) = & [Bu + (1 +1 — 4) pa] 
= ee 
= 3 hu T3 Ha 
For |A°), the simplified state function is given by 
JA°) =- uds) asude) N-DD (628) 
Maz = Hutz (1) + haoz (2) + usa (3) (6.29) 
x 1 u t t 
pee = - Bu |C - me 11) 1) i (6.30) 
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Therefore, 
pa = (Basha = 5 [0+ 2 pa] = pis: (6.31) 
For |=°), the simplified state function is 
1 
|=°) = ju ds) s = led 8) (-=) tL + Ut) t-2 771) (6.32) 
1 
fiso: XMs = -gte MTL = 11) t-21 
ua |[(— th + 11) t -2 1) 
+p ICTL + 11) 742 TE (6.33) 
Therefore, 


z 1 
uxo = (x02) 30 = g Pe (4) + ua (4) + us (1 +1- 4)] 
2 2 1 
Sg e 6.34 
glu + Ha 3H (6.34) 


From Eqs. (6.30) and (6.32), we get 


usono = (El faz |A) 


1 
— 2u -2 
1 
= V3 [Hu — Ha] = Hac—x- (6.35) 
The magnetic moments for the rest of the baryons in the octet, can be 
written from Eq. (6.23) as follows: 


4 1 
Hn : (Hu —> Ha) = 3 Md 3 Mu (6.36) 
4 1 
M+: (Ha — Ms) = 3 Hu — 3 Hs (6.37) 
4 1 
Us- : (Hu — Hain ust) = 3 Ha- g Hs (6.38) 
À 4 1 
Hz: (ua — Hs in pn) = 3 Hs — 3 Mu: (6.39) 
i 4 1 
Lz- : (Hu > pa in peo) = 3 Hs — 3 Hd (6.40) 


In order to compare these magnetic moments with their experimental val- 
ues, we introduce the following quantities: 


al ma uta (6.41) 


DO mae 2 
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We can write 


m 
Ho = HN (=) , (6.42a) 
m 
where 
eh 
= : 42 
HN 2MpC za) 


Here uy is the nucleon magneton. Thus we can write the magnetic moments 
of u, d and s quarks in terms of uy : 


_ 2 (mp 
Hu = 3 (=) HN (6.43a) 
1 (mp 
Hda = T73 (=) HN (6.43b) 
1 fm 
[lg = —= ( e) UN. (6.43c) 
3 Mms 


We will now assume isospin symmetry, i.e. will take Mu = Ma = mM. 
We see that there are two unknown numbers 7 and m,. These numbers 
will be fixed from the experimental values of up and pa. From Eqs. (6.24), 
(6.31) and (6.42b), we obtain 


mMm 
Up = = un = 2.793 uy. (6.44) 
1m, 
HA=—37 BN = —0.613 pn. (6.45) 
Ms 


On the right-hand side of Eqs. (6.44) and (6.45), we have put their exper- 
imental values. From Eqs. (6.44) and (6.45), we get 

Ti = my, = mg ~ 336 MeV (6.46a) 

ms % 510 MeV. (6.46b) 

It is interesting to compare these values with those obtained from the naive 


quark model. Now proton is made up of uud quarks and A is made up of 
uds quarks: 


3 M = Mp, m = 313 MeV (6.47a) 


2 
2mM+m,=mM,, M= ama ain — 490 MeV. (6.47b) 


The masses of u, d and s quarks given in Eqs. (6.46a) and (6.46b) 
are called the constituent quark masses. These are effective masses of the 
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quarks confined in a hadron. The constituent quark masses are quite dif- 
ferent from those appearing in the Hamiltonian or the Lagrangian. These 
masses are called current quark masses [see Chap. 11]. 

Using Eqs. (6.43) and (6.44), we get 


Hu © 1.862 uN (6.48a) 
lia = —0.991 pow (6.48b) 
Ls © —0.613 pn. (6.48c) 


Using Eqs. (6.48) the predictions of quark model for the baryon magnetic 
moments as given in Eqs. (6.24), (6.31) and (6.34)-(6.40) are tabulated in 
Table 6.2 along with their experimental values. If we put m, = Ma = Ms, 
in Eqs. (6.24), (6.31) and (6.34)-(6.40), one gets the SU(6) predictions 


3 
Hp = bet = =z bn = 3 Ha = —3 Hy- = 3 uyo 
3 
= -3 Heo = -3 us- = V3 uyo_po. (6.49) 


We conclude this section by the following observations: 
1) The quark model is simpler than SU(6). 
2) It is more predictive than SU(6). It gives information about the scale of 
magnetic moments. 
3) It gives good account of some corrections to SU(6) relations. 
From Table 6.2, we see the agreement between quark model values of baryon 
magnetic moments and their experimental values is not bad. 


Table 6.2 Magnetic moments of baryons: Quark model predictions 
and comparison with their experimental values. 


ao Quark model values (in uy) EENE 
Hp input 2.793 
Lin =1.862 : pa — Flu —1.913 
LA input —0.613 + 0.004 
Bt 2.687 : Hu — $us 2.458 Æ 0.010 
Us- —1.037 : Şua — Hs —1.160 + 0.025 
Lyo 0.785 : pu + Zua —-4us - 
uzo A438 eapi — iu —1.250 Æ 0.014 
r= —0.507 : T = Fla —0.6507 + 0.0025 
Uso Ao 1.647 : 5 (uu — ua) 1.61 + 0.08 
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6.3 Radiative Decays of Vector Mesons 


For a quark and antiquark system, the Hamiltonian is given by 
_ Pi 4 P2 P3 
2m,  2mə 


(01.P1) (01.P1) (02.P2) (02.P2) 
= + 
2m, 2M 


+ V (r1, r2) 


+ V (rı, r2) P (6.50) 


To introduce electromagnetic interaction, we make the gauge invariant re- 


placement 
P— P- eQA (r,t), (6.51) 
where A (r, t) is the electromagnetic field, e Q is the electric charge of the 
quark and p = —iV. From Eqs. (6.50) and (6.51), we get 
2 a2 e Qi a” 
zP; — Mi (ci E palee es) 
H=}, 20, : mh 3 +V (r1,r2). 
tat L— ene (oi A (ra t)) oi Pi A* (r,t) 
(6.52) 


Using the identities 
(o-p)(o-A)+(c-A)(o-p) = P-A+AP+ io-(-iV x A) (6.53a) 


a ae (6.53b) 
and the gauge condition 
V-A=0, (6.53¢) 
Eq. (6.52) becomes 
BS Hot Biss, (6.54) 
where 
H= 5 piky (r1,r2) (6.55) 
i=1 2m; 
Hin = aa [2A (r;,t) - Pi + io; (iV; x A (ri, t))]. (6.56) 


In Eq. (6.56), the second order term e? has been neglected. Now [see 
Appendix A] 


a a of 
1 1 Eeay (k’) ef Tet 


a eh 8 6.57 
Tava | + eer’ al, (k’) e7tk Toiwt ( ) 


A (r,t) = 
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where € is the polarization vector, ay (k’) and al, (k’) are the annihila- 
tion and creation operators for the photon respectively. They satisfy the 
commutation relation 


[ax (k) al, (k’)] = ôx ô(k- k’). (6.58) 
Let us now consider the emission of a photon viz the process 
a—b+y. (6.59) 
We note that 
ay (k) ja) = 0 (6.60a) 
(b y| = (b| ay (k) (6.60b) 


(b yak, (k’) = (b | ay (k) al, (k’) 
= (b | [bay 8 (k - k’) = ah (K') ax (k)] 
(6.60c) 


It is clear from Eqs. (6.60a), (6.60b), and (6.60c) that only second half of 
Eq. (6.57) contributes and the matrix elements for the process (6.59) are 
given by 


ee p ae i 
x face -Pi — to; - (k x e*)] Ja) e, (6.61) 
where we have used 
-V x A«(-i)? kxe”. (6.62) 


In Eq. (6.61), the term with 2 £>". P; gives the electric transition and the 
term o; (k x €* x9 gives the magnetic transition. 


Making the dipole approximation so that in the expansion 
er el et a cs ae (6.63) 


we retain only the first term. Then 


me =- Dae 


QP Ja) 2%” eit, (6.64) 


Now 
iPE = fri, Ho) 4 Ole). (6.65) 


i 
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We now choose the center-of-mass (c.m.) frame and introduce 


r=rı -r2 (6.66a) 


n (6.66b) 
Mı T Mo 
1 1 1 
EEE (6.66c) 
H Mı mg 
In the c.m. frame R = 0, so that 
R, H| =0. (6.67) 
Therefore, Eqs. (6.64)-(6.67): 
HE: = tew | b (2 2) rla | ee 6.68 
ba V2Vw ( | mı mo | ) ( ) 


where we have used the fact that |a) and |b) are eigenstates of Ho with 
eigenvalues Ea and Ey: 


Ho |a) = E, |a), (6.69a) 
Ho |b) = Es lay, (6.69b) 
ae =i. (6.69c) 


We shall make use of Eq. (6.68) later. Here we consider the magnetic 
transition in dipole approximation, i.e. allowed M1 transition. For M1 
transition we get from Eq. (6.61) 


Fh te aN Se (k xe") Ja) eft, 6.70 
ba V2Vw ( pare | ) ( ) 
We consider the decays of the form 
VoP+y 
354 =; 1S +. (6.71) 


For the transition 3S; — 1S 9 , AL = 0 and there is no change in parity. 
Therefore, it is M1 transition and the Hamiltonian given in Eq. (6.70) is 
relevant for the decay (6.71). Now we can write 


a: (k x e) =0, (k x e) +v2 S4 (k x a) 
+V2 5_ (kxe*) (6.72a) 
where 


(os — ioy), (6.72b) 


NI = 


(os tidy); s- = 


NI = 


Sp = 
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(kxe), = |(kxe) ti (exer) |. (6.726) 


If we take the matrix elements between V(S, = 0) and P(S, = 0), we need 
to consider o;, (k x er") , i.e. we have to calculate the matrix elements of 
the operator 


i, = 5 (Qi/2mi) diz (6.73a) 
between the states 
|V, S,=0) and |P}. (6.73b) 
IV, Sz = 0) : |q) xg = 5 lag) (Toleo + Imta) (6.74) 
Now 
o1z|x$) =|x4), o2 lx) = -xa (6.75) 


We explicitly calculate (fz) for the transition w? > 7° 


A a E glat ad ) x3. 


Using Eq. (6.75); one gets 


a iy 5 Ee Ne r Om oT ae 0 
Lz |w, BA Os aa ge aa a A (6.76) 
Now 
|x?) = 5 | wa —dd) x3. (6.77) 
Hence 
a lue s Nek ea 
(alija, s.=0)=3(2 +=). (6.78) 


Similarly one can calculate (ji,) for other members of the octet. They are 
given in Table 6.3. 
We now calculate the decay rate for V — Py. According to Fermi 


Golden Rule, the decay rate is given by 
T = 2r |(P| HX? |V)|" p (E). (6.79) 


int 


If we consider the decay of the vector meson at rest, then 


Ey = my ; 0=k+kp, k| =w 
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Table 6.3 The matrix elements (P| fiz |V, Sz = 0) for M1 transition for the 


decay V > P +y. 
ne Matrix elements S Matrix elements 
Transition A Transition A 
(PI Â- IV, S- =0) (PI f, |V, Sz =0) 
0 0 1(_2 1 0 o f2 1 
meas TERR R FR 6 (mu ma 
+ + 1/22 1 0 1 4 2 
g T l-i) W > Mns il- 34) 
1 4 2 1 
p? —> Nns +(5 al =) o > Ns Sama 
K*t 5 Kt Hem L) KO, KO -i (+t) 
6 (Mu Ms 6 (Mms Ma 


and 
V 2 
p(E)= | ô(my — Ep — w) ; zw dwdQ 
T 
2 
E 
= re [my = Ep +u]. (6.80) 
(2r) my 


Now (P| HM? |V) is given in Eq. (6.70) with a = V and b = P. In order to 


int 
calculate I, we have to average over the initial spins of vector meson V and 


sum over the final spins of the photon. The vector meson has three spin 
orientations S, = +1,0,—1. Instead of calculating (HM!) for S, = +1, 


int 


0 and then taking the average, it is more convenient to calculate (HM!) 


for S, = 0 and forget about the spin average. Thus from Eqs. (6.70) and 
(6.74), we get 


2 2 

Emt- D Rm sso (exe) 

(PIH V] = So a MPI HelV, Sz =0) (k xe} )| - (6.81) 
A=1, 2 

From now on we will not write S, = 0 explicitly in |V}. We note the 

following properties of the polarization vector e°: 


, 
gò T = Oxy 


kn kn 
Sere = (5 = ) , n,n! = 1,2,3. (6.82) 
À 


Using Eq. (6.81), we have 
5O |(k xe”), |’ = k? (1 — cos? 0) (6.83) 


A=1, 2 
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and 
2 2 87 2 
fa k? (1 — cos? 0) = ak ; (6.84) 
Hence from Eqs. (6.79), (6.80) and (6.83), one gets 
4 E 
T= = KPI A VP PZ. (6.85) 
my 
For the decay 
P>V+7, (6.86) 


we only sum over the spin of vector meson and do not take the average. 
Hence for this decay, one has 


E 
T(P>V +7) = 4a IVIR: IP)? (6.87) 


We note that a relativistic treatment of the phase space gives the expres- 
sions (6.85) and (6.87) without the factor Ep/my and Ey /mp respectively. 
Thus we can write Eq. (6.85): 

T= 2 (PIB VP A, (6.88) 
where Q is the overlap integral. It is of order 1, but it may differ from 1, if we 
take into account the distortion of wave function due to symmetry breaking 
introduced by the quark mass differences. Q may vary from process to 
process. We assume that this variation is not large. Then we can fix Q by 
using one decay, which we take p+ — 7+ + y. Using Eq. (6.87), Table 6.7, 
My = Ma = 336 MeV and k = 372 MeV, we get 


T (p= > T? + 7) = (123 KeV) 0? (6.89) 
But 
Pexp (PF > x* +7) = (67 7) keV. (6.90) 
which gives 
Q = 0.735. (6.91) 


Using this value of Q and m.,,/m, = 0.66, we can compare the predictions of 
quark model using Table 6.3 and Eq. (6.88) with their experimental values. 
This is given in Table 6.4. 

We notice from Table 6.4 that agreement between the predictions and 
experiment is only fair. This is understandable since the relativistic correc- 
tions become important for hadrons involving light quarks (see, for instance 


[6}). 
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Table 6.4 Quark model prediction for V—> P + y with a= = 0.735. 


k T 
Decay Esprit 
(in keV) (in keV) (in keV) 
2 
w nhy 380 pe) E Q 703 + 23 | 
K*t > Kt +y 307 124 Q? = (67) 50.3444 | 
KO Ko +y 309 190 0? = (103) 116+16 | 


6.4 Radiative Decays (Complementary Derivation) 


6.4.1 Mesonic Radiative Decays V = P + y 
The decay 
V=P+y 


is a parity conserving decay. It is a transition from 3S1 —> tSo; thus it is 
a M1 transition. The angular momentum and parity conservation implies 
l= 1 in the final state, i.e. it is a p-wave decay. Now 


p=p +k. 
Let 7 and e be the polarization vectors of V and y respectively. 
p-n=0, k-e=0, k-e=0. 


From Lorentz invarience, the only invariant one can form for this decay 
is €4”?7 np), Np€o- Hence the T-matrix 


1 F 


[em] 3 /2p02ph2ko 


T= 


where 


F= 2egv py EHYPO D pl NpEo : 


The decay width 


1 {kl ,,.2 
eSa 
V 
HE NN a2 
IM}? = XIF] 
pol 


In the rest frame of vector meson V: p=(my,0), p=—k, p-n=0, 
give n° = 0, nu = (0,7) - 
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Thus in the rest frame of V : 


(A) (A) _ Puky 
men nk i — Gu + me, 


T Son m = ij 


Hence in the rest frame of V : 
F= —2my egy pye” kinjen 
= 2Myegv Py€ijnKinjEn 


= 2myegv pyk - (n x €) 


= 4 i M 
5 IF}? = 30 MVIV Py eink i (£n Nj ae } Ei jn ki (= EW) © i 
A 


pol 


4 
= e?m? op, (2K?) 


e IV py Ik 2 
= 2k 
p 87 me, ; oy 


_ 4a e? 
53 Ii py Ik|?, where a= TA 


Since it is an M1 transition, we can put 


gvpy = H = (P| f: |V}, 


In quark model: 


6.4.2 Baryonic Radiative Decay 


1+ TF 
= B' (= 
H 


is an M1 transition. The transition matrix for this decay is 


The radiative decay 


1 mm 


T= F 
(27)*/? V 2kopoph 
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where 


=F / 2 5 
F=Uu(p’) = riya | u(p) 
This follows from Lorentz invariance and electromagnetic current conser- 


vation. 
The decay width is given by [see Chap. 2] 


1 1 
r= z (Z) ilar? 
T m 


Im?=S> E IFP 


spin polarization 


where 


In the rest frame of B : 
p= (mg,0), p'=-—k-=|k|n 


where we have put 


Now 
E A a a 
~ \ Im! 2 ; 
po 
F, \’ 2 
= 2\k 
=) | 
so 
aes ae 
F ENE 2 
ar | 
Since it is an M1 transition 
F? 0 2 
= (H50, ao 
4mm/ ( x ao) my) 


Hence 
1 0 2 3 
r= Si (uzo—ao) Ik| 
Using the quark model values: ju}o_, qo = 1.647, we get 


T + 9.08 x 107? MeV 
h 
T= = 


T 
~ 7.3 x 1077? sec 
to be compared with experimental value (7.4 + 0.4) x 10~?° sec. 
To conclude that quark model gives results compatible with experi- 
ments. 
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6.5 Problems 


(1) In quark model, using SU(6) wave functions, show that the Fermi ma- 
trix element for n — p transition: 


1 1 
= + = = 
(p. DL % 2 n, s=3)=1 
Find the Gamow-Teller matrix element 
1 1 
(», Sz = z SUE Ou n, S,= 5) : 
q 


(2) Show that the transition moment between A* and p is given by 


1 1 2/2 
(», =z AE 8.= 5) = Pup 


2 

(3) Write all the SU(6) states for the octet J? = You have to calculate 
|=°, S, = $} and |At, S, = 4) the other states can be calculated as 
follows: 


Lz 


n°, S, = 5) : Change u — d and overall sign in |p*) 
+ 1 : + 
-5 » On = 5 : Change d > s in |p*) 


1 
a, S,= 5) : Change u — d and overall sign in |-(=*)) 


2 
= 1 EES 
anis AS Change d — s and overall sign in |In ) 
ns 1 ED 
= %53 ; Change u — d in |=°) 
(4) Consider M1 transition decay 
E AP +y. 


Calculate its decay rate in the non-relativistic quark model and com- 
pare it with its experimental value 


T = (7.4 + 0.4) x 107” sec. 


Hint: M1 transition operator is 


Q * ~ * * 
Dag AD SPR OE 


+2 jt (kx), 
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where 


A, S,= +5) =-|uds) TA 


1 + 
>, S= +5) = jud $) GW. 


(5) Calculate the decay rates for the following decays in quark model: 


Oy, 


fr p+y 
>P ty 


and compare them with their experimental values (54.9 +6.5) keV, (72 
+13) keV, (72 +13) keV and (6.5 1.0) keV respectively. [You may 
take ņs — 1 mixing angle as 0 = —10°.] 
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Chapter 7 


Color, Gauge Principle and Quantum 
Chromodynamics 


7.1 Evidence for Color 


As we have discussed in the introduction in order that 3 quark wave function 
of lowest lying baryons satisfy the Pauli principle, each quark flavor carries 
three color charges, red (r), yellow (y) and blue (b), i.e. 
da a=r,y,b. 

Leptons do not carry color and that is the reason why they do not experience 
strong interactions. Thus each quark belongs to a triplet representation of 
color SU(3), which we write as SUc(3). Now SU(3) has the remarkable 
property that 38383 = 10686891 and 383 = 841, so that baryons 
which are bound states of 3 quarks belong to the singlet representation, 
which is totally antisymmetric as required by the Pauli principle and mesons 
which are bound states of gq belong to the singlet representation which is 
totally symmetric. This assignment takes into account the fact that all 
known hadrons are color singlets. Thus the color is hidden. This is the 
postulate of color confinement and explains the non-existence of free quarks. 

Evidence for color also comes from 7° — 2y decay. Since 7° is bound 
state of qq, i.e. |r?) = a lw — dd), one can imagine that the decay takes 
place as shown in Fig. 7.1. The matrix elements M for the 7°-decay, 
without and with color [where we have to sum over the 3 colors for the 
quarks in the above diagrams] are respectively proportional to 
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2/3 e y (k,) 2/3e Y {k,) 
2 d 
Sa eos u A eS d 
n? ne 
u d 
2/3 e Y (k,) 2/3e Y (k,) 


+ kak 
Fig. 7.1 Triangle diagrams for n? — 2y through its constituents. 


In fact the above quark triangle diagrams predict 


25 
MEPE (7.1a) 
where 
—_ without color 
S= 32 | faa (7.1b) 
Va with color 


and f+ is the pion decay constant and is determined from the decay 7+ — 
pt + Ve [see Chap. 10]; its value is 130.41 + 0.231 MeV. Hence the decay 
rate is given by 


3 
T(r? > 2y) = Ano?|F|?2—™ 


16 
ae 2,3 
= Tor f2 Sr: (7.2) 


With S, = vel this gives T(m} — 2y) = 7.77 eV in very good agreement 
with the experimental value [2p = 7.82 £0.31. Without color In will be 
a factor of 9 less in complete disagreement with the experimental value. 

Furthermore another evidence for color comes from measuring the ratio 
of e~e* annihilation processes 


R= a(e~e* — hadrons) 


7.3 
a(e~et > po pt) (3) 
in the large center-of-mass energy ys = y (pı + p2)? limit, where pı and 
p2 are the momenta of e~ and e* respectively. To the lowest order in 
electromagnetic interaction, Eq. (A.78) gives in the asymptotic region (s >> 


me, Mp) 


a(e et = ppt) = —a?-. (7.4) 
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Now for the inclusive process e~e+ — hadrons, we expect this to take 
place via e~et — qq and quarks (antiquarks) fragment into hadrons [see 
Fig. 7.2], so that 


(e~e* — hadrons) = 5 a(e e* — qq) 
q 
A 


where the analogue of Eq. (7.4) gives in the asymptotic region [s > m2, m? 


a(e-et > qq) = F afset, (7.5) 
where eq (in units of e) are the electric charges of the quarks which enter 
the photon-q@ vertex [see Fig. 7.2] and the factor 3 arises because we have 
to sum over 3 colors for each quark flavor q. This gives in the asymptotic 


region 


Fig. 7.2 One photon exchange diagram for hadron production in e~ e+ annihilation. 


ee e2. (7.6) 


For example, above the bottom quark threshold (see Chap. 8) i.e. for \/s 
in the range 2m, < ys < mz [so that weak interaction effects can be 
neglected], 


4 1 1 4 1\ 1 
2a | a 
35 a=3(F4+ 545+ 5tg)— ae 
q 


which is confirmed by experimental measurement of R above ys > 2m, 
[see Fig. 7.3]. Actually nature has also assigned a more fundamental role 
to color charges. We know that electromagnetic force is a gauge force; here 
we postulate that strong force is also a gauge force. In order to discuss the 
gauge force, we first state the gauge principle. 
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* ARGUS 4 CLEO 
Crystal Ball ^ CLEO II DASP 
9.5 10 10.5 11 
vs [GeV] 


Fig. 7.3 Compilation of R-values from different e~e* experiments [29]. 
7.2 Gauge Principle 


Suppose a physical system described by a wave function U(x), x = (t,r) 
has the property that under a phase transformation 
U(x) > Y (x) = eA G(z) (7.7) 

(with A constant), the wave equation satisfied by Y or the corresponding 
Lagrangian is invariant. Now if we demand that it remains invariant when 
A is a function of space-time, then we shall show that it is necessary to 
introduce a vector boson which is coupled to a vector current with universal 
coupling e. We call such a phase transformation local gauge transformation 
and the vector boson associated with it is a mediator of force whose strength 
is determined by the charge e. 

This is best illustrated by considering a non-relativistic particle of charge 
e and mass m described by a complex wave function U(x). Consider a 
space-time dependent phase transformation given in Eq. (7.7), with A as 
a function of x and e the electric charge. For this case the physical law is 
given by the Schrödinger equation 


-—V’¥ = iF (7.8) 
This is not invariant under the local gauge transformation (7.7). In order 
to restore gauge invariance, it is necessary to postulate a vector field A, = 
(¢, A) and make the substitutions 
V—-V-ieA 


EE 
a a“ 
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or 
Op — Oy + te Ay. (7.9) 
Equation (7.8) now becomes 
1 
A a N e A E (7.10) 
2m ot 


This equation is invariant under the transformation (7.7), provided that A 
and @ simultaneously undergo the transformations: 


A—A+4+VA 
o 
PO ae 
or 
A, > Ay — OLA. (7.11) 


A, = (¢, —A) are the electromagnetic potentials. From the present point of 
view, the necessity for the existence of the electromagnetic potential A,,(x) 
is a consequence of assuming invariance under the local gauge transforma- 
tion. The electromagnetic fields E and B are related to the vector potential 
A,, as follows: 


OA 
B=VxA. (7.12) 


They are clearly invariant under the gauge transformations (7.11). 
The Lagrangian density which gives Eq. (7.10) is given by 


c=-—- lvur.vu | : (ws vee ) 
2m 


2i Ot Ot 
: Lan 2 
e(pp —j-A) + 5(B? - B?), (7.13) 
where 
p=,” 
s 1 ok ok e ok 
15 (WVU — (VU*)v) — AY wv. (7.14a) 


£ is clearly invariant under the gauge transformations (7.7) and (7.11). p 
and j satisfy the equation of continuity 


Py. j=0. (7.14b) 
This implies that the charge 
Q= fos (7.14c) 


is conserved. Note also that the last term in Eq. (7.13) can be written 
in manifestly covariant form — FFF”, where Fy, = OpAv — OA, is 
the electromagnetic field tensor. The term -4 Fp F HY is the Lagrangian 
density for pure electromagnetic field. 
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7.2.1 Aharanov and Bohm Experiment 


We now discuss the question of testing the applicability of the gauge princi- 
ple in electromagnetism. Taking the vector potential A to be independent 
of time and putting V = ed, we try solution of Eq. (7.10) in the following 
form 


U(r, t) = V(r, the’) (7.15a) 


where 
y(r) = ef A(r’)- de’. (7.15b) 


Here Y can be regarded as a wave function of a particle that goes from one 
place to another along a certain route where a field A is present while Y° 
is the wave function for the same particle along the same route but with 
A =0. It is easy to see that [A > A+ V4] 


DW = (V -ieA)V 
= e) yg? 


D?Y = e0) y?y? 


Thus (7.15a) is a solution of Eq. (7.10) when A (r) 4 0 if Y?(r, t) satisfies 


1 ow? 
-— V’. + VW =i. 7.16 
2m = OL ( ) 
The solution (7.15a) has some striking physical consequences as shown in 
the two-slit electron interferometer experiment proposed by Aharanov and 


Bohm [Fig. 7.4]. 


¥ 
f (1) 

a >- ------ {p 
P zo d GA)o ae 
~~. ¥G 2-02 


Fig. 7.4 Double slit electron interferometer to test Aharanov-Bohm effect. 
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In this experiment the magnetic field B (pointing in a horizontal direc- 
tion out of the paper) is produced by a long solenoid of small cross-section 
and is confined to the interior of the solenoid so that the two electron beams 
(1) and (2) can go above and below the B Æ 0 region but stay within the 
B = 0 region and finally meet in the interference region P’. In the inter- 
ference region, the wave function for the electron is 


Y = Yi + Y2 
so that 
|? = Wo? + [83]? + 2/87] |W] cosh (r) — 72(r)] (7.17a) 
where 
y= +e] A) l. (7.17b) 
(L)P 
y=wtef A) dl. (7.17c) 
(2)P 


Here 7? and 9 are the phases of the wave functions Ų? and Y$ in the 
absence of A. The interference pattern is determined by the phase difference 


ôB #0) = —% 
= -Atef A(r')- dé’. 
c 


= 6(B=0)+A, (7.18a) 
where C is the closed path P P’ P and 
A=e$ AG) dt =e | B-do =e. (7.18b) 
c S 


In Eq. (7.18a) we have used Stokes theorem and put B = V x A and ® 
is the magnetic flux through the surface S bounded by the closed path C. 
Note the important fact that the phase difference A is gauge invariant since 


fysa= [ar=o 


while the individual phases 7; and y2 are not. Note also the remarkable 
fact that the amount of interference can be controlled by varying magnetic 
flux even though in the idealized experimental arrangement, electrons never 
enter the region B #0. 
Now referring to Fig. 7.4 
Phase difference _ Path difference 
20 E À 


ô i EREA d 


HIS 
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where L is the distance of the screen from the slits. Thus from Eq. (7.18a) 
we see that the diffraction maximum of the interference pattern for B 4 0 
is shifted from that for B = 0 by the amount Ay given by 
LX 

Ay = e (43) ; (7.19) 
This shift in the diffraction maximum, being gauge invariant, should be 
measurable. In fact the existence and magnitude of Aharanov-Bohm effect 
has been confirmed to within 5% of the theoretical prediction (7.19) by 
two qualitatively different experimental arrangements - one involving an 
electron biprism interferometer while the second used a Josephson-junction 
interferometer. 


The following comments are in order. 


(i) Measurement of Aharanov-Bohm effect not only verifies the gauge prin- 
ciple in electromagnetism but also quantum mechanics itself since clas- 
sically the dynamical behavior of electrons is controlled by Lorentz force 
which is zero when the electrons go through magnetic field free region; 
yet in quantum mechanics observable effects are seen and depend on 
the magnetic field in a region inaccessible to the electrons. 

(ii) The vector potential A rather than the fields plays a crucial role as the 
basic dynamical variable in quantum mechanics. 

(iii) By varying B (and hence ©) we change the relative phase between the 
contributions from the two paths and move interference pattern up and 
down. When A = 2nz or ® = noo [do = 27/e = 4.135 x 1077 gauss 

cm?], the interference pattern will return to its initial form, as if there 

were no field. In other words, an integral multiple of the flux quantum 
$o will not make any observable difference to the quantum mechanics 
of the particle. 


7.2.2 Gauge Principle for Relativistic Quantum Mechanics 


We now discuss the gauge principle for relativistic quantum mechanics. 
The spin 1/2 particle is described by the Dirac equation with the La- 
grangian density: 
L=W(x)i7x"d,U(x) — mY (x) U(z). (7.20) 
In order that the Lagrangian density £ be invariant under the gauge trans- 
formation (7.7), we must introduce a vector field A,,(x) satisfying Eq. (7.11) 
and replace in Eq. (7.20) ô Y by 
3 P(x) > (0, + 1eAy)Y = D,Y. (7.21) 
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D,, is called the covariant derivative. The gauge invariant Lagrangian den- 
sity is given by 


L = V(x)iy"(d,, + ieAy)v — mY (x) U(x) — Shy (7.22) 


Fyy = OyAy — Oy Ap. (7.23) 


It is easy to see that under the transformation (7.11), Fy» is invariant. 
Under the transformations (7.7) and (7.11), 


D,Y  e*4@) DW, (7.24) 


so that UD,,W is gauge invariant, and so is mWW. From Eq. (7.22), we see 
that the interaction of matter field Y with the electromagnetic field A, is 
given by 


Lint = eV WA, = —eJ# Aj, (7.25a) 
where 
JH, = eV" Y, ô JH, =0 (7.25b) 


is the electromagnetic current. We conclude that the gauge principle viz 
the invariance of fundamental physical law under the gauge transformation 
gives correctly the form of interaction of a charged particle with electro- 
magnetic field. To sum up the consequences of the electromagnetic force as 
a gauge force are as follows: 


(i) It is universal viz any charged particle is coupled with the electromag- 
netic field A with a universal coupling strength given by e, the electric 
charge of the particle. 

(ii) J£, is conserved. 

(iii) The electromagnetic field is a vector and hence the associated quantum, 
the photon, has spin 1. 

(iv) The photon must be massless, since the mass term p?AA,, is not 
invariant under the gauge transformation. Thus unbroken gauge sym- 
metry gives rise to long range force mediated by a massless gauge boson 
i.e. photon. 

(v) The covariant derivative D, is an operator whose commutator is 


(Da, Dp] = ieFw 
Fyy = 0,Ay — ð, Ap. (7.26) 
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7.3 Non-Abelion Local Gauge Transformations (Yang- 
Mills) 


We now generalize the idea of local gauge transformation when there are 
more than one type of state. We first extend it to an isospin doublet Y, a 


v= (3) 


W belongs to the fundamental representation of of isospin group charac- 
terized by SU(2). As discussed in Chap. 5, there exist transformations 
between different states (cf. Eq. (5.24)) 


ta > Ya = Uae 
= j+ sha (ra) Yo CLD (7.27) 


two-component object: 


where 
UU =1, det U =1. 
Correspondingly there exists a unitary operator 
U=1-iA-T=1-ihgly, A=1,2,3 (7.28) 


I, are generators of the group SU(2). They are hermitian and traceless 
and satisfy the commutation relations 


Ma, Ip] = ieagcIc (7.29) 
For the fundamental representation, 
Y, > Y’, = UY, U’ 
= Y, — ig Ia, Yal] (7.30) 


so that 
1 
[La, Ya] = -5 (ta), Yo 


Ta are Pauli matrices 


m= i a) h= a) , T3 = k i (7.31) 


In general exponentiating (7.28), 


U= e tAala 
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whose matrix representation is 


U = ethaTa 
where for the fundamental representation 
1 
Ta =t = zTA 


1 
Tr [tate] = 3 OAB 
[ta, ta] = icagcto 

For the regular or adjoint representation, the matrix T T associated with 
each generator is 

(T3) go = —ieaBc 

[I4, T8] = icagcTE 
In contrast to the Abelian case where the gauge field is A,,, we now have a 


triplet of gauge fields, W, which form a basis for 3-dimensional irreducible 
adjoint representation for SU(2), with the transformation law 


Ua, Way] = — (TS) po Wop = ieanc Wop, (7.32) 
i.e. it transforms in the same way as generators of the group. Thus under 
SU(2), Wa,, transforms as 

Wap > Wa, = Wan — easchBwey 

WwW, - W),=W,-Ax W, (7.33) 

Wir > Wi = Wa — AX Wy (7.34) 

The last transformation follows since W „y = ô „W, — ô W,, is a vector in 
SU(2). It is convenient to define the matrices A and W, 

1 


1 1 
oe A= gTa =A; a W, =W, (7.35) 


For the local SU(2) gauge transformation, A, is a function of z. 
Thus the gauge invariant Lagrangian, under the infinitesimal local gauge 


transformation 
W(x) = (1+ i T- A(x))U(x) 
= (1+7 A(x))¥ (zx) (7.36) 
is given by 


T — 1l 
L= ib" D,Y — mÜY — STW! Wy) (7.37) 
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provided that W,, transforms as 
1 
W, —- W,-Ax W, — -O,A 
g 


1 
Wu > Wu til, Wy] = uA 


(7.38) 


Note the appearance of 4+0,,A compared to (7.33). Here the covariant 
g 


derivative is 
. a 
Dy = Op + tgWy = On + 39 T.W g 
and 
W uv = 0,W, — 0,Wy- gw, x W, 
Wry = 0,W, — OW, + ig/W,, WL] 
= DW, — DW, 
[Du Dy] = igW uv 
1 
Tr |W" Wy] = ae ee 
For finite gauge transformation 
U = etA) 
WU (x) — UY (x) 
It follows from Eq. (7.40) that 


Wav > Wi, = : [UD,U',UD,U*] 


Il 


“U[D,,D,]Ut 
g 


UW, Ut 


II 


Further 
Tr (W” Wy] > Tr [UW UUW U+] 
= Tr [UW W U'] 
= Tr [We UUW] 
= Tr [W W"] 
= Tr |W" Wp] 


where we have used 


Tr [AB] = Tr [BA] 


(7.39) 


(7.40) 
(7.41) 
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The mass term WW is obviously invariant. Now all we have to show is that 
Y” D,W is invariant. 


Uy" DW —> Ù (x) UT (x) q” [3 U (x) U (x) + U (x) 0,8 (x)] 
+ig [Ww (x) Ut (x) y "W,U (x) Y (x)] 


Using 
a, [Ut (2) U (w)] =0, 
we see that it is invariant provided that 
W, > W}, =UW,Ut — ty (x) (3 U" (zx) 
Under SU (2) gauge transformation the Lagrangian, 
L = iW y"d,.U — mvw — twe Wav (7.42) 


which is invariant under the global guage transformations (7.27) and (7.33), 
is transformed to £L + ôL, when A is a function of x, where 


1- 
8L = —SUy" T VOLA — ÔA (WH x Wy) 


T 
= att. 7U+ (WY x W,)] 3, A (7.43) 
Now under SU(2) gauge transformation, we have 
OL OL 
= — 6A+ s: A 7.44 
ôL DA ô + IGA) ô(ðLA) (7.44) 
Comparison with Eq. (7.43) gives 
OL 1- 
J! = —- = iy Ew’ xW, 
Oa 2° eS 


and invariance of the Lagrangian under the global gauge transformation 
(3 LA = 0), ôL = 0 gives the Noether Theorem: 


ðJ =- =0 (7.45) 


Hence the interaction part of the Lagrangian (7.37) can be written as 


Lint. = g Ji. W, 


II 


1 
59 Wy r-W, V+g WY” -(W, x W,,) (7.46) 
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7.4 Quantum Chromodynamics (QCD) 


We now generalize the ideas of Secs. 7.2 and 7.3 to the case where there 
is more than one type of states, e.g. qa (a = 1, 2, 3) and where there exist 
transformations [SUc¢(3)] between the different states 


da > qa = Ula, (7.47a) 
with 
U(x) = exp Aaha(a)| , (7.47b) 
UU =1, detU =1 


and repeated indices imply summation. Here qa (a = 1, 2, 3) for a particu- 
lar quark flavor q form the fundamental representation of the color SU(3) 
group and àa, A = 1---8, are the eight matrix generators of the group 
SUc(3) [see Chap. 5 for the form of these matrices. Although in Chap. 5 
we discussed flavor SU(3) but the mathematics is the same]. 
Each quark flavor carries three color charges: red (r), yellow (y) and 
blue (b), i.e. 
qa; a= 1, 2, 3 
qa belongs to the triplet representation 3 of SUc(3). Under infinitesimal 
SUc(3) gauge transformation 
U=1-iAygFy, A=1---8, Ay = Ag(z) 
Now qa transforms as 
da `> da = UqaU' 

= (1 — iAAFa)qa(l + ihaF) 

= qa — İAA[FA, qa] 
qa + iA A(Ta)i to 


II 


Hence 


[Fa, qa] = — (T4) % 


_ _(AAyb 
= (> )a% 


where A, are Gell-Mann matrices discussed in Chap. 5. Gluons, the gauge 
vector bosons of SUc(3) belong to the octet representation, i.e. to the 
adjoint representation of SUc¢(3) : 


[Fa, Gay] = —(Ta)BGon 


=ifasoGou 
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Thus 


UGp,,Ut = Gay tiha(Ta)$ Gou 


= Gay — AA fBACG Cu 


Quarks are spin 1/2 particles. The Lagrangian density for free quarks 
is 


L = iy" Opla — FMga, (7.48a) 
where 
Ua Ma 
da = da and m = Ma (7.48b) 
Sa Ms 


is clearly invariant under the SU(3) transformation (7.47a) with A constant. 
If we now require that the Lagrangian density (7.48a) be invariant under 
the gauge transformation (7.47a) , with A(x) as function of space-time, then 
as we have seen in Sec. 7.3, we must replace ô, by its covariant derivative 
which in the present case takes the form 


D, = (a, = 590 G,) = (a, = 50AAGan) (7.49) 


where gs is a scale parameter, the coupling constant and G4, are vector 
gauge fields, their number being equal to the generators of SUc(3) group, 
namely 8. Then we note the important fact that the covariant derivatives 
satisfy the commutation relation 


ÀA 
[Dp D,] = -ig E B iðn, Gav] = igs- [Gav, Oy] 


: àa A 
Hig? |. east 


À 
= -igs y {9 Gov = WGC ae Js fABCG ALG Bi } 
—igs {9u Gy — VG, — igs [Gu, Gr]} 
—igsG uv, (7.50) 


II 
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where in the matrix notation 


1 1 
J^ : G, = òC Au — Gy, (7.51a) 
1 1 
ZA Ae) = 5MaAa =A, (7.51b) 
1 
Gu = z^ . Gu = OnGy = Gn “i igs [Gu G4] 


= D,G, — DG, (7.51¢) 
GAuv = Gav S OG Au F Js ÍABCGBuGCv 


(7.51d) 
1 1 
Tr(GyvGyv) = EF (521C a5 2G oy) 
1 
= qt Oars) GAG apr 
1 
= 5 Gu -Gu (7.51e) 


Note the important fact that G,» in Eq. (7.50) provides the generalization 
of Fav [cf. Eq. (7.26) in Abelian case] for the present non-Abelian case. 
The two differ in the appearance of the last term in Eqs. (7.51c) or (7.51d). 
This is because the gauge fields themselves carry color charges in contrast 
to photons which are electrically neutral in the electromagnetic case. Now 
if we replace the Lagrangian density (7.48a) by 
b 
L= iy" (a, = 5G ar gq — F Mqa — Gau (7.52a) 


or in the matrix notation by 
z . _ 1 y 
L = giq” (On — igsGu) q4 — Img — zTr(G“ Gv), (7.52b) 


then the Lagrangian density (7.52a) is invariant under the infinitesimal 
gauge transformation [cf. Eq. (7.47b)] 


jes (1 + AAG) f (7.53) 


provided that the vector fields G'4, undergo the simultaneous transforma- 
tion 


1 
Gu > Gu +i ÇA, Gu) + Oy (7.54a) 
or 


1 
Gap > Gap — fapcABGeop + goth (7.54b) 
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To see this, we note that under these transformations 


Daq > (1 + ZA ; Atw)) Dug (7.55a) 
G Ap a G Ap = fascABGop- (7.55b) 


It is then trivial to show that the Lagrangian (7.52a) is gauge invariant. 

For the finite gauge transformation (7.47a), we have the gauge invari- 
ance provided that the gauge fields G, simultaneously undergo the trans- 
formation 


G, > UG,Ut + +U0,Ut (7.56) 
Js 
Under these transformations: 
Dig > U(D,q) (7.57a) 
Guv + UG U' (7.57b) 


and hence the Lagrangian (7.52a) is gauge invariant. [see Sec. 7.3.] 

The eight gauge vector bosons GA, are called gluons. They are medi- 
ators of strong interaction between quarks just as photons are mediators 
of electromagnetic force between electrically charged particles. The gauge 
transformation given in Eq. (7.47a) is called the non-Abelian gauge trans- 
formation, whereas the gauge transformation (7.7) is called the Abelian 
gauge transformation. The non-Abelian gauge transformation was first 
considered by Yang and Mills and gauge bosons are sometimes called Yang- 
Mills fields. 


7.4.1 Conserved Current 


In order to discuss the conserved current associated with gauge fields, we 
discuss a general method. Suppose we have a set of fields which we denote 
by ¢a(x). The Lagrangian is a function of these fields ġa and O, da: 


L = Lda, Onba)- (7.58) 
Consider an infinitesimal gauge transformation 
a(x) > palT) + ih a(x) (TA)? ds. (7.59) 


T4 are matrices corresponding to the non-Abelian gauge group and the 
representation to which the fields ¢,(2) m From Eq. (7.58), 


ôL = 2 5 E 2 5G, L 5(O,00). (7.60) 


198 Color, Gauge Principle and Quantum Chromodynamics 


Using the Euler-Lagrange equations 


OL OL 
Ob, On (waa) =0 (7.61) 


and the fact that 6(0,¢a) = Aula), we have 
OL OL 
ae [a (aga) * aga 
=ô, EA jibe -öh . (7.62) 
$ 


On using Eq. (7.59) so that ôa = re 


ôL = 2 Ers gTa) ‘onl. (7.63) 


If we take Ay as constant, i.e. independent of x, then we can rewrite 
Eq. (7.63) as 


dL = Oy 2 e (Oa) Tate Aa = —-0,F4Aa, (7.64) 
where 
aL 
a= j Ta)? dbp. 7.65 
i= (aas) TaN (ee) 


Hence we have the Noether’s theorem. If the Lagrangian is invariant under 
the gauge transformation (7.59) with constant A4, i.e. £ = 0, then the 
current given in Eq. (7.65) is conserved. 

Let us apply this to the QCD Lagrangian (7.52a). Here pa corresponds 
to Gg, and qa. Now, for the gauge vector bosons which belong to the 
adjoint representation of SUc(3), we have i(T4)$ = —fpac and for the 
quarks which belong to the triplet representation of SUc(3), Ta = $Aa. 
Then from the Lagrangian (7.52a): 


OL 
ny esate gaa ay hee GE 
ag’? IOGA) A 
Hence Eq. (7.65) gives 
1 v 
F= zE" (va)? d — fascGavGe (7.66) 


1_ 7 
= zD“ Aad + fascGs Gov. 
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The current F4 is universally coupled to the gauge fields G 4,, with universal 
coupling g,. Now the interaction part of the Lagrangian (7.52a) is given by 


Lint = 9sF 4G Ap 


a da \* 
= JsG Apg 7" (+) % — Js [ABCC ApGBv 


1 1 
x [5 Ge- 0Gb) + Fotooscheg] en 


The last term of Eq. (7.67) represents the self interaction of gauge bosons 
among themselves as they carry the color charges. This term is very im- 
portant in QCD and is responsible for the asymptotic freedom of QCD. 

From Eq. (7.67), the qqG, GGG and GGGG vertices in the momentum 
space can be represented graphically as shown in Fig. 7.5. 


—ig? fase fCDE (gg Z gg”) 


nD À Ai 
—ig? face fene (9g — g% g”) 
Ap gov 


—ig? fane foge (g9 g7 — 99°") 


Fig. 7.5 Graphic representation of qqG, GGG and GGGG vertices. 


The Feynman rules for the QCD Lagrangian are discussed in Appendix 
B. 


7.4.2 Experimental Determinations of a;(q7) and Asymp- 
totic Freedom of QCD 


The important physical properties of QCD are 
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(i) the gluons, being mediators of strong interaction between quarks, are 
vector particles and carry color; both of these properties are supported 
by hadron spectroscopy discussed in the next section, 

(ii) asymptotic freedom which implies that the effective coupling constant 
as = g?/4r decreases logarithmically at short distances or high mo- 
mentum transfers, a property which has a rigorous theoretical basis. 
This is the basis for perturbative QCD which is relevant for processes 
involving large momentum transfers, 

(iii) confinement which implies that potential energy between color charges 
increases linearly at large distances so that only color singlet states ex- 
ist, a property not yet established but find support from lattice simula- 
tions and qualitative pictures (see next section) and from quarkonium 
spectroscopy to be discussed in Chap. 8. 


In this section, we discuss the present evidence for QCD being asymp- 
totic free. First we note that due to quantum radiative corrections, a, 
evolves with the characteristic energy of the process in which it appears. 
Actually these corrections give 


2 
gs(Q?) = gso h + gŽobo In g +e | (7.68a) 


where à? > Q? and must be introduced so that the integrals involved in 
these corrections are convergent. Here --- denotes higher order corrections 
and JQ is the momentum carried by a gluon at quark-quark-gluon vertex 
which defines g,(Q?). It is convenient to rewrite Eq. (7.68a) as 


2 
Zz o5 = z h 2g2ybo In S + old) : (7.68b) 
This gives 
-1/,2 -1 `? 
az (q) — azo = —87bo In Q2’ (7.68c) 


We now eliminate the unobserved “bare” coupling constant a,9 and the 
cut-off \? by making a subtraction at Q? = u?. Thus we obtain 


2 
az (Q?) — a, (p?) = bln ie (7.68d) 
with b = 8rbo. Or 
1 
as (4?) + bin Q?/p2" 


as(Q?) = (7.68e) 
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The constant b is evaluated in Appendix B and is given by 


1 2 


where ny is the number of effective quark flavors. Another way of writing 
Eq. (7.68e) is 
2 


azt (Q?) = bln re (7.68g) 
QCD 

where 

az (u) — bln p? = —bln Abop- 
Thus finally we have 

4n 
a,(Q’) = 5 2 (7.68h) 
(11 — 2np) In Mop 


and we see the running of a,(Q”) with Q?. Agcp is the QCD scale factor 
which effectively defines the energy scale at which the running coupling 
constant attains its maximum value. Agcp can be determined from exper- 
iment. For np < 11, it is clear from Eq. (7.68b) or (7.68h) that a5(Q?) 
decreases as Q? increases and approaches zero as Q? — oo or r — 0. This 
is known as the asymptotic freedom property of QCD. This is due to the 
factor 11 in Eq. (7.68f) or (7.68h) and arises due to the self-interaction of 
gluons (see Appendix B). 

We now discuss the experimental determination of the coupling constant 
as(Q?) at various values of Q? from different reactions, starting from the 


lowest value of \/Q?. 


(1) From Eq. (7.5) 


olet e~ > q q — hadrons) 


R= 


a(et e > pt u`) 


5 Vs 
=3 271 +a0,~ +1.411(a,~)?--: 
degll + as~— + 141 (a5*—)? +] 


q 
For s > 2m, 363 = 4, 

q 
By fitting the values of R at ys = 34 GeV, shown in Fig. 7.3, one 
obtains 


a's(34 GeV) = 0.142 + 0.03 
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(2) From Eq. (8.71) and Eq. (8.69): 


as(my) 2 m? T(Ne > hadrons) 


a2 3m} T(W et e) 
ak(my) _ 817 aI (V —> hadrons) 
a 1072-9)? TV > eT e) 


where ne is (q 7)" S; state while V is (q q)*S; state, eq corresponds to 
charge of the quark q. 


Using the experimental values for the leptonic and hadronic decay 
widths, 


as(mMz/y) = 0.217 + 0.009, as(my) = 0.163 + 0.005 (7.69a) 


The value of a, obtained from the scaling violations in deep inelastic lepton- 
nucleon scattering [see Chap. 14] gives 


Qs q? = 2.6 GeV) = 0.264 + 0.101. 7.70 
(ve ) (7.70) 


Finally from the semi-leptonic branching ratio R» for the inclusive decay 
T — v, + hadrons, one obtains 


as(m-,) = 0.35 + 0.03 


Figure 7.6 shows the values of a(m,) deduced from the various experi- 
ments. Figure 7.7 clearly shows the experimental evidence for the running 
of as(q) i.e. decrease of the coupling constant as q increases as indicated 
by Eq. (7.68a). An average of the values in Fig. 7.6 gives 


as(mz) = 0.119 + 0.002 


which coresponds to 
Agcp = 219133 MeV. (7.71) 
The LEP / SLAC value for a,(mz) is 0.124 + 0.004. 


7.5 Hadron Spectroscopy 


7.5.1 One Gluon Exchange Potential 


All known hadrons are color singlets. Just as an exchange of photon gives 
force of repulsion between like charges and force of attraction between unlike 
charges, the exchange of gluon gives force of attraction between color singlet 
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t-decays (N3LO) 
Quarkonia (lattice) 

Y decays (NLO) 

DIS F, (N3L0) 

DIS jets (NLO) 

ete™ jets & shps (NNLO) 
electroweak fits (N3LO) 


ete™ jets & shapes (NNLO) 


0.11 0.12 0.13 
a; (Mz) 


Fig. 7.6 Summary of the values of as(mz) from various processes. The values shown 
indicate the process and the measured value of as extrapolated upto p = mz. The error 
shown is the total error including theoretical uncertainties [29]. 


states. The exchange of gluons can provide binding between quarks in a 
hadron. 

For qq system (meson), the color electric potential due to one gluon 
exchange diagram [see Fig. 7.8] is given by: 


ts Pha Oa Td 
= g epe, 72 
Vij Js Anr 2 ( 2 n ( 2 ) Jaya d (7 7 ) 


The factors 736; and ~6] in the initial and final states arise due to nor- 
malized color singlet totally symmetric wave function for the gg system. 
The minus sign arises due to the coupling of a vector particle to the anti- 
quark. Here i, j are flavor indices and a, b, c, d are color indices. Since 
Tr(AaAB) = 2ô4B, Tr(AadXa) = 16, 


4 Qs g2 
Vij = 757 7 es = = 
3 37 í 4T 

For three quarks system (baryon), one gluon exchange diagram (Fig. 
7.9) gives the following two-body potential 


eac 
Vi; = 2 . 7.74 
i n Arn V6 V6 ( 2 ) ( 2 l ( a) 


(7.73) 


204 Color, Gauge Principle and Quantum Chromodynamics 


0.5 


aQ) 


July 2009 


44 Deep Inelastic Scattering 


0.4 oe eté Annihilation 
o8 Heavy Quarkonia 


0.3 


0.2 


0.1 
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Fig. 7.7 Summary of the values of as(w) at the values of u where they are measured. 
The figure clearly shows the decrease in as(j) with increasing p [29]. 


g, à,/2 


> > 
i, b g, à,/2 i, a 


Fig. 7.8 Diagram generating one-gluon exchange potential for qq system. 


The factors “© and 24 arise due to the fact that three-quark color 


V6 V6 
wave function is totally antisymmetric in color indices. Using €¢g-e°?? = 
6°64 — 646°, and Tràa = 0, 
2 Qs 
yes, 7.74b 
J 3 r ( ) 


Note the important fact that in both cases, we get an attractive potential. 
We also note that V4" = 2V5" for color singlet states. Thus we can write 
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i, b g, à,/2 i, a 


Fig. 7.9 Diagram generating one-gluon exchange two-body potential for three quarks 
(baryon) system. 


the two-body one-gluon exchange potential as 


vow tan { 7} a) (7.75) 
He 


qq 


WINwIe 


Since the running coupling constant a, becomes smaller as we decrease the 
distance, the effective potential Vi; approaches the lowest order one-gluon 
exchange potential given in Eq. (7.74a) as r — 0. Now in momentum 
space, we can write the potential in QCD perturbation theory for small 
distances (r < 0.1 fm) as 


V(q?) = ks4mas(q")/q?, (7.76) 


where V(r) is the Fourier transform of V(q?) and q? is the momentum 
conjugate to r. The running coupling a,(q?) in QCD is given by Eq. 
(7.68h). 

We conclude that for short distances, one can use the one gluon exchange 
potential, taking into account the running coupling constant a,(q?). 


7.5.2 Long Range QCD Motivated Potential 


The second regime, i.e. for large r, QCD perturbation theory breaks down 
and we have the confinement of the quarks. Thus unlike the short range 
part of the potential, the long range part cannot be calculated on perturba- 
tive QCD as the QCD constants become large in this region. Perturbative 
QCD gives no hint of intrinsically nonperturbative phenomena such as color 
confinement. One may look for the origin of this yet unsatisfactorily ex- 
plained phenomena. There are many pictures which support the existence 
of a linear confining term. One of these is discussed below: 
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7.5.2.1 The string picture of hadrons 


This picture is depicted in Figs. 7.9 and 7.10. A string carries color indices 
at its ends. Gauge invariance implies that each site must be a color-singlet. 
Thus, an allowed configuration of a quark and an antiquark on adjacent 
sites is the one in which the quark and antiquark are linked by a string so 
that the color index of quark (antiquark) and the color index of the string 
at that end are contracted to form a color singlet. When a quark and an 
antiquark are far apart, many strings have to be excited to connect the two 
sites [see Fig. 7.11]. When there is enough energy available to create a 
new qq pair, the system breaks up permitting the formation of two color 
singlets. Calculation based on this theory shows that the energy stored in 
this configuration is: 


q@ O @Od 
‘(String), 


Fig. 7.10 String picture of qq. 


romeo feo—e oe 


L 


Strings 


Fig. 7.11 String separation of a quark-antiquark pair. 


b= for L > a, 
where L is the quark-antiquark separation and Tọ is the string tension. To 
isolate a quark for example, the antiquark in the above illustration has to 
be removed to infinity; it clearly takes an infinite amount of energy to do 
this. This is the basis of color confinement. The confining potential is of 
the form: 


V(r) ~ constant x r, 


for r > 1/M, where M is a typical hadronic mass scale. Thus t is of order 
of the hadron size of 1 fm = 5 GeV~! so that M ~ 200 MeV. The confining 
potential is spin and flavor independent. This picture is supported by the 
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observation that hadrons of a given internal symmetry quantum number 
but different spins obey a simple spin (J)-mass (M) straight line relation, 
i.e. we say that they lie on linear Regge trajectories, an example of which 
is displayed in Fig. 7.12. 


Pa: 
(2500) S 
YO 
(2300) 7 
Pao 
a 
2000) 4% 
COVA (2060) 
we 
L/L, KB (1780) 
2 
; ; y pe Mass) 
SB Ss (GeV) 


Fig. 7.12 Regge trajectories for non-strange (I = 1) and strange (I = 1/2) bosons. 
For the families of hadrons composed entirely of light quarks, the above 
mentioned relation between J and M? for Regge trajectories is given by: 
J(M?) = ao + œ M?, (7.77a) 
with 
a ~ 0.8 — 0.9(GeV/c?)~?. (7.77b) 


The connection between linear energy density and the linear Regge tra- 
jectory is provided by the string model formulated by Nambu. We consider 
a massless (and for simplicity spinless) quark and antiquark connected by 
a string of length ro, which is characterized by an energy per unit length 
o. The situation is sketched below: 


1/2 1of2 
e t 
q 0 


210 


For a given value of length ro, the largest achievable angular momentum 
J occurs when the ends of the string move with the velocity of light. In 
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these circumstances, the speed at any point along the string at a distance 
r from the center will be: (8 = v/c) 


P(r) = 2r/ro. 
The total mass of the system is then: 
ro/2 dro T 
M=2 = Oro 7, (7.78a) 
o V1-£(r)? 2 
while the orbital angular momentum of the string is: 
J29 ro/2 drorb(r) QT (7.78b) 
= = 0r z, : 
o ela): °8 
Using the relation (7.78a), one finds that: 
M2 
which corresponds to a linear Regge trajectory with 
1 
a = g (7.79b) 
This connection yields: 
0.18 GeV? 0.9 GeV~? 
= for a’ = 7.80 
75 0.20 Gey? “~~ 0.8 Gev-? ee 


This heuristic estimate of the energy density suggests that at a separation 
of the order of 1 fm, we may characterize the interquark interaction by the 
linear potential 
V(r) =or. (7.81) 
The lattice gauge theory calculations also support the linear form for the 
long range part of the QCD potential. 
Thus phenomenological potential of the form 


Vist) = Vij (r) + Vig (r) (7.82) 
can be used for heavy quarks. The Cornell potential 
K r 
where 
K = 0.48, a=2.34(GeV)~* and C = —0.25 (7.83b) 
has been used successfully to describe mass spectrum of charmonium and 
bottomonium systems [see Chap. 8]. Note that value of (a = +) in Eq. 


(7.83b) is consistent with the value of ø stated above [cf. Eq. (7.80)]. The 
purely phenomenological potentials of the form and 
V(r) = a+ br? (7.84a) 
and 
V(r) =Clor (7.84b) 
have also been used successfully for cé and bb systems. 
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7.5.3 Spin-Spin Interaction 


Finally, we note that a spin 1/2 charged particle of charge eQ; has a mag- 
netic momentum pHi = Z o;. In quantum mechanics, the energy splitting 


between S-states (zero orbital angular momentum) is given by two-particle 
operator (Fermi contact term) 


HY == 


3 
a = gg |g He His — ry) (7.85) 


~ 3 2mm; oj + 050° (r) 


The analogous two-particle interaction for QCD is then given by 


8T i j 
Ay; = - Fue ' poo ir = rj) ae 


Again for a color singlet system a —> k,a, (cf. Eq. (7.75)) 


87 Ci: Oj 

Hy = sks : J 5° : 
7 z2 Da (r), (7.88) 
Eq. (7.88) gives m(?S1) > m(t So) [for example m, > Mmr] in agreement 
with the experimental result. This supports the fact that gluons are spin 1 


(7.87) 


particles. 


7.6 The Mass Spectrum 


The one gluon exchange potential is obtained by summing over all possible 
quark indices in Ve in a multiquark system like qq and qqq. Thus 


vent 
ifj 
=; EWES 
2 i>j i<j 
=F |E VS +v8) 
i>j 


=X V$ (7.89) 


i>j 
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The potential Vg for S-states is found to be [in non-relativistic limit keeping 
terms up to (p?/m?)] 


1 1 pany pi) P; 
Vo=ha. | (2 Pi, r(r:p:) Ps) 


M— |r 2mm; r r3 
i>j 
T 1 1 16s; -s; 
—_§3 ied P 7.90 
2 (r) (4 y m? P 3mm; ) ( ) 


The second term in the bracket will be ignored so that one gluon po- 
tential is velocity independent. The first term on the right-hand side is the 
potential in the extreme non-relativistic limit (2 z 0); spin dependent term 
is due to the color magnetic moments interaction as mentioned previously. 


For S-states, 
(Ws |F°(r)| Ws) 


= J V(r) O° (r) U(r) d?r 


= |¥,(0)|’. (7.91) 


Now our Hamiltonian, including the rest masses of the quarks can be writ- 


ten as 
N2 
H(r) = J mi +$ FE + Volr) + Valr), (7.92) 
where 
a2 — 
Pi = — Vi- (7.93) 
2m; 


Here Vc(r) is the confining potential, Va(r) is the one gluon exchange po- 
tential given in Eq. (7.90), i is the quark flavor index, i.e. i = u, d, s for 
ordinary hadrons. We will take m, = mg. In order to discuss the mass 
spectrum of hadrons, we have to take the expectation value of the Hamilto- 
nian H(r) with respect to the relevant wave functions of the hadrons. The 
wave function is the product of three parts viz unitary spin, spin and space 
parts. For s-wave, we write the space function as V,(r). Let us first take 
the expectation value of H(r) with respect to U,(r), we have 


m = (Y, |H| Y.) 


=m ty (v w+, 


T 1 1 16s, -s 
ksQs ( stead L 2) wo (7.94) 


b; 


1 
Vo (r) + heast us) 


2 
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Note that the mass operator m is still an operator in unitary spin and 
spin space. We first apply the mass formula (7.94) to pseudoscalar meson 
system. 

7.6.1 Meson Mass Relations 


From Eq. (7.94), the mass operator for S-wave mesons can be written as 


aes 
m= moi + mMm +m +a + 


my mg 
Dp 1 16s; - 
-a| pE el =, (7.95a) 
mi mi 3mımzə 
mo = Ag + ks@sb (7.95b) 
where 

a = (Y, |p;| Y) (7.96a) 
Ao = (Ws |Vo (r)| Us) (7.96b) 

1 
b= (v, | vs) (7.96c) 

r 

a_i 

d = — 3045 (Ws |5°(r)| Vs) (7.96d) 


For (qq)z=o0 the indices i = 1 and j = 2 refer to the constituent antiquark 
and quark respectively 


1 { ; spin triplet state S = 1: vector meson 
—01:09= S1'S2 = 


4 —3 spin singlet state S = 0: pseudoscalar meson. 


Thus we have, 


32 1 
m(*S1) = mC S0) = Fras v0 


Hence we have the following mass relations, Mu ~ ma 


Mp = Mw 


(mp — Mz) 


These relations are well satisfied experimentally with Mu = mq œ~ 336 MeV, 
ms œ% 510 MeV (cf. Chap. 6). 
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If gluons were scalar particles, then sı - S2 term would be absent so 
that m(?$,) = m(t So) in disagreement with the experimental observation. 
For pseudoscalar gluons, ks = $, 
for antiquarks. In this case we would have m(°S1) < m('So), again in 
disagreement with the experimental result. We conclude that the exper- 
imental results about meson spectrum support the fact that gluons are 
vector particles and are thus quanta of QCD. 


For pseudoscalar mesons nms and Ns, we get 


since pseudoscalar coupling is the same 


Mans = Mn (7.97a) 
Mn, = (2mK — mx) + O(?). (7.97b) 


These formulae are badly broken. Thus the above analysis breaks down 
for J = 0 mesons, 7 and 7’. The reason for this is that our Hamiltonian 
does not take into account quark-antiquark annihilation into gluons. The 
lowest order annihilation diagram is shown in Fig. 7.13. This diagram 
contributes only to 1S 9 state, because of charge conjugation conservation. 
Since gluons do not carry any flavor, therefore it contributes to I = Y = 0, 
1 So states only. This diagram is relevant only for 7 and 7/ mesons, and is of 
order O(a?). For I = Y = 0 vector bosons, the diagram with three-gluon 
exchange contributes, which is of order O(a?) and hence can be neglected. 


8s 85 
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Fig. 7.13 The qq annihilation diagram for tSo state through two gluons. 


We now take into account the diagram of Fig. 7.13 for pseudoscalar 
mesons. If uu, dd and s5 can annihilate with an amplitude A, which we 
assume to be SU(3) invariant, then there will be an additional contribution 


7.6. The Mass Spectrum 213 


to the mass matrix, which in the uū, dd and s5 basis is given by 


A AA 
Man =| A A A |. (7.98) 
A A A 


Taking into account Eq. (7.96) and the fact that |n} = |s3), |7ms) = 
Z |(uū + dd), ro) = Z |(uū — dd), we get in 7°, nns and ns basis, the 
mass matrix 
Mr 0 0 
0 m,+2A V2A (7.99) 
0 J2A 2nK — Mr + A 


From Eq. (7.98), we note that we have to diagonalize the mass matrix 


(eG J2A Ne 


M — M+ Mann = 
TA V2A 2Mg — Mr tA 


(7.100) 


For this purpose, we define the physical states as (see Problem 5.15) 


In) = cos ġ |s} — sin ¢ |ns}) 
In’) = sin ¢ |Nns} + cos ¢ |ns) (7.101) 


Then the mass eigenvalues are given by 


MyMy = Mr (2MgK — Mr) + A(4mg — mz) 


My + My = My, +My, = 2NK + 3A. (7.102) 


Using the experimental values for 7 and 7’, we can determine A. The mass 
scale A comes out to be ~ 172 MeV, a rather low value compared to my, 
and my which is both interesting and reasonable. 

To conclude, we have shown that mass spectrum of vector mesons can 
be explained successfully. With the addition of annihilation diagram, the 
pseudoscalar meson mass spectrum can also be understood. 


7.6.2 Baryon Mass Spectrum 


In order to discuss the mass spectrum of the baryons, it is convenient to 
first calculate the matrix elements of the spin operator 


1 
Qs =) mms S (7.103) 
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between spin states. The eigenvalues of s;-s,; are 1/4 and —3/4 for spin 
triplet and singlet states respectively. T are 


s;-°s;|TT) = gi 
(tl + 1) 


z| | 


1 
Si ` Sj E I(t) + 11) 


s;°8;|11) = hi (7.104a) 


| 


3 =41)) (7.104b) 


From Eqs. (7.104a) and (7.104b), we get 


Si -Sj [ag ltt - 19 | =- 


si +s; |i! N=] jes") + zl") 


Si Sj ji! py= -ij j D +5119!) (7.105) 
The spin wave functions for ene are given in Table 6.1 and Eq. (6.7). 
Using these wave functions, we get with the help of Eqs. (7.104a), (7.104b) 


and (7.105) for $" baryons with s, = 3. 


Qss |p) 
1 1 
= aa ja ( =) (th + 1) — 21th) 
1 


= z leua) ( =) faa FUN) — 21TH 


u 


1 1 1 1 1 
inn- iumin -2 (Zin + suum) 


[-zitun) + 51m) -+ Zurn) -2(—gi +5 iun)] 


= jund) a (-7) = (tL + 11) t-2 11) 
3 
=~ Geng (7.106a) 


3 
Qss |A) = Te |A) (7.106b) 
1 1 4 
Gos n= a (= Sim —) |=°) (7.106c) 
eee ti Ne: 
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where we have used 


1/2 
|A) = — |uds) x3 
|20) = Juds) x145 (7.107) 


= 1/2 
= = |ssu) xii. 


For os baryons, we take s, = 3/2 and calculate the matrix elements of 
Q,;. Now 


1 
Os5|A**) =) mum, si 84 luuu) |111) 
iMj 


i>j 
3 1 
Sa |At*) (7.108a) 
Similarly we get 
1 2 1 
EEN ree elise oS ae 
4, [B") =F (=. =) z+) (7.108b) 
1 2 1 
Ogle == + are 7.108 
=") = i (+S) Ie (7.108) 
a; (0-5 22405 (7.1084) 
4m? í 
where we have used 
|=*+) = |wus) |111) (7.109a) 
=*0) = |ssu) |111) (7.109b) 
|Q~) = |sss) |{ TT). (7.109c) 
Since the spin-spin interaction term from Eqs. (7.90), (7.103) and (7.105) 


is, 


1 
TOT sibs (0)? Oss (7.110) 


we have from Eqs. (7.105) and (7.107): 


a(i) 


in agreement with experimental observations for gluons with color, ks = 
—2/3. If gluons do not carry color, then ks = 1 instead of —2/3 and we 
would get results in contradiction with experimental values. This supports 
that the vector gluons carry color. 
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The spin dependent term 2, splits the masses of baryons with the same 
quark content, but with different spin. Thus, we get from Eqs. (7.106a), 
(7.108a) and (7.110): 

87 1 


MA -mp = a IY (0)]? (7.111a) 
167aQ, Ma 
mp — ma = o (1 z ) Iy (0)]? (7.111b) 
ET Qs 
manm lp. (0)|? (7.111¢) 
ET Qs 2 
= — m: = — .111 
Men ME = o n [Vs (0)| (7.111d) 
From Eqs. (7.110), 
eee EE agi (Exp. value 1.12) (7.112a) 
My* — Mg 


2mMmy= + my — 38M, 


2(ma — Mp 


=1 (Exp. value 1.04) (7.112b) 


my — MA 


MA — Mp 


Mau 


2 ( 1 
3 
In the above derivation, the effects of wave function distortion due to sym- 
metry breaking by quark effective masses have been neglected. These effects 
will give slight deviations from unity in the relations (7.112a, 7.112b). 

We now discuss the baryon masses of same spin, using Eqs. (7.94) and 
(7.105). We can write the baryon mass formula: 


) = 0.23 (Exp. value 0.26) (7.112c) 


Ms 


1 1 1 X 
m = (mı +m + ma) + (1 + E + 2) (uslo?) 
Mı msg m3 
2 1 l 1 ah Ne 2 
+Ws (ve Zast) Ws) t 2 (4 j 2) 3s 15(0)| 
t>j t J 
167 2 
Tanke KAWI (B [Qss] B) (7.113) 
From Eq. (7.113), we get the Gell-Mann-Okubo mass formula 
mp tims _ matim (7.114) 


We conclude that both the meson and baryon mass spectra can be explained 
quite well in QCD. In this simple picture, we have used non-relativistic 
quantum mechanics for u, d and s quarks. Although this approximation 
is not so good for these quarks (as their masses are less than 1/2 GeV) 
and at this energy scale QCD perturbation theory may not be a good 
approximation, even then the results are good. 
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7.7 Problems 


(1) Show that the Lagrangian 
- = 1 
L = ib" D,Y — mY — ST r(W” Wy) 


where 
D, = ôu +igW, 
Wuv = 0,W, — 0,W, + ig[(W,, W] 


is invariant under the infinitesimal gauge transformation 
P(x) —> (1 +iA(x))¥ (x) 
Via WS pA 
First show that under the infinitesimal gauge transformation 
Div — (1+ iA)D,Y 
Wu > Wa +i[A, Wy] 


(2) Consider the Lagrangian 
= ) = 1 
L=idy"(d, + 59 T: Wy) = mi — W Wry 


W, = ôW, —)W, —9W,, x W, 
Wap TT: OnW av = OW Ap ksi geaBcWBy x Wov 


T: W=TAW ay 
Use Euler-Lagrange equations to show that 
dW = gh" Su + geanc WE Wev 


=gJä 
v = vTA pv 
Ja = Vy ted +eapoW; Wor 


Lint. = gJ Wav 


Write the Lagrangian in detail for 
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(3) In QED, for 


eure p 
scattering, the cross section is given 
do _ en +u? 


dQ? s? t? 
Show that in QCD for 


ud > ud 
or 
ud — ud 
do — Ana? 9s? +u? 


dQ? ~ 2 ( #2 
To take into account the non-Abelion aspect of QCD, show that 


1 1 
aF? > as J EË = [5 TrOas)ilpgTrOars)les |FP 
color 


In QED, for Bhaba scattering 


— 
A 
wm 


ete —> ete 
do Ira t?+u2 s%+u? u 
= + + 
dQ? s? s? t? st 
Show that in QCD for 


uu > uu 
do _ eg ae wer te 2u 
dQ? 92 2 ` g 3 st 
Note for the interference term, we get 


Tr(AAÀABàcàDp) 
Hint: 
fascfaBo = 38cc 


5 
daBcdABc = g occ" 


Interference term will give -5 


Draw the Feynman diagram for uu — uu, then using the crossing sym- 
metry, show that 


da 4ra [P +8? A s?+u? 283? 


dQ? Qs? u ` Ë 3 ut} 
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Chapter 8 


Heavy Flavors 


8.1 Discovery of Charm 
The J/W was discovered in 1974 in the reaction 
p+ Be ete +X 


at \/s = 7.6 GeV. A narrow peak at m(ete~ ) = 3.1 GeV was found. It was 
also seen in e*e~ collision at \/s = 3.105 GeV in the following reactions 


eet — eet 


ee — u` u” 


e7 et — hadrons. 


The width of the resonance was very narrow. It was less than the energy 
spread of the beam, [ < 3 MeV. For this reason, the width cannot be read 
off directly from resonance curve. The resonant cross section for any final 
state f : 

eet — J/W — f 
is given by the Breit-Wigner formula [cf. Eq. (4.52)]: 
_ T 27 +1 Dy 
~ 72 T? 
k (281 + 1)(2s9 + 1) (/s — m)? + Eg 
where J is the spin of the resonance, m is its mass, sı = s2 = 1/2 is the 
spin of electron or positron and 


s = E? 


em 


Oef (8.1) 


= 4(k? + m2) & 4k? (8.2) 


Here k = |k| is the center-of-mass momentum. T is the total width, r'e and 
T; are the partial widths into e~ et and f respectively. We can write Eq. 
(8.1) 
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Perf 
(V-m 
Since the resonance is very narrow, I is very small and it is a good ap- 


proximation to replace the denominator in Eq. (8.3) by the ô-function 
ZT 8(/s — m) and then integration of Eq. (8.3) gives 


Tef = (2J + 1) (8.3) 


QnT I 
Josa = n2J +1) Toe 


Now X oef = Ctot, X Ty =T and assuming re = T,,, we have for the 
f 


(8.4) 


f 
process 
eet — Up 
2 


fouas = 2r°(2J +1) L (8.5) 


mT 


We also have for the total cross section 


[Ponavs = 2n7(2J +1) T 


e 
m2 


(8.6) 


Assuming the spin of the resonance J/V, J = 1, we determine the widths 
Te =T, and the total decay width I. Since IT = re +r, +p, we can also 
determine the hadronic decay width r'a. The experimental values for these 
decay widths are given below: 
m(J/V) = 3096.916 + 0.011 MeV, 
Pe = T, = 5.55 + 0.14 + 0.02 keV, 
T = 93.2 + 2.1 keV. 


The J/W spin-parity can be determined from a study of the interference 
+ 


between e~et — y — ppt and e~et —> © —> pop. The cross 
section for the QED process e~ e+ — y — u“ u* is well known [Eq. (78) 


of Appendix A] and is given by (s > m2, m?) 


m 
do a? 
=~ (1 + cos? 9 
70 as! + cos’ 0) 
4 2 
o= =Z À (8.7) 


If the spin-parity of J/W is that of photon viz 17, then the angular 
distribution would not change by the interference between QED amplitude 
and the resonant amplitude (See problem 1). In fact, experimentally, it 
was found to be (1 + cos? 0) near the resonance, clearly establishing the 
spin-parity of J/W to be 17. 
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8.1.1 Isospin 


Experimentally the decay J/Y — pp occurs with a branching ratio I',5/T = 
(0.214+0.010)%, which is too large to be explained by the electromagnetic 
effects. Now pp can have only I = 0 or J = 1. Thus the isospin of J/W is 
either 0 or 1. If J/W has I = 1, then the decay J/W — p°r° is forbidden 
while for I = 0 (see problem 8.2), we have 
T (J/¥ = p87?) o1 38 
T(J/W > p-at)+T(J/W — ptr) 2 (8.8) 
to be compared with the experimental value of 0.494 + 0.068. Thus the 
isospin of J/WV is 0. Now G-parity is given by G = (—1)/C, where C is 
the charge conjugation parity of J/Y. Since I = 0, therefore, G = C. The 
allowed decay J/W — p°n° fixes its C-parity to be C = (—1)(+1) = -1. 
Hence G = —1 for J/WV. 


8.1.2 SU(3) Classification 


Due to C-invariance, the VPP coupling is F-type (see Sec. 5.6.2) which 
is not possible if V is SU(3) singlet. Thus SU(3) singlet vector meson 
cannot decay into two pseudoscalar mesons belonging to the same SU(3) 
multiplet. Thus in particular if J/W is SU(3) singlet, then J/V — KK is 
forbidden while J/V — K*K or J/W — K*K is allowed by C-invariance. 
Experimentally one finds 

T(J/¥ > K+K") 

T (J/¥ > KK*) 
which shows that J/W is SU(3) singlet. If J/Y is SU(3) singlet, then its 
invariant coupling with PV is given by 


x 2.6 x 107? (8.9) 


WTr(PV) = Y| Pr? + pat +pta + K* Kt 4+ K*tK- 


P = 2 4 
+K*°RK® + KR? + gues + Gwsns | (8.10) 
Hence 
T(J/v 
= pr) = 1 (phase space correction) (8.11) 
[(J/U > KK*) 
= 1.2 


to be compared with the experimental value 1.39 + 0.12. To summarize, 
the J/W resonance is SU(3) singlet with JP? = 177, G = —1 and T = 0. 
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8.2 Charm 


Although J/W itself does not carry any new quantum number, its unusually 
narrow width in spite of large available phase space suggests that it is a 
bound state of c¢ , where cis a quark with a flavor which is outside the three 
flavors u, d and s of SU(3). This new flavor is called charm. The quark c is 
assigned a new quantum number C = 1 and C = 0 for u, d and s quarks. 
Thus to take this quantum number into account, the Gell-Mann-Nishijima 
relation would be modified to 


Q=ht5¥ +0). (8.12) 


For the charmed quark c, C = 1, Is = 0, Y = B = 1/3. Thus the charge of 
charmed quark is 2/3 and its mass me © $my;y = 1.55 GeV. 

The narrow width of J/W (87 keV compared to 100 MeV for p) can 
be qualitatively understood by the OZI rule, just as the suppression of 
p — 3m compared to ¢ —> KK is explained (see Sec. 5.7) by this rule. 
Thus the decay depicted in Fig. 8.1 is allowed but that shown in Fig. 8.2 
is suppressed by OZI rule. But the decay J/y — DD shown in Fig. 8.1 is 
not allowed energetically since mj;y < 2mp. 


8.2.1 Heavy Mesons 


The heavy quark Q (Q) can form bound states with light quark g(q), where 
Q=c, bandq=u,d,s: 


© (S0) : (QDr=0x4 % (CS): (Ogiaoxg a T! 
Q=c : (@)=0 : (eg) =17 
C=1 : D*, D?, D} : D*+, D°, D*+ 
C=-1 : (qz): D?, D7,D7 : Dp Di 


For L = 0, i.e. for s-wave 


J = S, +Sọ 
J? = Si + 9b + 2S4: SQ (8.13) 
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c 
U 
c 
u 
c 


< 
ic 


Fig. 8.1 J/w allowed by OZI. 


Fig. 8.2 J/wW suppressed by OZI rule. 


We have [A = 1] 


(S,-SQ)Js=0,1 = ; jis 1) - J 


3 
==] for singlet state: oq : oQ = —3 


for triplet state: og: oQ =1 
m S1) > m(t So) (8.14) 


el =e 


The mass spliting between 35S; and 'Sp is given by the Fermi contact 
term (see Chap. 7) viz 


Hij = —asks 


ks = 4/3 for qq 
= 2/3 for qq (8.15) 
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Hence 
8r 4 1 


—-a 
3 3 ê mmo 


m(?S1) = mC So) = (h6|5°(r) Ibs) 


= 327 As lys (0)? (8.16) 


9 mmo 


From the experimental masses of D* and Dž, 


Mp*+ —Mp+ % 141 MeV 


mpo — mpo x% 142 MeV 


Mp:+ — Mpt & 144 MeV 


These values are in agreement with QCD prediction (8.16) for the mass 
difference between m(°S1) — m(t So). In particular 


mp: — mp, _ ma |Ws(0)I%, (8.17) 


mp* — MD ee Ms Ip. (0)5 


x1 


i.e. right-hand side is flavor independent. 

We now discuss L = 1 (p-wave) heavy mesons: (Q@)r=1. As a first 
approximation, we take heavy quark as stationary and its spin is decoupled. 
It is natural to couple orbital angular momentum L with S, in heavy quark 
limit: 

j=L+S, (8.18) 
The total angular momentum J of the bound state Qq is given by 
J=j+ SQ (8.19) 
Now 
j? = S] + 1? +28,.L 
Eigenvalues of S4.L are given by [A = 1] 


(S, -L) = ; rI : (8.20) 


Now 
j= l—1/2,14+1/2. 
Thus for L = 1 
j = 1/2,3/2 


8.2. Charm 


Hence 


Since 


for j = 3/2, we have J = 2, 1: D3, Dı degenerate JP =? 
for j =1/2, we have J=1,0: Dj}, Do degenerate JP =17 


(Sq £ L) j=1/2 = -1 


NI = 


(Sq j L) j=3/2 = 


m(j = 3/2) > mG = 


1/2) 


J= j +1/2, j — 1/2, 


3Mp, 


M Do 


5 5M p-« nr 
m(j = 3/2) = —— 
Smot 
m(j = 1/2) = STD or Ue. 


4 
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(8.21) 


(8.22) 


(8.23) 


The degeneracy between (D3, D1) and (Dj, Do) is lifted by spin orbital 
coupling (see Chap. 9). All the charmed mesons are listed in Table 8.1. 
We note that D+, D°, D} (D°, D~, D>) can decay only weakly, whereas 
J? =1~ D-meson decay strongly and radiatively. 


Table 8.1 

Charmed Quark Mass Lifetime (10-17 sec) J? 
meson content (MeV) /Width 
D? cù 1864.54 0.17 7 = 0.4101 + 0.0015 07 
D+ cd 1869.62 + 0.2 T = 1.040 + 0.007 07 
DÌ c3 1968.49 + 0.34 T = 0.5 + 0.007 07 
p*0 cui 2006.97 + 0.19 T <2.1 MeV 17 
D*+ cd 2010.27 0.17 T = (96 +22) KeV 17 
Dst c3 2112.3 + 0.7 T < 1.9 MeV ig 
De cui 2318 + 29 T <267+40 MeV 17 
DY cu 2422.34 1.3 T= 20.4+£1.7 MeV 1+ 
Dt cd — — 17 
D3° cu 2461 + 1.6 T = 43 + 4 MeV at 
D3* cd 2460.143° + 1.6 T = 37 +6 MeV a+ 

eo cS 2317.8 + 0.6 T <3.8 MeV ot 

n cS 2459.6 + 0.6 T <3.5 MeV 1+ 
DÄ c3 2535.35 + 0.34 +40.5 T < 2.3 MeV 1+ 
D% c3 2572.6 + 0.9 T = 20 +5 MeV at 
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8.2.2 The Fifth Quark Flavor: Bottom Mesons 
Fifth quark was discovered, when in 1977 the upsilon meson Y(J?° = 
177) was found experimentally as a narrow resonance at Fermi Lab. with 
mass ~ 9.5 GeV. This was later confirmed in ete~ experiments at DESY 
and CESR which determined its mass to be 9460 + 10 MeV and also its 
width. The updated parameters of this resonance [from the Particle Data 
Group Tables] are mass 9460.37 + 0.21 MeV and width 52.5 + 1.8 keV. 
Again the narrow width in spite of large phase space available suggests the 
existence of a fifth quark flavor called beauty, with a new quantum number 
B = —1 for the bottom (b) quark. With this assignment the formula 
Q = I3 + 1/2(Y + B+ C) would give the charge of b quark the value 
—1/3(I = 0). The mass of b quark is expected to be around 4.9 GeV as 
suggested by the Y mass which is regarded as a 3S1 bound state of bb. 
Thus one would expect particles with B = +1, such as bg or qb. The 
lowest lying bound states bĝ and qb have been found experimentally. The 
B = —1 states (B°, B~)B® form an SU(3) triplet (3) and B = +1 states 
(B+, B°)B° form another triplet (3). For p-wave multiplets 


*+,0 0 
(r-i J? = 24,1 | o 
j=3/2 
JP = 1+, ot | (B nae £) 
(Bs, Bso) 
The masses and decay time of B-mesons are given below 
B* = 5279.16 + 0.31 MeV, 7 = (1.638 4 0.11) x 1071? sec 


B? = 5279.53 + 0.33 MeV, r= (1.530 + 0.069) x 1071? sec 


The masses and decay widths of other B-mesons can be found in particle 
data book. 


j=1/2 


8.2.3 The Sixth Quark Flavor: The Top 


The top quark t with Q = 2/3 and new flavor T = 1 was expected on 
theoretical grounds. It was first found experimentally in 1996; its mass is 
mı = 172.0 + 0.9 + 1.3 GeV. Since (t, b) form a weak doublet, it decays 
weakly to Wt + b, ie. 


t>Wt+b 
The predicted decay rate is [see Chap. 13] 


2 
Tito wt +0) Em h1) (14 9™w 8.24 
(Wt +t) = Fm) (1T) (14 (8.24) 


mi 
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where we have neglected the b quark mass compared to my and my. Taking 
m: = 172 GeV and mw = 80 GeV, Gp = 1.166 x 1075 GeV~?, we get 


T ~ 1.48 GeV. 
If QCD correction is taken into account, then 
T = 1.36 GeV. 
which gives, the life time of 7 to be 
T = 4.84 x 107” sec 


Thus ¢ quark decays before it can form bound states such as tt and tg. 


8.3 Strong and Radiative Decays of D* Mesons 


D* + D+ 
D* > D+y%7 
These are p-wave decays. The decay width for the strong decay D* — Dr 
is given by 
* 2 |p|} 
DD oD yas e Pe 8.25 
( = T An 3 Mma ( ) 


Now D+, D° form an isospin doublet. SU(2) gives 
D** = Dta®:=g 
D*+ > Dnt : V2g (8.26) 
D* > D'n? : g 
D? > Dtr” : V29 
The decay D*° — D*x~ is not energetically allowed. The experimental 
value for the total decay width of D** is 
Tp- = 96 +22 keV 
Br(D** — D°xt) = (67.7 + 0.5)% 
Br(D** > D+7°) = (30.7 + 0.5)% (8.27) 
Br(D** — D™y) = (1.6 + 0.4)% 


From the above equations, we get 
T(D** — D’r+) = (65 + 15) keV 
T(D** > Dtn®) = (36 + 8) keV (8.28) 
T(D** > Dty) = (1.5 + 0.5) keV 
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Thus we get 


g? 


(3.32 + 0.76) 


The decay width for the radiative decay is given by 


4a 
Pae 2 k 3 
z Klk] 
foe = DHS? D] 
7 2m; 
o1 1 Sy 2 
6 Mad Me 
+ abel sh 1 
Ps a My Me 
1 | 1 2 
HD, = + 
6 Ms Me 


Using Mma = Ma ~ 336 MeV, m, ~ 490 MeV, me © 1500 MeV, 
T(D*t > Dty) = 1.8 keV 
T(D* — D°y) = 37 keV 
T(D* => Dy) = 0.36 keV 


Now 
—_ [P00 dys 


rao 5 D°r°) = 
pees m3 so 


T(D*+ — Dtr®) 


= (52 Te 10) keV 
38.1 + 0.29 
T p*? D? = T p*? D? 0 
EE Ga eee 
= (32 =e 6) keV 


consistent with the quark model value for the radiative decay 
(8.32) . The strong decays of 


D*+ > DK 
— DHK? 
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(8.29) 


(8.30) 


(8.31) 


(8.32) 


(8.33) 


given in Eq. 


are not energetically allowed. Thus decay channel allowed are radiative 
decay, D*+ — D,y and the decay D*+ — Df r° is isospin violating decay, 
hence it is also electromagnetic decay. The full width of Dž* is T < 1.9 


MeV, and 


t > Diy) = (94: 


+ > Din) = (5.84 


S 


- 0.7)% 
-0.7)% 


(8.34) 
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We now briefly discuss the strong decays of p-wave D-mesons. Parity 
and angular momentum selection rules imply the following allowed decay 
modes 


DaDa 1=2 d-wave decay 
— Dr 1=2 d-wave decay 
Dı —> D*r 1=0,2 s and d-wave decays 
Dı » Dr l=1 not allowed due to parity 
Di = D*x l=0,2 sand d-wave decays 
Dý » D*r not allowed 
Dj — Dr l=0 s-wave decays 


The allowed s-wave decays are very broad, since D3, Dı belong to one 
multiplet viz j = 3/2; it is reasonable to assume that the s-wave decay of 
Dy, is suppressed, this is also born out by the experimental values of decay 
widths 


Ipo = (20.4 T 1.7) MeV 
I p;o = (43 pe m 4) MeV (8.35) 


The resonances Dj, Dj have not been seen experimentally; their decay 
widths are expected to be of the order of few hundred MeV. However, a 
resonance Dj at (2138 + 28) MeV with width (267 +40) MeV has been ex- 
perimentally discovered. Same selection rules hold for p-wave, D, mesons; 
J = 2,1, 1,0. 

The decay channels and the widths for the multiplet, 7 = 3/2 are given 
below 


Dt > D*+ K? 
— DOY Kt 
D}, > D® Kt 
— DHK? 
—> DO Kt 
> D*t K? 


T'p,, < 2.3 MeV (8.36) 


s 


Pps, = 20 + 5 MeV (8.37) 
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For the multiplet, j = 1/2 (D3,, Dš), the above decays are not ener- 
getically allowed, only channels energetically allowed are radiative decays 
and isospin violating decays 

DS Dota? 


=> Dy 


S 


> Dey 


S 


* +, 0 
Dio © DoT 


S 


They are narrow resonances, since strong decays are energetically not 
allowed. Experimentally it is more likely to find a narrow resonance than 


a very broad resonance. 


8.4 Heavy Baryons 


Since u, d, s, belong to the triplet representation of SU (3), the charmed and 
bottom baryons with spin parity y belong to either triplet representation 
3 or sextet representation 6 of SU(3). Using the Pauli principle, the unitary 
spin and spin wave functions of spin I baryons can be written as 


1 
Aij = V2 (qidj — GU) Q Xma (8.38) 


1 
Sij = Va (qiqi + GU) Q Xus» (8.39) 
where i, j = 1, 2, 3 (qı = u, q2 = d, q3 = s, Q = c or b) and the spin wave 
functions xma and xms are given in Eq. (6.8) and Table 6.3 respectively. 
Note that A;; belongs to triplet representation 3 of SU(3): In particular 
we have an isospin singlet and isospin doublet: For Q = c 


jPalt Mass(GeV) Mean life(10~!° sec) 
Ay = Wi (ud — du) c : At 2.286 20046 
= A3 = 2 (us — su) c z. 2.468 442426 
A23 = Fa (ds — sd) c : =} 2.471 112755 
These baryons decay weakly. 
For Q= 0b 
Mass Mean life(10~!” sec) 
Aa: AY 5.620 1.383 


. =O 
| Aas | 5.792 1.42 
A923 > Sp 
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Si; belongs to sextet representation of SU(3). In particular, we 
have an isospin triplet, an isospin doublet and an isospin singlet: 


ie Mass(GeV) Decay channel 
Su = V 
I=1 Sip = St 2.455 > <Atr(D ~ 2.23MeV) 
S22 = V2z2 
T=1/2 Sis = ait 2.576 S.7(—) 
S23 = => 
I=0 S33 = zz (288) c : 20° 2.697 —(r = 69 x 10715 sec) 
Siu = VXT), 
I=1 Sho = (E29), 
S22 = VÆ; ), 
paie g TES) 
S23 = (E5 ) 


I=0 ee vA) 


The spin 3 + baryons also belong to the sextet representation of SU(3). 
They are given in Eq. (8.39), with yg replaced by xa where the spin wave 
functions Xs are given in Table 6.1. The six spin 5 3t baryons are labelled 
as 


ra A E E 


E 


TENE O 


In addition to C = +1 and B = —1 baryons considered above, we also 
have the following baryons with C = 2 and B = —2 belonging to the triplet 
representation of SU(3) with spin parity (3/2): 


Sot = CcUXs, ET = ccdXs, At = ccsXs 
=H = bbuXs, =, = bbuxs, Qy, = bbsXs (8.40) 


Finally we have singlets with C = 3 and B = —3, namely 
QET = cccXs, Vey = bbbXs (8.41) 


8.5 Quarkonium 
The bound system of heavy quarks QQ, Q = ¢, b, is called quarkonium e.g. 


charmonium cé and bottomonium bb. Since quarks are fermions with spin 
1/2, their bound system can be written as (QQ)z.s. Now spin S can have 
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two values 0 and 1 with spin wave function antisymmetric and symmetric 
respectively. If we regard Q and Q as identical fermions which differ only 
in their charges, then we can state generalized Pauli principle: The wave 
function is antisymmetric with the exchange of particles Q and Q. Under 
particle exchange, we get with space coordinates exchange, a factor (—1)”, 
with spin coordinates exchange, a factor (—1)°*! and with charge exchange, 
a factor C (C is called C-parity). Hence Pauli principle gives 


(-1)28 "10 =-1, (8.42) 
Therefore, 


C= (yh, (8.43) 


II 


Hence we have the result 


-1 L+S odd 
TF { +1 L+S even. oe) 
Also for (QQ) system, the parity 
P = (-1)(—1)? = (-1)". (8.45) 
Let us now use the spectroscopic notation, 
E ae ee 
TY Se P, D, E, 
A state is completely specified as 
n 2941F 


where n is the principal quantum number and J is the total angular mo- 
mentum. Thus for L = 0, we have the following states 


JPC 
n ‘Sy C=+4+1, n=1,2,--- 07t 
n POS) CHL w= 1,232. 177 


The ground state is therefore a hyperfine doublet 11S 9(0~+) and 
139,(1-—). For L = 1, we have the following states 


n !Py J=H, C=-1, 1+7 

n 3P; J=0,1,2 C=1, Ott, 14+, 2++, 
Finally, we note that for L = 2, we have the following states 

n ‘Dy J=2, C= +1, 27T 

n §Dz J=1,2,3 C=-1, 17,237. 
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The low lying states for L = 0, 1 are listed below (Masses in GeV and decay 
widths in MeV). 


1g [ne(2.980) 26.7+3.0 
n=1 3 es J/¥ (3.097) (93.2+2.1) x 1073 
1 T(9.460) (54.02+1.25) x 1078 
the(3.637) 14+7 
n=2 | (3.686) (3179) x 1078 
Ý (10.023) (31.98+2.63) x 1073 
1P (1+7) he(3.526) <1 
3 P (0++) Xco(3.415) 10.2+0.7 
3P (1++) Xe1(3.510) 0.89+0.05 
rade RE) Xc2(3.556) 2.0340.12 
Ip (1*7) hy - 
3 Py (Ott) x00(9.859) $ 
3P (1++) X»1 (9.893) z 


3P (2+)  x»2(9.912)  - 


It is interesting to see that the state 3D, has the same quantum number 
as 3S1. They can therefore mix, but the mixing is expected to be small. 

The states 3P; and 'P, is a hyperfine quartet (degenerate), but this 
degeneracy is removed due to hyperfine splitting. The low lying charmo- 
nium states listed above are shown in Fig. 8.3. Most of these states have 
been discovered experimentally. The transitions and decays of charmonium 
states are shown in Fig. 8.3. Similar transitions and decays occur for bot- 
tomonium bound states. 

From Fig. 8.3, we note that both M1 and E1 radiative transitions are 
possible: 


J/Y > Ne + 
y 7 Ne TY 
Y’ — n +y (no parity change) M1 transitions 
>V+y 
Y > yet : st 
(parity changes) E1 transitions 
X > Ne + Y 
From Eq. (6.88) and Table 6.3, we get (for example) 
4a [21 ]* 
T(V > ney) = = |=—] kR? 
(X >n) = 3 E + 


= 2.7 keVQ (1.21 +0.37 expt. value) (8.46) 
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where Q is the overlap integral defined as 
Quin = [bn 00(t}Onoo(t) Pr. (8.47) 
0 


and q = (ms,/m)k, k is the momentum carried by photon, Msp is the mass 
of the spectator quark and m is the mass of the bound state. For Q = 1, T 
is about a factor of two larger than the experimental value. 


THE CHARMONIUM SYSTEM 


n2) 77] 
e 


hadrons hadrons 


hadrons hadrons y* radiative 


JPC = o-+ 1-7 ot+ yt+ 1 2++ 


Fig. 8.3 The charmonium spectrum (cé bound state) [16]. 


For F1 transitions nS, > n’P; and nP; — n'Sı (J = 0, 1, 2) the decay 
widths can be written (cf. Eq. (6.68)) 


4a [2 +1 

Pns,—n' Py = 3 | 3 | |Mnn|? k? (8.48) 
4a 

Papyn's, = 3 [Mnn] k? (8.49) 


where 
Mn'n =< Q > Qnins On'n = (1/73) 


x / Lio(ar) — 2j2(ar)|Rn'0(r) Rai (r)r3dr (8.50) 
Note that jo and j2 ane spherical Bessel functions and Rp; are radial wave 
functions. In order to predict these decay widths one needs to know the 
radial wave functions, i.e. some potential model is needed. 

Finally, we note that there are 22 states below B threshold as compared 
with eight states below charm threshold. This is a consequence of the fact 
that interquark potential is flavor independent (as expected in QCD) so 
that En2 — En, is the same for cé and bb. (Note that charm threshold is at 
about 3.74 GeV whereas B threshold is at about 10.55 GeV.) 
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8.6 Leptonic Decay Width of Quarkonium 


The decays of 3.9;(QQ) state (V) into charged leptons proceeds through 
the virtual photon as shown in Fig. 8.4. 


Fig. 8.4 The decay of V in to charged leptons through virtual photon. 


The scattering cross section for the QQ —> Il is given by Eq. (A.77) 


_ Ana? 21 6 
o = 3 (Q) s Bo 
_ 92 _ 92 _ 92 _ 92 
lle A a u fo) 2) (8.51) 
where 
TF s — 4m? 
p= i o= - 
5 vs 
s = En (8.52) 


and Q is the charge of the quark Q. Now the cross section o can be written 
as 

o= Sor + los, (8.53) 
where o; is the cross section for 3S4 state and a, is the cross-section for tSo 
state. Since the photon is coupled to a conserved vector current, therefore 
it contributes only to spin triplet state. Thus 0, = 0. Hence the decay rate 


in the limit 6; > 1(s = 4m% > 4m?) is given by 
T = (incident flux) o; 
= 2BqlWa(0)|? 50: (8.54) 
where the incident flux = pin (26Q) = 2|¥.(0)| BQ. Hence from Eqs. (8.51) 
and (8.54), 
2 |Ws(0)|? 


16ra? 
= 2 
mi 


rPam) str] = 


(Q) (8.55) 
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where we have put s = Amz, N mi, and Gg ~ 0 (in the non-relativistic 
limit). 

Taking into account the color |V) = a >, 1QaQa), we multiply Eq. 
(8.55) by a factor of three. Hence we have 
2 |Ws(0)|? 


2 
my 


T° [V >It] = 16ra? (Q) (8.56) 

It may be pointed out that before comparing experimental leptonic 
widths with their theoretical predictions, the vacuum polarization contri- 
butions to the leptonic decay width have to be removed so that 


T° = T° (1 — I)? 


where (1 — IT)? = 0.958, 0.932 for charmonium and bottomonium respec- 
tively and then it is T° which is to be compared with the theoretical pre- 
dictions. 

In the quark model, the electromagnetic current 


2 1 - 1_ ue 1- 
jem = 3 Ue 32d zeus 3 eMue go Iub 
Te oj ct Te -o Al gs oe 2 1 
~ Y 8.57 
are + 3 N zôu t ohn 3 M ( ) 
For 
Va > ete” 
e.m my Ep 
olJi W) = fu anr 
O O = A Ga 57/26 
4 2 £2 
[V sete] = “F E (8.58) 


where (cf Eq. (8.57)) 


1 1 1 1 2 
fv= VA 3 ate gio atu 3 


for V =p, w, ġ, w and T respectively. 


8.7 Hadronic Decay Width 


The decays of quarkonium states 3S, and !Sp to ordinary hadrons are 
suppressed by the OZI rule. The narrowness of their decay widths can be 
explained as follows. By C-conservation 3,5; state can decay in the lowest 
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order to three gluons and thus its hadronic decay width is proportional 
to a3 x (probability of conversion of gluons into hadrons). Since color is 
confined, this probability is unity. Similarly the decay of ‘So into hadrons 
is proportional to a?, since by C-conservation it can decay into two gluons. 
Here analogy with positronium is in order. Positronium in 1 So state (para 
positronium) decay into two photons via the diagram (Fig. 8.5). 


e Yk) e Yk) 
er Yk) et Yoke) 


Fig. 8.5  Positronium (1So state) decay into two photons. 


In the low energy limit the cross section for the above process is given 


by 
t/a’ 
eee eee a 8.60 
o=5 (2) (8.60) 
Since o; = 0, we get using Eq. (8.53) 
4 2 
o =40 = L (=) (8.61) 
B \mMe 
Hence the decay rate 
2 
T [!So(e~e+) 24] = |BV,(0)|? 40 = 16 |W.(0)|?. (8.62) 
For (QQ) tSo state decaying into 2y, replace 
2 
es [v3Qe] = 3Q*e4 (8.63) 
and 4m — 4mz, ~ m$. Hence 
16ra? 
T [i So(mp) > 27] = ae 3Q*|,(0)|?. (8.64) 
P 


For ne — 2 gluons, replace a? by ła? in Eq. (8.62) [see problem 8.2], so 
that the hadronic decay rate is 


T [ne + hadrons] = er ae (8.65) 
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The decay rate for 3S(e~e*) system going to 3y is given by 
64T, 5 
On 4 I 
For the decay of 3.5,;(QQ) — 3g, we replace a by 5a3/18 [see problem 8.5] 
and (2me)? = (2m@)” ~ mj, in Eq. (8.66). Hence 
T [°S;(V) > hadrons] =T [°S, — 3g] 
_ 1607(n? -9) a 
817 


T [2 S(e7et) > 37] = |W ,(0)|?. (8.66) 


7 £1, (0)?. (8.67) 


We now apply the above results to ¢, J/V and y decays. From Eqs. 
(8.67) and (8.55), 
81ra? < Q >? T(V = hadrons) 
10(72 — 9) T(V > eet) 


a (my) = (8.68) 


From Eq. (8.68), 
as(m¢) ~ 0.45, as(my) + 0.22, as(myr)7~ 0.19, 


where we have used r(ọ — non-strange mesons)® 653 keV, [(J/W — 
hadrons)* 82 keV, [(Y — hadrons)* 54 keV, ['(¢ — ete) ~ 1.26 keV, 
I(J/W — ete) ~ 5.55 keV, r(Y — e*e~) ~ 1.34 keV. From this we see 
a realization of the asymptotic freedom of QCD, the coupling a,(q’) falls 
with the increase of q?. 
Finally from Eqs. (8.65), (8.67) and (8.55), we have [with as(my,) = 
as(mx)] 


270 ma, 1 


T'(n- > hadrons) = 5(7? —9) M2 as(mw) 


T(J/% — hadrons) 


n 
(8.69) 
_ 3 [as (my) 3 nes ae 
=5| z p RSE e`) 
~ 7.6 MeV (8.70) 


where we have used as(my) ~ 0.22. This value is lower than the experi- 
mental value Tiot © 132733 MeV for ne. 


8.8 Non-Relativistic Treatment of Quarkonium 


From a theoretical point of view, heavy quark system (quarkonium) is inter- 
esting because this is a relatively simple system. To a good approximation, 
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the quark motion in this bound state should be non-relativistic. Thus we 


can use the Schrödinger equation for QQ system: 


(8.71) 


u is the reduced mass of QQ system, i.e. u = imo. For central potential, 


we can use the wave function: 
V(r) = R(r) Yim(9, ¢). 


The radial wave function R(r) satisfies the equation 


R| 2d (1+ 1)R? 
2u E r a RI) E uae) 2ur? 


If we define a radial function 


then x(r) satisfies the equation 


dr? h r2 


The wave function y(r) is normalized as 
f vanpar= f ROP ar 
0 0 
=1 


with the boundary conditions 


For S-waves: 


R(r) 30 
For S-waves: 
x’ (0) = R(0) = V4rW (0). 


We now prove two important results: 


2_ H dV 
(ee) = Qh? ( dr k 


PX Fae V(r) Ct} =o. 


R(r) = 


0. 


(8.72) 


(8.73) 


(8.74) 


(8.75) 


(8.76) 


(8.77) 


(8.78) 


(8.79) 


(8.80) 
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Proof. 
From Eq. (8.75) for l =0 
X H 
= E-Y). 8.81 
C= 54 (E-V) (8.81) 
Therefore, 
d [x 2u dV 
= 8.82 
dr | X h? dr (582) 
Taking the expectation value [note that x(r) is real], we get 
Pp E Qu [f° dV 
— |^] xdr = = — ydr. 8.83 
ME r af X ge xe (8.83) 
Integrating left-hand side by parts, we get 
n" oo Co lw" 
Lh.s. = E 4 | us 2xx'dr 
0 0 
x” co 
- [e 
X 0 
= [x (0)? = [R(0)}’, (8.84) 


where we have used the boundary conditions (8.77), (8.78). Hence Eqs. 


(8.79) and (8.83) gives 
2 u [W 
|x.(0)/ = Qrh? ( dr ) 


2. Virial Theorem 


1 / dV 
(T)=5 (ro) (8.85) 
Proof. 
From Eq. (8.82), we have 
a d(x" Qu / dV 
f Pe (£) xdr = ANT (8.86) 
Integrating left-hand side by parts and using Eqs. (8.77) and (8.78), we get 
Lh.s. = 2 | 2dr (8.87) 
0 
Therefore, 


F 2u / dV 
2 dp = Œ (r : 
i x“dr = (r a ) (8.88) 
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Now from Eq. (8.81), 


pr 
2 
(x E Basre (8.89) 
X h 
But 
I loo} 
0) fe 
X 0 
= |-xx'lo -f x’dr 
0 
= | 2dr (8.90) 
0 
Hence from Eqs.(8.88) — (8.90), we get 
1/ dV 
E-(V)=5 (r S (8.91) 
or 


ay= 3 (nit, 


Let us apply Eq. (8.85) to one gluon exchange potential V(r) = —3as2. 


For this case 
2 
p 2 1 2 1 
— s = y .92 
(£) aC (7) 3% (5:92) 


where a = 3/4uas is the Bohr radius. Thus, we get 
v 2 
1 = “a, 8.93 
c 3“ ( ) 
As a; decreases with mass, for sufficiently high mass v/c < 1 and one 


can treat dynamics non-relativistically. For the special case of power law 


potential 

V(r) =A+t+Ar’, (8.94) 
one can obtain interesting results by studying the scaling of Schrodinger 
equation (8.75). Put p = Gr, where 8 is some parameter such that it makes 


p dimensionless. Let us put y(r) = u(p) and E = E — A. Then from Eq. 
(8.75) 


- Sue) = [ERE 2H y 1 oY an 
dp? he BP h2 Baty P 


Put || = 7467+”, this gives 


1/2+v 
B= Per | ; (8.96) 


u(p) (8.95) 
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Then put 


2u [2A err = 
e= a E, (8.97) 


where e is dimensionless. If we write sgn(A) = \/|A|, Eq. (8.95) gives 


d2 
dp? 


(L+ 1) E 
7 u(p)=0 (8.98) 


u(p) + |e- sne — 


which depends only upon pure numbers. We now study the consequences 
of Eq. (8.98). 

(i) Lengths and quantities with the dimensions of length depend upon 
constituent quark mass m = 2p and coupling strength |A] as 


Lo 5 m (lay (8.99) 
Particle density at the origin of coordinates 
|W s(O)P ~ L7? œ (uA. (8.100) 
(ii) Level spacing between energy levels depends on y and |A| as 
AE w “(ula)” wpe 2t A224 (8.101) 


The “power law” potential corresponding to the limiting value v — 0 is 
simply the logarithmic potential. 


V(r) =Cln—. (8.102) 


TO 


We summarize these results for the power law potentials in Table 8.2. 


Table 8.2 
Simple 
Coulomb | harmonic Power 
like oscillator | linear log law 
y=-l v=2 v=1 v=0 v= 0.1 
PAOL pe pert m ME pes 
AE M pil p73 | constant | 0-048 
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8.9 Observations 


my — my = My — My (8.103) 
implies either v = 0 or v is very small. In fact Martin has shown that the 
potential 


V(r) = —8.04GeV +6.870(r/1GeV—')°? (8.104) 


gives a good fit to quarkonium mass spectrum. 
The logarithmic potential 


V(r) = (0.71 GeV) In (=) (8.105) 
TO 


gives good fit to the data. The two forms are numerically indistinguishable 
for 0.1fm < r < 1fm. 
If we plot |W,(0)|? for the vector bosons p, w, ¢, W, T versus p in a 
log-log plot, a straight line fit is possible, i.e. 
[8 (0)? ~ p” 
with p ~ 1.6. Again this supports the power law potential with v very 
small, i.e. v ~ 0.1. 


Both for charmonium and bottomonium, the low lying bound state en- 
ergy spectrum satisfies the rule 


Eis < Eip < Ens. (8.106) 
In particular we find for cé 


m(1°P) — m(1 S) = 457 MeV 


m(2°5,) — m(1°S;) = Y — J/V = 589 MeV (8.107) 
m(1381) — m(11So) = J/Y — ne = 117 MeV 
m(2?5,) — m(2 1S0) = V’ — n’, = 82 MeV, 


where 
m(S) = st mes) (8.108) 
m(P) = 5m(? P2) + 2a +m(3 Po) l (8.109) 


For Coulomb potential, the energy spectrum satisfies the rule 


Eis < Eos = Ep < £3, = Ezp = Esa (8.110) 


246 Heavy Flavors 


and for the harmonic oscillator potential 
Eis < Eip < Ezs = Fia < Ep. (8.111) 


Further, the harmonic oscillator potential gives the level spacing as follows: 


1 
2 
Thus although oscillator potential is a confining potential, the level spacing 
is not in agreement with the experimental results. 

The QCD inspired Cornell potential [cf. Eq. (7.82a)] 


K r 
Vr)= C= rta 


Eip — Eis = Bog — Eip = + (E2s — Eis) (8.112) 


reproduces the mass spectrum for cé and bb bound states quite well (see 
the problem 8.9). 

Thus we see that the quarkonium spectroscopy is consistent with a 
potential that increases linearly at large distances, thereby supporting the 
color confinement. We also saw in this chapter (as well as in Chap. 7) a 
realization of other striking property of QCD, namely the running of the 
QCD coupling constant a,(q7) with q?. 


8.10 Tetraquark 


Tetraquark mesons are composite of diquark-diantiquark. A diquark is 
either in symmetric color state 6, or color antisymmetric state 3,. The 
antidiquark is either in symmetric color state 6, or color antisymmetric 
state 3e. Now 


6. Q be = 35. @ 1e 
3, @ 3. = 8, @ le 
3e Q 6. = 10. @ & 
6, Q 3, = 10, 6 8e 


Hence only 6, Q 6e and 3, Q 3e give color singlet state. However for both 
diquark and antidiquark in color symmetric state, the one gluon exchange 
potential is repulsive unlike attractive one gluon exchange potential for 
diquark and antidiquark in color antisymmetric state. In any case, we will 
confine ourselves to the color singlet tetraquark composite of diquark and 
antidiquark in color triplet states 3. and 3, respectively. 
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Now diquarks are either antisymmetric or symmetric in flavor: 
1 na 
[aq] = Va nisi = 95%) 1, J 5u, d, S, C 
1 
{qq} = get + 45%) 


Similarly for antidiquark flavor states. For antisymmetric color state 3, or 
3c, Pauli principle requires overall wave function of diquark or antidiquark 
to be symmetric in flavor, in space and spin: (s, denote the spin of diquark 
or antidiquark) 


laqr-o,s-o 3 P=1 [adra s= P= 
{aa} r=0, sı 3 P=l {qq} r=, s<o0 3 P=-l 
[@alr—o,s-0 3 P=1 [pwn 23 PE 

{@@}r-0,61 3 P=1 {9} rai, seo ; P=-1 


For u, d, s quarks, the underlying flavor symmetry is SU(3) (S denotes 
strangeness quantum number) 
For this case 


WG ea he 
a I= I=1/2 
lga] ae g=-1 


Hence we have a nonet of low lying scalar mesons 0*, composite of 
tetraquark viz 


lad]; 0, s=0 laa]; 0, s=0 


Nonet of scalar mesons 0+ have inverse mass spectrum: 


Isosinglet: o(600) 


Two isodoublet: K (800) { = 2 
Isosinglet: fo (980) 
degenerate | Isotriplet: ao(980) 


This mass spectrum does not fit OT as bound states (qq) L=1- 
The following tetraquark states are of interest 


(lad; o, s=0 (99 L=0, s=1 + {44} L=0, s=1 äl L=0, s 0) 
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These states have JPO = 1++,1+~. The following states have JPO = 07+*, 
1++, att 


{aa} 0, s 1 {g} 0, s=1 
{qq} 7 1, s o {70} 1, s=0 


Both these states give the tetraquark mesons with JPO =0t+, 14+, 2++, 
We see that there are a large number of tetraquark states. It is hard to 
formulate selection rules to select the states which can exist as composite 
of tetraquark. 

As an example, we consider the following two tetraquark charmonium 
states, with L = 0: 


(leal; 0, s o {cd}, 0, s=1 > {cq} 1 0, s led, 0, s i 


The two states have JPO =1++ and 1+7. The JPO = 1++ meson is 

identified with the state X (3872). This state was discovered in the J/Y 

ntn distribution. However, this state decay in two different final states: 
X — J/Yn" n 


— J/Prtn 7° 


3 


with equal probability: 


_ Br(X (3872) => J/Urta ) 
~ Br(X (3872) > J/Uatn- 7?) 


The C-parity of (ntr) is C = (—1)!'; C-conservation requires | = 1, 
I(x*+2—) = 1 as required by Bose statistics. Thus the G-parity of (ntr) 
system (—1)'*/ = +1, ie. (mtr) has the same C and G parities as p° 
meson. 

Hence for the decay channel 


X > J/Ur'n, AG=0, AlJ|=1 
For the decay channel 
X —> J/Unt r n’ 


we note that G-parity of the (rtr z?) is —1 and C-conservation requires 
the C(nrtr 7°) = —1. Hence the (nrz?) system has the same quantum 
number as w?. Hence for this decay channel AG Æ 0, A|I| = 0. We conclude 
that both decay channels are electromagnetic decay, for the channel X — 
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J/Untn-, AG = 0, A|I| = 1, whereas for the channel X > J/Urtn- 7°, 
AG £0, A|I| = 0. Experimentally, the branching ratio is 


Br(X (3872) > J/Wntn—) ~ Br(X (3872) > J/Unta 7°) 
For the open charm the tetraquark, D-states 


(cq)L=1, s og )L 0, s=1 


(cq) 0, s (@@ 1, s=0 


have JPC = 27, 17, 07. The D-states 
(cq) rb 1, s og )t 1, s=0 


(cq) L=0, s (gL 0, s=1 


have JPC = 2+, 1t, 0t. 
In particular, for q = d, G = s, Dt : states have JPO = 2+, 1+, 0+ out 
of the tetraquark states 


eaaa {FTES 


have been considered as possible tetraquark mesons. 


8.11 Problems 


(1) Write down the amplitude F for the Feynman diagrams shown in Fig. 
8.6, Show that 
4 2 


do a g 8 
—~ = — |(1+ cos? 6) 4 
aa ta oe Si eae rer 
do s(m2., — 8) 
— = Z (1 + cos? 0) |1 rés 
dQ 4s ra ee [i-s e? (mee. a s)? + mal? 
| gt ga 
et (m2 =ke) oy ae JP=1- 
do a gt s? 
— SE 26) + |1 
dQ 4s {as rotot [+ Soa aE 


2 2 
4 cos 0, Ge “ns = - T2 \ 
res res Pit 
In writing above equations, the finite width of resonance has been taken 
care of. Hence we conclude: experimental angular distribution excludes 


JP =07,0*, 1+ and higher spin. 
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| 
I resonance 
F008. FL 


Fig. 8.6 e~e+ — p-pt through y or resonances. 


(2) Show that if J/WV has isospin I = 0, 


nN 


a 


Tr (v — pa) 1 
T(W — p-rt)+T(Wsptr-) 2 
Hint: The pr final state has J = 0, 1 or 2. But we are interested in 


I =0. Using C.G. coefficients 


o 1 


rys 0,0) + 
lpn) ae 
1 
0_0 
m ) = —=(|0,0)+--- 
|p?) me 
Show that D* Dr couplings in SU(3) are given by 
«0 0 si. 
D*9 > Drt: D >D m: -zI 
ilies D*+ > D*ng: 43g 
D* —> Dtr” : y2g oe 
D*+ + D9K+: y2 
D*+ — DOnt : 4/29 2 oe 
D*+ + Dt K®: /2 
D*+ — Dm? : =g s g 
D*+ — Dým : -. 
s s 8 Vad 
Consider the decays 
Y = J/Un 


= J/Yr? 

Show that above decays are p-wave decays. The second decay is isospin 
violating decay. Obtain the decay widths 

P(b > F/Wn) 
and 

T(b > J/r°) 
in terms of the coupling constants Nbr jon and Ibs) vn Obtain the val- 
ues of these couplings. Hence show that isospin violating interaction is 
of the same order as electromagnetic interaction from the experimental 
branching ratios. 
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a 6%, yY a A, G, 
ft i 
a 6, Y a A Gs 
Fig. 8.7 (qq) — 2y or 2 gluons. 


(5) For (44) color singlet > 27 or 2 gluons, as shown in Fig. 8.7, where 
a,b = 1,2,3 are 3 colors of quarks, A, B = 1,--- , 8 are eight colors of 
gluons, show that 


M(2g)__ as 36a 
M(27) aQ? 3 


and hence show that 
T (2g) _2 a? 


S 


(27) 904 


For (4) color singlet > 3y or 3 gluons coupled symmetrically in gluon 
color, show that 


P89) _ 5 as 
T(37) 54.08 QS 


Hint: Use adapcdasc = 2 


(6) Using Eqs. (8.59) and (8.60) in the text and the experimental table 
below 
Vector Meson my (MeV) T (keV) 
pP 770 7.04 + 0.02 
w 783 0.60 + 0.02 
0) 1020 1.26 + 0.04 
y 3097 5.55 + 0.14 
Y 9460 1.340+0.018 
show that 


fp =221 MeV, fuo =194 MeV, fy = 228 MeV, 
fy = 416 MeV, fr =715 MeV 


(7) J/W can also decay into hadrons via electromagnetic interaction 
through one photon exchange 
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Show that 
Qn (4r)?’a? 


My 3m, 


r(¥ > h), = fg-3my p(my) 
= 127n°T(W — ee") p(mz) 


Using Fig. 8.8, 


J/yp hadrons 


Fig. 8.8 Decay of J/W into hadrons via electromagnetic interaction through one photon 
exchange 


1 


pmi) = 5-9 DG 
1 4 1 1 
= Drz 3(5 tot 9) below charm threshold 
1 
= 530) 
127? 


Show that 


r(Y > h), = N(Y > eet) 
= 11.10 + 0.28 KeV 


Exp: 12.60 + 0.28 keV 


(8) Using the formula for 3S; bound state 


T[(QQ)(29S1) > em et] _ m(QQ)av5, 209a 
TROLS) > eet] MODs, Miso 


and the experimental values for the leptonic decay width and the 
masses, show that 


BaO 5. o,g1, Ols os, 
[T1 (0)|2z * [Wis (0) b 
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(9) By writing 


(10 


Ee 


1 
E =< H >=< THs mE — <p? AV 
u 


where p = m/2 and V(r) = C — # + 5r, evaluate the energy eigen- 
values Fıs, Eip and Ess by variational principle. 

Hint: Write E = (2ubt) 3E = (2ub*)/3[< H > —2m — C], (E = 
E + C) and Y = ult) y, m (0, $) and express 


f [-ud + (y- 2+ a] ay 
J wdy 


where y = (24:/b?)!/3r and n = (4u?b?)!/3K. [All these quantities are 
dimensionless and are therefore also suitable for numerical solution on 


ES 


a computer.] 
Using the trial wave functions 


1S: u= Nye 1/289 

2 
25 : Ny (1 _ T e7 1/284? 
1P : u = Nye, 


minimize £ in order to determine the parameter 8 for each wave func- 
tion. Then find Æ. For numerical purpose, use me = 1.52 GeV, 
K = 0.48, a = 2.34 GeV~'. Compare your results with the experi- 
mental values. 

Using the equation 


R Ey EAE r 
[Saat 7 27 ( dr k E 27 E me ns i 


evaluate |W,,,(0)|? by using the above wave functions for 15 or 25 states 
in order to determine < 1 /r? >ns With the parameters (’s determined 
in the first part of the problem. Hence evaluate the mass difference 
Y — 7. and Y’ — n), and compare your results with the experimental 
values. 

From Eq. (8.76), using similar proceedure used in deriving Eq. (8.81), 


show that for p-wave 
1 _ 2p fdV 
r3 j par ay or ae 
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Chapter 9 


Heavy Quark Effective Theory 


9.1 Effective Lagrangian 
The QCD Lagrangian (7.52) 
= . = 1 V 
L = qiq” (On — igsGu) q — mq — zTr(G“ Gv) 


for light quarks is chiral invariant in the limit mx¢,. — 0 as discussed in 
Chap. 11. For a heavy quark c, b, or t, the chiral symmetry does not hold. 
However, QCD has asymptotic freedom which implies that the effective 
coupling constant a; decreases logarithmically at short distances or high 
momentum transfers. This is the basis for perturbative QCD, i.e. above 
a certain mass scale u, the perturbative QCD is applicable. The size of 
a hadron is of the order of Agop, where Agcp ~ 0.2 GeV (see Chap. 
7). Thus for a bound state of quarks or (quark-antiquark), we are in the 
nonperturbative regime, i.e. in the confinement region. 

Consider for example a bound state of light-heavy quark-antiquark, viz 
qQ or Qq. In the limit mg — œ, heavy quark (antiquark) can be taken as a 
static source of field in which light antiquark (quark) moves. The situation 
is like hydrogen atom. In the limit mg — oo, the Hamiltonian for the light 
degrees of freedom in analogy with H atom can be written to order v?/c? 

7 1 1 
Srl Taree x p) — anv E°, (9.1) 


where E° is the color electric field, V.(r) is related to E° by E° = — We = 


and p = —iv. Although Agcp/mg is small, it is still finite. The effec- 
tive heavy quark theory provides a framework to take into account 1/mg 


corrections. 
The starting point is to define a four-velocity 
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=— = =— 9.2 
E dr’ drd y 22) 
Vo => Y. — Vv? 
so that 
va=viuy,=7-Yw=7(1-u’)=1 (9.3) 
It is convenient to define 
Y = "up, Sp (9.4) 
The Dirac equation for a heavy quark is given by 
(ig D, — m)V¥ =0 (9.5) 
where D, is the covariant derivative 
Di = 9 igsG (9.6) 
one. Oxy, Isu ` 
ÀA A 
Gy = 5 Cu 
We define the projection operators 
1 
P= 5 (14%) (9.7) 
Note that in the rest frame v = 0 
1 
Py ==(1+7 
+= 5(1+7), 
i.e. it projects out upper and lower components of Y. Write 
W=P,V+P_U 
= enimi +h_,] 
= CUE ag ie eve h y (9.8) 


where 


hy = ert P y 
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We note that 
Phsv = hyo, Ph_y = —h_-y (9.9) 


P4" = "P + o” 


Py =o" P} — v” (9.10) 
Using Eqs. (9.8), (9.9), and (9.10), we obtain from Eq. (9.5) 
(iy: D + iv- D)h-y +iv: Dhyo =0 (9.11) 


(iy: D — iv - D)h4v — (2m + iv - D)h_y = 0 (9.12) 


Note that h,, and h_, are not decoupled. The next step is to show that 
to order 1/m?, the equations for h}, and h_, are decoupled. From Eq. 
(9.12), one obtain 


es iy: D—iv. D 
O Dim pape D T 

1 tv D 

= i- p Ia D- iv- Dlhy (9.13) 
2m 2m 
Thus from Eqs. (9.11) and (9.13) to order 1/m, we get 
mD iw.D 

liy- D + iv- D2 a hay tiv: Dhyy =0 (9.14) 


Now 
y Dy D = 7 DaDo 
t U 
= Dp? - a [Da Dv] 


=D? = a (9.15) 
Hence from Eq. (9.14), we obtain 
D2 4 iw- D 2 
liv- D — 3m | Gw- eae =0 (9.16) 


This is the Pauli form of Dirac equation to order 1/m. The corresponding 
Lagrangian for the field h,, is given by 


T . D? + (iv. D}? _ Gs w 
Leff = hiayliv -D Im | tae G pitas (9.17a) 
L : Di Js v 
= hy eu : D — = eG lhicg (9.17b) 
2m 4m 
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Note that h,, annihilates a heavy quark. In the limit m — oo 
Leff =haviv: Dhyy (9.17c) 
Now from the relation 
—ið t(x) = [P,, U(2)| (9.18) 
it follows through the transformation (9.8) that 
id hry = Mvyphsy + [Pa hoo] (9.19) 


This shows that a derivative acting on h,, corresponds to a factor of the 
residual momentum k,, carried by the heavy quark 


—kyp = Mvp — Pu (9.20) 
so that k, indicates how much heavy quark is of-mass shell. In the limit 
m — œ (no recoil limit) with v, and k, fixed 


k 
ogre = A =v, + PA > Vy (9.21) 


One would expect the heavy quark to carry most of the momentum of the 
qQ bound state, but not all: 


Pe = pu tl, = mug +1, (9.22) 


where pe = Mpv, is the momentum of the bound system and l, is that 
which is carried by the light degree of freedom. Now mg = m + ma- B 
where B is the binding energy supplied by the interaction through gluon. 
Thus from Eq. (9.22) 


l 
Oh all = a — a (9.23) 


so that again greek — Vy, asm — œ and a comparison of Eq. (9.23) with 


Eq. (9.21) shows that in the limit m — oo, the interaction with gluons 
can change k,, but not ai = v,; the velocity of the heavy quark can be 
altered only by an external current which absorbs “infinite momentum”. 
Thus in a hadron, the light degrees of freedom are independent of the 
heavy quark mass, i.e. residual motion of the heavy quark in a hadron can 
be taken into account by adding the effective Hamiltonian for heavy quark 
Q from the Less given in Eq. (9.17) to the Hamiltonian for the light quark 
given in Eq. (9.1). We will come to this point later, when we discuss the 
masses of heavy hadrons. 
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The third term in the Lagrangian (9.17a) undergoes short-distance QCD 
corrections and as such is multiplied by the renormalization factor 


Zo (u) = | eal 


as (m) 


\ (9.24) 


with Zo (u =m) = 1. 
The heavy quark propagator in QCD can be written in HQET using 
Eq. (9.20): 
m+y7-p ca 1+% 


id; p2 — m2 Tie — id; 2 (w TK a ie) (9.25) 


where we have neglected the term k?/m — 0. The gluon heavy quark 
vertex can be written from the Lagrangian (9.17) and is given by 


igsv” (Ts), (9.26) 
The following relations are useful 


Py + hy = 20" 


Pup = 2p} — Yu (9.27) 
From Eq. (9.27), one can write 
hay this = hago! has (9.28) 


9.2 Spin Symmetry of Heavy Quark 


In the limit m — oo, the Lagrangian Leff given in Eq. (9.17) has additional 
symmetries not present in the full QCD Lagrangian. One such symmetry, 
namely the spin symmetry of heavy quark is reflected in the fact that the 
first term in the Lagrangian Eq. (9.17b) makes no reference to the Dirac 
structure at all which can couple to the spin degrees of h,,. 

More explicitly define the spin: 


a 


st = —si = —75¥7- ei (9.29) 


where 


eine, = —OjR (9.30) 


In the rest frame of h, 
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thus 
Si = Y5 (vo) are 


Oi 0 i 
= vosi = & =-s', (9.31) 


i.e. we get the usual definition of the spin. We note that the Lagrangian 
Ler f given in Eq. (9.17a) is invariant under the infinitesimal transformation 


hay =i6- shiv 


Ohyy = —10 shy» (9.32) 
Now the Noether current is given by 
OL 
J! = -i—— Shi, 
DD A 
= hayv'shiy (9.33) 


Hence the spin operator is given by 
S= pe (x, t) dx 


= vo f Reosh nde. (9.34) 
Note that 
(Si, hiv] = —sihyy (9.35) 


We conclude that the Lagrangian Leff in Eq. (9.17a) is invariant under 
SU(2) of heavy quark spin symmetry. It means that pseudoscalar and vector 
meson states |P(v)) and |V (v,€)), containing the same heavy quark, with 
momentum pe = mgpvu, can be related to each other: 


S3 (v) |P(v)) = —|V(v,€)), S? (w) |P (v)) = IV (w, 6) (9.36) 


Thus their masses are degenerate in this limit. This degeneracy is lifted by 
the third term in the Lagrangian (9.17) giving e.g. for B* (17) and B(07) 
mesons, the mass difference (m3, — mg) which scales like 1/mp. 

The second symmetry of the Lagrangian (9.17) in the limit m — oo 
arises when we introduce two distinct flavors hı (e.g.b) and he (e.g.c). Since 
the first term in Eq. (9.17) makes no reference to masses m; (i = 1,2), and 
since mass is the only property which can distinguish between quarks of 
different flavors in QCD, the effective theory has a symmetry under which 
hı (v) © hə (v). It may be emphasized that this symmetry does not in 
any way depend on mı = mz but only on m; > A, where A is a scale 
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parameter such that 1/A determines the size of light degrees of freedom in 
the bound state and is a few hundred MeV; it may vary from process to 
process. Note also that the flavor symmetry holds between heavy quark 
fields of the same velocity and not with the same momentum. This flavor 
symmetry together with the spin symmetry mentioned above gives rise to 


SU(4) symmetry for the system @ 3 ) and has been used to relate the 
2\U 


matrix elements of flavor changing effective currents which mediate weak 
decays of mesons containing heavy quarks. Since we will be dealing with 
hy only, we will drop the subscript + in what follows. We first note that 


[SP h Thy] = —hyTsihy 


a? Y 


Ea hy Thy] = hy sD hy (9.37) 


wi? v 


These equations follow from Eq. (9.35). Their use is as follows: 
Consider the transition B7 (v) — D (v’). Then from Eq. (9.37), we 
obtain 


i(D (v’)| [a 2b. |B- (v)) = (D° (v) 
Now using Eq. (9.36), 
i(D" (v’) | Z, Tb |B- (v)) = (D° (v| [2,83Pb.]|Bo (v)) (9.39) 


where s3 = 75'7°€%, €p is polarization vector for D*°. For I = y# (1 — 7s), 


[Ey sirbe] |B7 (v)) 
(9.38) 


we have 
say" (1 — 5) = 95 WWP 7” (1 -— ys) (9.40) 


Now using 


PPY = gP — gP A PEA + iH aw, (9.41) 
‘(De (’)| [ey (1 — 7s) bu] | Bo (v)) 
= (vrer — ulet ier, €5) 
x (D? (v) | eure (1 = 75) be] |B (v)) 


4 F 
=— (ye zy Tesha ier, 5) 


x A [éo (v . v') (v + v') | (9.42) 
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where we have used the fact that cy"b is a symmetry current, so that 


1 1 + 
(D (v )| etude 11B- ( o) = g [oe v) (v+) (9.43) 
y 4vou u 
with 
& (v*) = &(1)=1 (9.44) 
Another application of Eq. (9.37) is for the matrix elements of the 
current gy" (1 — ys) b, (q = u, d, s) between the vacuum and B meson state 
viz 
(0| [S?, qb] |Ba) = — (0| gr's:b |B) (9.45) 
Hence we get 
i (0| grb | By) = — (0| aP (75% 7: €) b| Ba) (9.46) 
Thus for [ = 7 (1 — y5) on using Eqs. (9.40) and (9.41), one obtains 


i 


(fs; eu) = ifo, MB, V €p = ifB, VBa Eu 
fB: = \/MB,B; fB, = MB, fa, (9.47) 


m 
By 


where we have used 


(0| a7"756 | Bg (p ==" fe, = Viir, v” (9.48) 
(01gb |B} (p)) = 4/ Lefa = \/ e fe: (9.49) 
2po — * U0 


The results obtained in Eqs. (9.42) and (9.47) will be used in Chap. 15, 
where we will discuss the semileptonic decays of B mesons involving the 
vector and axial form factors in the transitions B — D, D*. 

Similar results can also be derived by the following procedure (called 
trace technique). For vector and pseudoscalar meson fields, we can write 
(P=B or D) 


and 


1+% 
2 


where a = 1,2,3 for u, d and s quarks and P, 
operators normalized as 


(0 [Pial Q Ga (17)) = €x (9.51) 


H, = BA R = qs Pa] , (9.50) 


P* 


a, and Pa are annihilation 
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(0|PalQ Gq (07)) =1 (9.52) 
We define the adjoint field 
1+y% 


Ha = PHY = [-Piyir! + Pars] — (9.53) 
We note that 
YH. = Ha 
Hoy = —Hg (9.54) 


The spin symmetry which relates P, and P;,, is automatically incorporated 
in Eq. (9.50). 
In case of spinor field V(x), the wave function can be written 
(0 |W(x)| p) ~ e'P®u(p) (9.55) 
Then in view of Eqs. (9.50)-(9.52), we can write for mesons containing a 
heavy quark 


(0 Hal Pa (0)) = -Pas (9.56) 
(0| Hal P; (0,0) = = fine (9.57) 


We now apply the above considerations for the matrix elements 
(07 (v’) |J,| O7 (v)) and (17 (v', e) | J,| 07 (v)) where J, = Vy — Ay. Using 
Eqs. (9.56), (9.57) and (9.50)-(9.53), we get 

(07 (v’) |J] 07 (v)) 


E 1 ; 1+% 1+% 
= age ere ee eee 
E Cees (9.58) 


ye Le 1+ 
Tr | iy" aq 5) x tt, 


eine E(v-v’) [i> Hu ete +(1+v'-v)e&—v-e*v4] 


VV 4v0UG 


(9.59) 
Note that since only vector current contributes in Eq. (9.58), the form 
factor €(—v-v’) is normalized as €(1) = 1. Comparing Eqs. (9.58) and 
(9.59) with Eqs. (9.40) and (9.46), we see that trace technique gives exactly 
the same results for B — D(D*) transitions as previously obtained. 
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9.3 Mass Spectroscopy for Hadrons with One Heavy Quark 


We now discuss the effective Lagrangian (9.17a) in relation to hadronic 
masses containing one heavy quark. We introduce the following notation: 
Write a pseudoscalar (vector) heavy meson as P,(P7), P = B or D, q= u, 
dor s and we take m,, = mq. The heavy baryon is written as Bg, Q = b or 
c, B=A,=,%, = or QD ; the light quark content and spin configurations are 
contained in these symbols. 

Define 


a(P) = (P|h,D*h, |P) (9.60a) 


d(P) = Zo (1) (P| gshuo"” Guy hy |P) (9.60) 


We take a(P) and d(P) independent of the light quark flavor q. We also 
assume 


a(B) =a(D)=G4 (9.61a) 
TE Zo (u)a(B) = TPZ (u)a(D) =a (9.61b) 


These assumptions imply that interquark interactions are flavor indepen- 
dent. To understand the physical meaning of these terms we go to the rest 
frame of Q (i.e. v = 0). In this frame 


Ww . D p— 9sGo (9.62) 
—D? = (V —igsG) -(V —igsG) = D? (9.63) 
0 —io - E° a-BS 0 
pv v= 2 2 : 
o Gy ee 0 ) + ( 0 ae (9 64a) 
where 
1 
Goj = —E; , B; = Eik C jk (9.64b) 


are the color electric and magnetic fields respectively. Thus ha D?h, is 
gauge invariant extension of kinetic energy term representing the residual 
motion of heavy quark in a hadron and term hy oq°B‘h, describes the color 
magnetic coupling of the heavy-quark spin to the gluon field (S = $0) [we 
have exhibited the subscript Q with ø]. 

Matching Eq. (9.62) with V in Eq. (9.1), we can write the effective 
Hamiltonian for a bound hadron containing one heavy quark Q as 


H = H, + Ho (9.65) 
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where Hg takes care of the residual motion of the heavy quark. Note that 
9sGo a —V.(r) 


has been absorbed in H,. In view of Eqs. (9.63) and (9.64), Hg is obtained 
from Eq. (9.16) or from Less in Eq. (9.17a) to order 1/mg as follows: 


D? TQ: B° 
Note that the second term on the right-hand side of Eq. (9.66) represents 
the interaction of color magnetic field B° with color magnetic moment of 
the heavy quark uo = Ina (Zo (u) gs). 
We note that the term og:B* gives rise to color magnetic moment in- 


teraction of the type Hq'uo which induces a term of the type (ks = 5) 


Now 
oe —3: for spin singlet (1S) state 
ge er \1: for spin triplet (#51) state 
Then the Hamiltonian (9.65) gives the masses of the heavy meson P} and 
P* 
q 


a a d(P) 
= A 9.67 
MP, MQ q 2MQ 2mg ( ) 
= a _ d(P) 
mP = MQ Aq 2mo T 6mo (9.68) 
where we have put 
Aq = (Hq) +m (9.69) 
and 
SG, 
d= 22) (gra,k,)|¥5(0)[? 
2meQ 
From Eqs. (9.67) and (9.69) the following mass relations are obtained 
2d(B 
MB» — MB, = MB} — MB, == ( ) (9.70a) 
3 Mp 
2d(D 
MD» —MDı = ™MDp* <TD z3 5 ( ) (9.70b) 


3 me 
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ee 1 
MB, — MB, = (A, = Aa) +O (=) (9.71a) 
me 1 
MD —MDı = (As — Aa) +0 (+) (9.71b) 
s Me 
— —_ a 


where 
= Supe ime (9.72) 


Experimentally (in MeV) 


Mp» — Mp: = 140.64 + 0.10, Mpt» — Mp+ = 143.8 + 0.4 
Mps — Mp, = 45.78 + 0.35, mp: — Mp, = 46.5 + 1.2 
mB, — Mp, = 87.5 + 0.6, Mp, — Mp, = 98.87 + 0.30 

mp = 5313, mp = 1971 


which are compatible with equalities obtained in Eqs. (9.70) and (9.71). 
From Eqs. (9.70) and (9.61b), we also obtain 


— ™mpd(B 
ms (mp: —ms) _ Ta Zoln) _ E a 9-738) 
Mp(mp+—mp) maD) Z(u) Qs (Me) j 
Using the experimental values for the masses, we obtain 
as (me) 9 G9 (9.73b) 
as (Me) 


Eq. (9.73b) is compatible with a, (mp) ~ 0.22, as (me) ~ 0.32 [see Chap. 
15] used in discussing the decays of D and B mesons. If we use mp = 4.9, 
Me = 1.5 (in GeV), then from Eq. (9.70), we get 


d(B) < 0.07 GeV, d (B) ~ 0.34 GeV? (9.74a) 
™b 
a) ~ 0.213 GeV, d(D) ~ 0.32 GeV? (9.74b) 


Cc 
It may be noted that we cannot use Eq. (9.71c) to determine ā, in a 
meaningful way since it is very sensitive to quark masses my , Me which are 
not well known. Finally we note from Eqs. (9.67), (9.69) and (9.72) that 


MB- mM = Ma +0 (=) (9.75a) 
Mp 
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which gives for mp ~ 4.9 GeV, 
Aa ~ 0.41 GeV (9.75b) 


With the help of Eqs. (7.105) and (7.106), we can derive the mass 
formulae for heavy baryons using Eqs. (9.65) and (9.66). The masses for 
the baryons Ag , Ng and NG, can be obtained as 


Mag = mq + Ka ae ree (9.76) 


4Muma l 2mo 


= 3 y, a _ iE) 


Mso = mQ Aa Amma 2mo mo (9.77a) 
z 3 ~ @ dg) 
= Aad À 9.77b 
MEg = Me q AmyMa 2meQ ‘i 2meQ ( ) 
where @ and d are given in Eqs. (9.60) with P replaced by Bo and 
Q 
Ag = (Hq) + Ma + Mu (9.78) 


and parameter À arises from the color magnetic moment interaction of light 
quarks in a heavy baryon [cf. Eq. (7.86)]: 


_ 8a 2 Sq Saz <3 
Haq = 3 ( Zas) a (r) (9.79) 
From Eq. (9.79), one can write 
(Haga) = À (Saia ) (9.80a) 
™qi qo 
where 
LAB N ile tes a ate 
A= (ža) z (Fo (|Y) (9.80b) 


The masses for other baryons can be obtained from ma, , Mpg and my» 
by appropriate replacement in the light flavor index. From Eqs. (9.77), 
(9.78), we get 


Ma, — Mz. = MEg — Mag = My, — Mag TF (9.81) 
1 , 1 
2 (mza i mag) Ma Ta (ms; Mo) ma =0 (282) 
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With the present experimental values for the charmed baryons. [see Chap. 
8 and Ref. [11]] 

Mg, — My, = Mz, —m_, ~ 65 MeV (9.84) 
Thus the mass relation (9.82) is well satisfied. From Eq. (9.82) then we 
obtain 


Mos = Mo, +65 MeV ~ 2765 MeV (9.85) 
We also note from Eqs. (9.74b), (9.82) and (9.84) that 
d(e) 9.9 (9.86) 
d(D) 
Further from Eqs. (9.71) and (9.83), 
Sra a-a] = [(m,-m,,)- CH, -m,)] (9.87) 
Now m,, — Ma, ~ 3.34 GeV ~ Mm, —™,, therefore a = @. Using a = q, 
one gets from Eqs. (9.77), (9.78), (9.71), and (9.72): 
Ma, — Mg = Mi, — Mp =a- Aa (9.88) 
where 
= 1 
mo =] [ma Ema, 4 2m, | (9.89) 


Thus using m,, = 2.443 GeV, 
Ag — Ag = 0.47 GeV (9.90) 
Also from Eqs. (9.77) and (9.78) 


IE eae ke aes CS) (9.91) 
zQ ^e Muma Mo 
Thus in particular for charmed baryons, 
À Di Gch 
mama = (ms, = ma.) T 3 (ms, = My.) 


~ 168 + 43 ~ 211 MeV (9.92) 
which is not very much different from a) ~ 213 MeV (see Eq. (9.74b)). 


The success of the mass formulae Eqs. (9.7 0) and (9.82) cannot be taken 
as verification of HQET, since similar formulae also hold for light hadrons 


[see Sec. 7.6.2]. If we follow the approach of Chap. 7 for baryons and put 


~ A 
d= — (9.93) 
mq 
then Eq. (9.83) remains unchanged. Using m,, —m,, = 168 MeV, we 


obtain 
Myx — My, ~ 67 MeV 
»— Ms, = 20 MeV (9.94) 
My, — Ma, ~ 199MeV, (9.95) 
i.e. the results similar to the ones obtained in HQET. 
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9.4 The P-wave Heavy Mesons: Mass Spectroscopy 


So far we have discussed only S-wave heavy mesons. We now discuss P- 
wave mesons for which experimental evidence is available. Since the spin 
of heavy quark is decoupled, it is natural to combine 


j=L+8, (9.96) 
with Sg to give 
J=j+ Sọ (9.97) 


for the bound Qq system. Thus for the P states we get two multiplets, one 
with j = 3/2 and the other with j = 1/2. Hence for £ = 1 we have four 
multiplets 


[D3 (2*)] j [D1 (as 


and 


[Di 1*)], [Po (0*)] 1/2 
It is useful to write down the angular momentum part of the wave 
functions for the four P-states. According to the angular momentum scheme 
outlined above, P-state can be labeled as |JM jso). We can write these 
states for Dz mesons: 


ae +1 0 
|D3, M = +1) = ya [Yioxd* + Yur] 


7 A [Yiox3" + Yi-1x4] 
* 1 +1 (0) —1 
|D3, M = 0) = V6 [Mite ba 2Y10X4 + Yuixy ] (9.98a) 


Z [—Yioxt? + Vir (x9 + 2x°)] 


D,,M = +1) = 
G ) Ens + ¥i-1 (x8. + 2x? )] 
|Dı, M =0) = = [-Yi-ixt? + 2Y¥iox® + Yuxz'] — (9.98b) 
2 [-Yioxt? + Yar (x9 - x) 
D*,M = +1) = zl 
IDI ) Ea 14+Yi(- x£ x®)| 
1 >- 
|\Di, M = 0) = aa [—Yi-1xt" — Yiox® + Yux3"] (9.99a) 
1. 
|Do, M = 0) = —= [Yi-ixt" — Yiox$. + Yurxz"] (9.99b) 
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The degeneracy between j = 3/2 and j = 1/2 states is removed by the 
spin-orbit coupling term S,-L in the Hamiltonian H, given in Eq. (9.1). 
viz the term 


1 1 dV. 
2 ae $ =| 
where 
4 1 K’ 
R Sn J 
V, 32s E (9.100) 
is one gluon potential. Thus using [cf. Eq. (8.21)] 
1 
(S4 °L)j=3/2,1/2 = 5) 71 (9.101) 
we have 
1 et OS 
Mj=3/2 = Mji=1/2 = 2 +1 Ài = z^ (9.102a) 
where 
5m. +3m 
mj=3/2 = —>—— 5 2: (9.102b) 
BM p Mp 
mj=1/2 = — (9.102c) 
a 1 1 dV, Kk! 1 
Aliq = = 9.102d 
"g 4m? € dr ) 4m? (=), ( ) 


(subscript 1 on À refers to l = 1 state). The degeneracy between the doublet 
Dš and D; and the doublet Df and Do is removed by the term og-B* in 
the Hamiltonian (9.66). For P-wave this term induces the color magnetic 
moment interaction of the type 


Siz = [12 (S4 - n) (So - n) — 48, - So] (9.103a) 


where n is a unit vector >. To see this we note the interaction Hamiltonian 
for dipole-dipole interaction is given by 


Hint = -uo B° (9.103b) 
where the field B° produced by the magnetic dipole jug is given by 
B(r) = 2a. THe = qô? (F) (9.103c) 
Hence 
1 ST 3 
Hin = —3 [(uQ * Hq) — 3(0 - uQ)(n ` Hg)] — HQ: Ha” (T) (9.104) 


r3 3 
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This term induces a term 


1 1dV.  d?V. 3 K’ 
— .1 
12mymaq S12 E dr dr? 12mgmq S12 (= ) (9105) 


in Eq. (9.1). Then using the angular wave functions for the states D3, D1, 
Dj, and Do given in Eqs. (9.98) and (9.99), 


(S12) ps = —2/5, (Si2)p, = ; (9.106a) 
(S12) p: = 2 (S12) p, = —4 (9.106b) 
Hence the masses for these states, can be written as 
MD, = Me + Aig + Sag + se : i (D) (9.107) 
Mpa = Me + Aig a x “2 (9.108) 
mps, = Me + Aig — Arg x 1a) (9.109) 
MD, = Me + Arg — Arq ot 120) (9.110) 


where 


2 Kk’ /1 
dı (D) = 5 (4) 
Ma \T fap 
and the parameters @ and d; refer to P-state, similar to @ and d for S-state. 
From Eqs. (9.105) and (9.110), 


16 dı (D) 
MDž, = MDa = -i5 dme (9.111) 
16 dı (D) 
MDa T MDa a Dm 
=e: (mos, a mp.) (9.112) 


Needless to say that for b-flavor P-states, replace D by B and me by mp. 

Using the experimental values for the masses, one finds m Dz — Mp, & 39 

MeV; mp», — mp,, © 38 MeV. Thus relation which gives mp; — MD, = 
mp», — MpD, is well satisfied. From Eqs. (9.107) and (9.108) 

dı (D) 

2Me 

Using the values of mpz, Mp,; Mp», , and mp,,, Eq. (9.112) gives 


~ —36 MeV (9.113) 


mpx — MD © —190 x Mp*, — MDa (9.114) 
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Now, Eq. (9.112) gives mD, < mp,,, which is against the hierarchy in 
which we expect the P-wave states, i.e. Dig to lie above Dog. In deriving 
Eq. (9.112), ie. mp;, < mp o,, we have used the same dı for j = 3/2 
and j = 1/2 states. However, to arrive at the result mp;, > mp,,, dij = 
3/2) must have opposite sign to that of di(j = 1/2); in that case there is 
no reason to believe that they have the same magnitude. This is highly 
unlikely; in fact it is impossible since the sign and magnitude is determined 
by Sj. given in Eq. (9.105), with the one gluon exchange potential given in 
Eq. (9.100). However the above deficiency can be removed by taking into 


account the relative motion of heavy quark to give the spin orbit coupling 
S-L 
2MqgMQ° 


This term induces a term 


1 (g-L) Ea 2g.) (=) (9.115) 


Mamo r dr = 2M_gMQ 


Then the wave functions given in Eqs. (9.98) and (9.99), give 


Sipel Gupse -5 (9.116) 
(S-L)p, = -4, G5 => (9.117) 


These terms give an additional contribution to the last two terms in Eqs. 
(9.107)-(9.110) which are modified to, 


9d\(D) 1d,(D) 2d,(D) gu) 


.11 
5 m 3 m 3 m ’ Me (9118) 
Thus instead of Eq. (9.111) and Eq. (9.112), 
32 dı(D 
mps, — Mo, = 3 2) (9.119) 
16 d,(D 
m p* M Dqo 3 1 ) (9.120) 
5 
MD = MDa = 2 (mo; = mpa) (9.121) 
From Eqs. (9.119) and (9.70b): 
d (D) 5 MD}, = MDa _ f 0.086 for q=d (9.122) 
d(D) 16 mp;-mp, | 0.082 for q=s i 


ie. dı (D) and d (D) are independent of light flavor. Now using the exper- 
imental values of D3, D,, Dz, Dsı and D%;: 

5 
2 


MD. = Mp: — = (mp, — mp,,) = (2356.2 + 1.7) MeV (9.123) 
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mps — MD,» = (103.5 + 1.1) MeV (9.124) 


mp; — mp, = (102.0 + 1.6) MeV (9.125) 


(mp:, mp») (MD. — Mp,) = (1.5 + 3.0) MeV 
~ 0 MeV (9.126) 


The mass difference between S-wave J = 1 and J = 0 mesons: 


Mp.+ — Mp+ = (143.8 + 0.4) MeV 
Mp0 >= Mpo = (142.12 See 0.07) MeV 
Mp+ = (140.65 + 0.10) MeV (9.127) 


m 


D* 


Mp+ —Mp+ = (98.88 + 0.301) MeV 
mp: —Mp* = (102.05 0.64) MeV (9.128) 


We conclude from these equations and those proceeding them that mass 
differences are independent of light flavor and 


1 
(mD; ai MDa) 7% W (mo; — mp,) (9.129) 


The mass of Dj is not experimentally known, since it has not yet been 
observed. Unlike D%, which is a narrow resonance, Dj is expected to be 
broad resonance as its decay to D*7 is S-wave decay and it is energetically 
allowed. However in the potential model its mass can be obtained as follows. 
From Eqs. (9.107, 9.108): 


= MD, =~ mp, (9.130) 
and from Eqs. (9.109), (9.110) 
(Ais = Aya) = (1s = àia) = Mp: — MDž 
= MD. — MDo (9.131) 


Hence from Eqs. (9.130), (9.131), one gets 


I3 2 
(mp 1 mp, ) (mps mpz) _ gis = Mid) 


= (mp;, — Mpz) — (mp, — mp;) 
(9.132) 
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Now from the experimental masses of D%,, D3, D,, and D; : 
MD*, = MDs = (109.8 = 1.9) MeV 
mp, — Mp, = (113.0 + 0.3) MeV (9.133) 


Hence from Eqs. (9.126), (9.128) and (9.133), we conclude that in the 
potential model, the mass difference between the bound states (c5) and (cd) 
is of the order of 100 MeV. This is a general feature of potential model. 


Thus from Eq. (9.132): 


Ais © Aid 
(mps, — mps) = (mp, — mp,) = (113 + 0.36) MeV (9.134) 
Hence 
mp; = (mp, —mp,,) — mp, = (2346.2 + 1.4) MeV (9.135) 
and on using Eq. (9.125): 
Mp, = Mp: — (mp; — Mp,) = (2244 + 3) MeV (9.136) 


However the J = 0, P-wave states 0+ : (D*), Dj), discovered experimen- 
tally have masses (2317.8 + 0.6) MeV and (2318 + 29) MeV. These states 
satisfy the following mass relations 


mp: — mp; © (9.137) 
(mp: — mp» ) = (141.7 + 1.2) MeV 
(mp; — mpz) © (28 + 30) MeV (9.139) 


The pattern of mass relations for these states given above is hard to un- 
derstand in the bound state model (cq)z=1. Hence we conclude, the exper- 
imentally discovered 0* states Dj and Dž% do not fit as the bound state 
(cq)t=1. This is because the bound state predicts 0* states Dso and Dy at 
masses given in Eqs. (9.123) and (9.136), which do not satisfy Eq. (9.137). 

We conclude that potential model combined with HQET give masses 
for S-wave heavy mesons in reasonable agreement with experiment. For 
P-wave states: (c¢),=1, the potential model gives 


Mj=1/2 < Mj=3/2 


5 
ql M Dao = 2 (mo; a mpa) 


9.5. Decays of P-wave Mesons 275 


Out of the multiplets (mos, — MDa) 5/4 and (mo, — mw), ie 
Dž, D3, Dı and D, have been experimentally discovered. However ex- 
perimental discovery of the D{, Dso, Do states at the masses predicted by 
the potential model is still awaiting. The states D; and Do do not follow 
the general features as bound states of (c5)z=1, (cd)z=1 and (cū)z=1. The 
states Dj and D%o are good candidates as tetraquark states (see [8,9]). 


9.5 Decays of P-wave Mesons 


We now discuss the strong decays of P-wave mesons. Parity and angu- 
lar momentum conservation restricts these decays to the following modes: 
D3 > (Dr)j2g, D3 > (D*T)z2; Di, DI > (D*7)j29., and Do > 
(Dr),_9- Note that Dı, D{ — Dr is forbidden due to parity conserva- 
tion. 

It is convenient to express the decay width in terms of the helicity 
amplitudes (see Eq. (4.41)) 


[v= z2 | (9.140) 


87s 


In the rest frame of the decaying particle the helicity amplitudes which 
contribute are FY, F2, Fo, Fly, F$, Fi} and FP. In the heavy quark 
limit the helicity amplitudes are related as follows: 

j = 3/2 multiplet: 


2 
Fi =-2Fl = F? = Fs, (9.141) 
v3 ~ 


j = 1/2 multiplet: 
Fis -fl =É (9.142) 


The simplest way to see this is as follows. The emission of pion by Dy 
would not affect the velocity of heavy quark. Thus it is the operator S,-n 
which is relevant for these decays. If we select the direction of quantization 
along z-axis, (i.e. L, is taken along z-axis) then for the helicity amplitudes, 


the operator S3q4/ a Yio contributes. Then using the wave functions in 
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Eqs. (9.98) and (9.99), it is easy to derive Eqs. (9.141) and (9.142) by 
considering the matrix elements of the type 

Fy = f (D* (D) ,A|S3q¥i0| Ds, A) (9.143) 
where f is the reduced amplitude. Since hadronic decays of D> are pure 
D-wave, it follows that Dı — D*z is also D-wave. As such for these 
decays, FY (s) ~ Ipx|’. Similarly since the decay of Do is pure S-wave, it 
follows that the decay of Dj is also pure S-wave. The above restrictions 
are consequence of relations (9.141) and (9.142) which hold in the heavy 
quark spin symmetry limit. Hence for the decays D3 — Da, D3 — D*r, 
and Dı > D*r, 


T(D; >D 2 [prl 
(PS Dra pr ~ 2.46 (9.144) 
D (D3 > D*r) 3 |Pr| D-r 
5 
T(D, > D*r) 5 IPrlp, pen 


: = ~ 1.05 (9.145) 
(DiS Der) ~ 3 pale, 


where we have used from the experimental data, |p;|p, = 505 MeV, 
[Pr] p+, = 389 MeV, |Pr| p, p+, = 355 MeV. Experimentally 
Tp =T (D3 > D*a” + D*7° + Dr” + Dn”) (9.146) 
= 43 + 4 MeV 


From Eq. (9.145) 


Tor (z ie) : ~ 0.30 MeV (9.147) 
je pe ae aaa 


which gives 


T po ~ 13.0 + 1.2 MeV (20.4 + 1.7MeV) (9.148) 

This is in disagreement with the experimental value given in parentheses. 
This shows that the decay Dı — D*m is not pure D-wave; there may 
be a component of S-wave. The S-wave widths are usually large, a small 
component of S-wave may be possible due to symmetry breaking, since 
heavy quark spin symmetry is not exact. This may be tested for By and 
Bı decays where the symmetry breaking effects are expected to be small. 

The decays Dj — D*ųr and Do — Dr are S-wave decays; thus the decay 
widths are expected to be large, i.e. in the range of few hundreds of MeV. 
No experimental data are available even on the masses of D{ and Do. 

The prediction 


T (D3 => D*r) 
and the other predictions on the decay widths of heavy hadrons have to 
wait for their verification till the experimental data is available. 
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9.6 Problems 


(1) Show that eF#"¥"-*h,, = eth]. 
(2) Using Eq. (9.35), derive Eq. (9.37). 
Hint: First show that 


Se 2 OOPS 
[Pages tha) holt, y)| = oE y) 


using the Lagrangian 
L= hayiv 2 Dho 

You may use the relation: 

[AB,C] = A[B, C], —[A,C], B 
Noting the fact that J = 1 mesons Dı and Dj both contain the spin 
singlet component y° in their wave functions given in Eqs. (9.98) and 
(9.99), so that E; transition of Dı and Dj to D('Sp) is allowed. Show 
that 


— 
w 
sy 


1 


A(D; > D* + 7)/A(Dı > Dy) = a 


N 


and 
A(D* > D* + y)/A(D* > Dy) = V2 
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Chapter 10 


Weak Interaction 


10.1 V — A Interaction 


In analogy with electromagnetic interaction J,A”, Fermi proposed for 8- 
decay the interaction J" J,,, viz 


Hint = G [Wi (x)y,Vo(x)] [W3(x)y"Wa(z)] + h.c. (10.1) 
The above interaction is for the process 
2-14+3+4 (eg. n-pte +). 


The interaction (10.1) can be generalized using five Dirac bilinear co- 
variants. Thus the most general non-derivative four-fermion interaction 
can be written as 


Hin = >, [Wi (@)P;Vo(a)] [V(r (C; — Ciqs)Va(2) 


+h.c. (10.2) 


where T;(¢ = S, V, T, A, P) are the five Dirac independent matrices: 
1, Yu Tavs Mp5, Ys- In writing Eq. (10.2), we have taken into account 
the parity violation in (-decay. 

For a massless Dirac particle, if Y is a solution of Dirac equation, then 
+75 is also its solution. Without loss of generality, we take only negative 
sign. Suppose particle 4 is massless, then the bilinear 


F(x) Wy (x) > -Ys (x) tys V4 (2). 
Hence for this case C; = Cj. Thus we can write Eq. (10.2) as 


Hint = 5 [Wil Wo] [VCT (1 — ys)Va] + h.c. (10.3) 


t 
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If we identify particle 4 with the neutrino, we have the result that only left 
handed neutrino takes part in weak processes. This is what is observed 
experimentally (see below). Thus irrespective of the fact whether neutrino 
is massless or not, Eq. (10.3) will hold if we take into account the fact that 
only left handed neutrinos take part in weak processes. Suppose we impose 
the chiral transformation for the field V3 viz V3 — —7;W3, then if Hin: is 
to be invariant under such a transformation, we have 


Cs = Cp = Cr = 0. 
Hence Eq. (10.3) becomes 


Hint = [Cv biu V2 — Cayuse] [37 (1 — 5) Wa] 


Guns 7 
= N [Tiyu (1 — ey)Y2] [E371 — 95) Wa] , (10.4) 
where we put 
eee 0s) 


Further we note that if we impose the chiral transformation on fields Y; or 
Ya, we have 


Cy =C4 (10.6) 


i.e. £ = 1 or V-A theory. We conclude that if one requires invariance of the 
four- fermion interaction under the chirality transformation of each field 
separately, we have the V-A theory. 

We have written Eq. (10.2) in the order 1 2 3 4. We can go to the order 
3 2 1 4 by Fierz reordering theorem: 


;(3214) 2s (1234). (10.7) 


l l1 1 1 1 
,{ 4 -2 0 2 4 
Mj=-G] 6 0 -2 0 6 |, (10.8) 
AD: o a 
Pet, i i i 


where 


K;(1234) = [WT Y2] [r Y4]. (10.9) 
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It is obvious that 
Kj (3214) = K;(1432). 


If we denote by S, V, T, A, P the five quadrilinears appearing in the order 
(1 2 3 4) and S’, V’, T’, A’, P’ when they appear in the order (3 2 1 4), 
then from Eqs. (10.7) and (10.8) we get 
Vi-A=V-A 
S’-T’+P’=S-T+P (10.10) 


i.e. these combinations are invariant under Fierz rearrangement. 


10.1.1 Helicity of the Neutrino 


To obtain a direct measurement of neutrino helicity, the following reaction 
was studied 


152 Buy =0-) +e > 152 Sm yPa1-) + Ve 
l 
=> (P#Smgr=0+) +9). 


The main point of this experiment is that we can select those y rays from 
the decay of the excited state which go opposite to the ve direction (i.e. in 
the direction of the recoil nucleus) by having them resonance-scatter from 
a target of 15? Sm. Balancing the spin along the upward z direction (ve is 
assumed to be emitted along this direction), one finds that the helicity of the 
downward y-ray will be the same as that for the upward ve. By measuring 
the circular polarization of y-ray, the experiment fixed the helicity of the 
y-ray as negative, indicating a left-handed ve. Thus it is established that 
only left-handed neutrinos take part in weak processes. 


10.2 Classification of Weak Processes 


10.2.1 Purely Leptonic Processes 
The well-known example is -meson decay 
L >e +e +. 


In this process four well-known particles u~, e~ , Ve, Vu, called leptons, take 
part. The decay process is described by V - A interaction [cf. Eqs. (10.4) 
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and (10.6)). 
-Hini = Ly = -7E {Pu Pu} {241-7 ve} 
EEEN (10.11a) 


Lin) and Lej, are lepton currents associated respectively with j meson 
and its associated neutrino v, and e~ and ve 


Liy =P — 7?) (10.11b) 
Leeju = VeYp(1 — Je. (10.11c) 


The 7“ and ¥° (= i7y°y!y777) appearing above are the usual Dirac matrices. 


We write the lepton current as 


u— TE u 
L4= Lh) + Lh) (10.12) 


Here Li, denotes the hermitian conjugate of L,,. One can also picture the 
process (1) as being mediated by a vector boson W,,, the so-called weak 
vector boson. This is shown in Fig. 10.1 below: Thus all leptonic weak 


Fig. 10.1 The muon decay mediated by a W-boson. 


processes can be described by interaction of the form 
Lw =—-—9gwLlh,W" + h.c. (10.13) 


where h.c. denotes the hermitian conjugate. Note that Eq. (10.13) is 
analogous to electromagnetic interaction of say electron which is mediated 
by photon and is shown in Fig. 10.2. 
The interaction responsible for the process shown in Fig. 10.2 is the 
usual electromagnetic interaction 
Le™: = ejg ™ af, (10.14) 
where a” is the photon field and jẹ™ is the electromagnetic current: 


dp = Spe. (10.15) 
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Fig. 10.2 Electromagnetic interaction mediated by a photon. 


Note the similarity between Eqs. (10.13), (10.14), (10.11b,c) and (10.15) 
respectively. Both the electromagnetic and weak currents are vector in 
character, the appearance of ys in weak current is due to the fact that 
parity is not conserved in weak interaction, in fact it is violated maximally. 
The coupling of electromagnetic current with the photon is characterized 
by electric charge (related to the fine structure constant a by a =a= 
1/137) while that of weak current with the weak vector boson field W, is 


2 
characterized by gw (related to the Fermi coupling constant Gr by oe = 


Gr ) 
AnV/2m2, ` 


10.2.2 Semileptonic Processes 


Some examples of these processes are given below 


n— pte +e 


qt et + Ve, pt Vy 
T =e +e, pb +p, 
yo So Ao pe +7 


K- or +e H De (10.16) 


From these processes, one notes the following rules: 


1. The hadronic charge changes by one unit, i.e. AQ = +1 
2. In the first three processes, strangeness does not change, in the last five 
processes it changes by one unit (AQ/AS = 1). 
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For hadrons, Gell-Mann-Nishijima relation 

Q=; + > 
implies that for AQ = +1, either AJ; = +1, AY = 0 or AJ; = +1/2, AY = 
+1, if we assume that AY = 2 processes are suppressed. The processes of 
first kind are called hypercharge conserving processes and those of second 
kind are called hypercharge changing processes. In all the processes listed 
above, we see that either AY = 0 or AY = +1; no weak process with 
|AY| > 1 is seen with the same strength as |AY| > 1 transitions. Thus we 
have the selection rule AY = 0, +1, AQ = AY. 

Since there are so many hadrons in nature, therefore to deal with semi- 
leptonic decays of each of them would be very tedious. Thus we use the 
simple picture of hadrons made up of quarks. The main thing about the 
quarks is that they are regarded as truly elementary similar to leptons. 
Their weak and electromagnetic interactions would then be like those of 
leptons. Thus in analogy with Eqs. (10.15) and (10.11), their electromag- 
netic and weak currents are respectively 


ean: Dp 1 - 1_ 
= zuu zud zeus (10.17) 
while 
J} = uya (1-5), (10.18) 
where 
d’ = cos hed + sin ĝas, s! = — sin bed + cos bes (10.19) 


Since in weak interactions flavor quantum number is not conserved, weak 
interactions eigenstates d’ and s’ are not identical with mass eigenstates d 
and s, they are linked as in Eq. (10.19). Here @, is the Cabibbo angle; its 
value is ĝe = 13° or sin ĝe = 0.22. This is introduced since it is seen experi- 
mentally that decay rates for |AY| = 1 semi-leptonic decays are suppressed 
by a factor of about 1/16 compared to those for AY = 0 processes. We 
shall deal with s’ in Chap. 13. Then in analogy with Eq. (10.11) or (10.13) 
the interaction responsible for fundamental processes like 


d—u+e +i. 
s—>u+e +2 (10.20) 
would be 
f Gr 
re ve, SE gh pet 
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es, 
Cae 


Fig. 10.3 Quark level process for neutron (-decay. 


ae 
P 
S 
d 
u 
Å 
Fig. 10.4 Quark level process for neutron A — 8-decay. 


or 
Lw = —gw J} W + h.c. (10.21) 


In this picture neutron 8-decay, A — 3-decay and K} —> mt + e7 + De, for 
example, would be pictured as shown in Figs. 10.3, 10.4 and 10.5. 

Note the very important fact that both the leptonic and hadronic weak 
currents in (10.11b, c) and (10.18) are charged, i.e. they carry one unit of 
charge and the hadronic weak currents (10.18) satisfy the selection rules 
|AY| < 1 and AQ = AY. We also note that in terms of flavor SU(3) 
notation we can write 


h + ; 1 
Jn = cos OJ, + sin beJ, (10.22) 
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Fig. 10.5 Quark level process for K? —> a+e~de. 


where weak hadronic current is a linear combination of vector and axial 
vector currents involving respectively y, and y,ys and are given by 


J =V — Az 
1 
= q3 + ià2)ya(1 — ¥5)¢@ (10.23a) 
1 l 
Jp = Ty a + is) Yw(L — ¥5)4- (10.23b) 
Note also that 
-1 
Tay = TAB (1 — 15) 4 (10.24a) 
1 
Jsu = TAs yu(l — 15) 4 (10.24b) 
1 
Ja” = Van ar — Vsp (10.24c) 


V3 


Here q = . The heavy quarks and s’ will be considered in Chap. 


Oo as 


13. 
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10.2.3 Non-Leptonic Processes 

Here no leptons are involved. The well-known non-leptonic processes are: 
A > pr (A2) 
A — pr’ (A9) (10.25a) 


ys” — nr (X) 
E+ = pr” (Ef) (10.25b) 


=° — A70 (E9) (10.25c) 
or 
K?, KÌ sata, n?n? 


K* > nt, n°, etc. (10.26) 


Note that all these decays are strangeness changing (|AS| = 1). Let us con- 
centrate on the decays (10.25), the so-called non-leptonic decays of hyper- 
ons. If we consider the decaying particle in its rest frame, the conservation 
of angular momentum J gives 


1 
Ji = = = Jfna = £+ s, 


2 
where Z is the relative orbital angular momentum of the pion and the baryon 
in final state. Since spin s = 1/2, Z can be 0 or 1. The pion being pseu- 
doscalar (having odd intrinsic parity), the relative parity of final state with 
respect to the initial state is 


P; = (—1)°(—1) = —1 odd for £= 0 
= (—1)!(—1) = +1 even for £= 1. 
The s-wave (£ = 0) decays are parity violating while p-wave (¢ = 1) 
decays are parity conserving. Accordingly decays (10.25) are governed by 


two amplitudes, parity violating (s-wave) and parity conserving (p-wave). 
We can write the Lagrangian responsible for non-leptonic decays as 


pM) = re) a Le) 


(10.27) 
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where J} is given in (10.18). The |AS| = 1 component of (10.27) behaves 
as 


Cr sin 0e cos 0ed 5Y (1 — y5)u} - {uy"(1 — ys)d}. (10.28) 
v2 

Now u and d belong to isospin doublet J = 1/2 while s is isospin singlet 
I = 0. Thus from the combination of angular momentum rules (isospin 
behaves like angular momentum) first term in curly brackets in Eq. (10.28) 
has I = 1/2 while the second term in curly brackets has J = 0, 1. Thus 
the interaction contains both AI = 1/2 and 3/2 parts. Experimentally 
AI = 1/2 part predominates over AJ = 3/2 and then decays (10.25a), 
(10.25b) and (10.25c) respectively get related among themselves. We shall 
come to these relations later. 


10.2.4 ys-Decay 
Consider the p-decay 
woe +, +e 


From Eq. (10.4), we can write the interaction as 


Hels E CAE a E (10.29) 


The interaction written in this order is called the charge retention order. It 
is easier to deal with this order in calculations. Here we have assumed 2- 
component neutrinos (left-handed v, and right-handed De) but have allowed 
V — £A interaction, where for V — A, € = 1 and in that case by Fierz 
rearrangement we get Eq. (10.11a). 

From Eq. (10.29), we can write the T-matrix for u~ decay: 


d —1 MuMeMy, My, GF 
> Gm) (eee 
x [t(p2)7a(1 — €75)u(Pr)] [w(ke)y*(1 — 75)v(k1)] (10.30) 


where p1, p2,kı and kg are the four momenta of u`, e7, V, and De re- 
spectively and u(pı), u(p2), u(k1) and v(k2) are Dirac spinors. From Eq. 
(10.30), we get 


1 MyMeMy, My, 


dr = ot ky —k 
50 (pı — p2 — ki — ka) P10P20k10k20 


(Gn) |M|? dB pod? kid? ko 
“us 


(10.31) 
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where 


_ G2 S 7 
mM? = D FP = (SE) Z aal - e)ul) 

spin spin 
2 
x |ū(k2)A (1 — ys)v(kı)| (10.32) 
We can easily calculate |M|? using the standard trace techniques [see Ap- 
pendix A]. Neglecting the neutrino masses, we get 

G2 
|M}? = z [(1 + €7) (p2 - ko pi: kı + p2- kı pı- k2) 
MypMeMy, My, 

— (1 — £?) mymeky + ka + 2e (pı - ka po- kı — pı + kı po + k2)] (10.33) 
Since neutrinos are not observed, we integrate over d°kıd?kə. Performing 
these integrations, and writing d°p. = 4np,E.dEc¢, we get 


PeEedEe 
dr = m3 CFC T lel?) 
mŽ m 
3W — 2Ee e + 6n— (W — Ee)l , 10.34 
x E. ng, ) ( ) 
where : 
1 je} -—1 
ioe 10.35 
= diez 41 aes) 
2 2 
+ me 
w = 2e T me (10.36) 
2M, 


In evaluating the final result (10.34), we have gone to the rest frame of the 
muon: 


Ep = My 
My = Ee + Ey + Ey 
O = pe + kı + kə. (10.37) 


10.2.5 Remarks 


(1) It is always possible to take Cy as real and take C4 = eC (€ complex). 
(2) The electron spectrum does not distinguish between £ = +1 (V — A) or 
e€ = —1 (V + A) interaction. 


(3) Any deviation from € = +1 can be determined by measuring 7) in the 
me(W—E,) 
Ee 


electron spectrum. Since ņ is the coefficient of ( } it plays 
a minor role except at low electron energies, where measurements are 
difficult. The best experimental value of ņ is 

n = —0.007 + 0.013 (10.38) 


which is consistent with zero. 
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(4) It is instructive to write the electron energy spectrum (10.34) as 


MyPeHedEe 2 ( 7) 
14 


4 1m2 
x [BW - E) +20 (5E. wW T 


dI = 


m 
mew- E 
) tp eJl 
(10.39) 


where p = 3/4; p is called the Michel parameter. In fact the most general 
interaction without assuming two-component neutrinos gives the electron 
spectrum of the form within the square brackets. The experimental value 
of p = 0.7518 + 0.0026 is in excellent agreement with p = 3/4 as given by 
V—cA theory. We conclude that the two-component neutrino hypothesis is 
in an excellent agreement with the experimental results. Finally integrating 
Eq. (10.34), we obtain 


r=; =GP, (10.40a) 
where 
8m2] mŽ 

P= |1- £ aans 10.40b 
| m? 19273 ( ) 

If we include O(a) radiative corrections 

-1 _ Q2 a (25 2 2a My 

Tı =GpP h + A ( T? ) + (1+ ae In =I hs (10.40c) 


aro: The Fermi constant Gr 
determined from (10.40c), using the experimental value for T, = 2.19703 x 
10~© see, is 


where the fine structure constant a = 


Gr = 1.16637 x 107° GeV”. (10.41) 


10.2.5.1 Decay of polarized muon 


We have seen that the electron spectrum cannot determine the sign of e. 
In order to determine £, we consider the decay of polarized muon. Let n, 
be the polarization vector of muon. We note that 


n? = nant ==1, 
n-p, =0. (10.42) 
In the rest frame of the muon myno = 0; thus no = 0 and n = (0, n). For 
this case in taking the trace, we put 


u(p)ū (pr) = (=) (2 | (10.43) 
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Using the standard trace techniques [see Appendix A], and performing the 
integrations over d°k, d?k2, the differential spectrum in the asymmetry an- 
gle for u~ decay is 

an 2 GZ(1 + lel?) 


My, p2 dEe Ecosy 


4r 1273 
2 
x [w yee =] ; (10.44) 
mg 


where y is the angle between the electron momentum and the u—spin di- 
rection and 


~ 10.45 
1+ lel? ( ) 

It is instructive to write Eq. (10.44) in the form 

d, \ G2 à ; 

= — KERES 2p 1 pi 
a ( An ) 673 (1+ lel") mppedEe€ cos y 
4 1 m2 

a N g E E 10.46 
x lov )+ € Ww 5 7) | 


where 6 = 3/4 for two-component neutrinos viz for V — €A theory. For a 
general interaction without assuming two-component neutrino, the asym- 
metry distribution in angle y is of the form given within the square brackets. 
The experimental value of 6 is 0.749 + 0.004 in excellent agreement with 
two-component neutrino hypothesis. 


The experimental value of € is given by 
€P, = 1.003 + 0.008. (10.47) 


10.2.6 Semi-Leptonic Processes 


For a semi-leptonic weak process we can write the interaction Hamiltonian 
as [cf. Eq. (10.21)]. 


-LE = 2 s (x) [e(x) yò (1 — Y5) ve (x)| + h.c. (10.48) 


To first order in weak interaction, the T-matrix for a semi-leptonic process 
of the type 
A—>B+e +e 
is given by 
G 1 MyMe (_ 
T= a (B|J| A) (ane “kok, [u(k’) q> (Es 5) v (k)] , 
(10.49) 
where k’ and k are four momenta of electron and antineutrino. We denote 
four momenta of A and B by p and p’. 
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10.3 Baryon Decays 


We consider the case when A and B are spin 1/2 baryons and (B|J)| A) = 
(B |V; — A| A). From Lorentz covariance alone, the most general structure 
of these matrix elements is given by |q = p’ — p| 


1 mam j 
(B(p') |Va| A(p)) = Gn / a up(p’) 


x [gv (Ca) y+ fv (a°) Orv qu — thy (a°) qa] ua(p) 


(10.50a) 
1 mam 
(B(p') |Aa| A(p)) = a mH ee ip (p’) 


x [ga (P) ns + fa (P) W590, — Orv aysha (G7) Qa] ual). 
(10.50b) 
The above equations may be deduced by the following simple argument. 
If we consider the quantity (B|V)|.A) yV popo, we are dealing with a Lorentz 
vector [without the square root factor this would not be the case because 
of the noncovariant orthogonality condition]. Such a Lorentz vector must 
be expressible as a linear combination of the various vectors that can be 
constructed from the different tensor quantities associated with the two 
particles A and B and their Dirac spinors. In actual fact there are five such 
vectors, namely, t(p')y,u(p), Ulp')oxp”ulp), u(p')orxrp’u(p), u(p’)pyu(p), 
u(p')p\u(p). Since u(p) and u(p’) are free Dirac spinors, satisfying (yp — 
m)u(p) = 0 and &(p)(y- p' —m) = 0, only three of these vectors are linearly 
independent and hence from the five vectors above, it is sufficient to choose 
three linearly independent ones. We choose u(p’)y,u(p), u(p’)oxvq’ u(p) 
and u(p’)q,u(p). Then the matrix elements (B|V| A) y poph must be some 
linear combination of these three vectors and that is the content of Eq. 
(10.50a). An entirely parallel arrangement applies in the case of matrix 
elements (B|A)| A). 
Since the momentum transfer q = p' — p is very small compared to the 
mass of A or B for the processes we are considering, we can write 


7 = 1 MAMB z , 
(B(p") |Jx| A(p)) = ar V n B(p’) 


[9v Yu — 9A Yus] uap). (10.51) 
Now we shall take A and B as members of the spin 1/2 baryon octet and 
then 


Jy = cos, J + sine J}, JÍ = cosbe Jy + sin be JË, 
(10.52) 
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where J¥ and J}, J xi are 1 +12 and 415 components of octet of currents 
Ji, (i =1,--- ,8). As shown in Chap. 5 


1 mpm 
(B; Aal B) = zay popi PIu", (10.53a) 


g} = i fij F + dijk D. (10.53b) 
Since F; = —i f Vio(x, 0) dx is a generator of SU(3), it follows that 


where 


1 mõ _ i 
(By |Vin| By) = 23 —2 ai(p')y,u(p) gy", (10.54a) 
T PoPo 
where 
= = i fijk- (10.54b) 


Thus if we neglect the momentum transfer q?, (q? ~ 0), the matrix ele- 


ments (Bp |Ji,| B;) are essentially determined in terms of Cabibbo angle 0, 
and the two reduced matrix elements F and D. Using Eqs. (10.53a) and 
(10.54a), the matrix elements of these decays are given below: 


Decay Vector Axial vector Ratio Expt. value of 
B-=B'ly. current gy current gA ga/9gv ga/gv 

np cos ĝe cos0.(F+D) F+D 1.2695 + 0.0029 

3/2sin 0, 1 

Asp  -4/8sino, (raip) FHsD 071840015 
un = sin be Si (F-D) F-D —0.340 0.017 
pE i /3/2sin 0, ; A 
EA sind Yap F732 0285+005 


In order to test the octet hypothesis, we note that if we determine 
F and D from the first two decays, we find F — D and F — 1/3D for 
the third and fourth decay in agreement with their experimental values. 
The parametrization given in Eqs. (10.53a) and (10.54a) is in excellent 
agreement with experiment. Using the first two entries of the above table, 
we find F = 0.444 + 0.015, D = 0.823 + 0.015. 

As an example to show how g4/gv is determined, we consider the case 
of neutron 3-decay n —> p+e7 + De in detail, where from Eqs. (10.51) and 
(10.52) we have 


(nv! 


1 MpMn _, ; 
»)) Oa PoP u(p') 


x [9V Yu — GAYS] Ulp) (10.55) 
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with gy = cos, ga = cose (F + D). In the rest frame of neutron, we 
write k’ = (Ee, pe), k = (Ev, pL), p=0, p’+p.4+p, =0. Since q is very 
small as compared with neutron and proton masses, we can treat them 
non-relativistically. Then 


/ rl ee ae 
(nr!) J n(p)) = nee gVXn 
ry | (+) ae 
(nr!) Ji |n)} = —— X} JATiXn- (10.56) 
(27) 
Let us write the leptonic part as 
L” = a(k’) y” (1 — ys) v (k). (10.57) 


The amplitude F [cf. Eq. (10.49) and Eq. (2.84)] is given by 
GF 
F=- yf [gv L? + gao- L] xn. 10.58 
7 XP [gv L° + gao-L] x (10.58) 


We now sum over proton spin and lepton spin and define the neutron spin 
Sn as 


1 
SyS 5 Xn OXn- (10.59) 
Using Eq. (2.122), we get for the probability distribution 
dv = Gh 2(E. - B,)°A [1+ BeBe 
(27)? Pe max e E.E, 


MES (aR m BY 4 per) dpe dQ dQ, (10.60) 


where Ss, is the direction of the neutron spin and 
A= [lovl? + 3lgal?] 
1 2 2 
a= (lov? — lgal?] 
2 x 
A' = —7 [|gal’ — Re gv 9] 
B= 4 [||ga|? + Re gv 94] 


D = —Im gv gå. (10.61) 


The experimental data give the following values of these correlation func- 


D| b| N 


tions, 
A = —0.103 0.004 
A’ = —0.1173 + 0.0013 
B = 0.9807 + 0.0030 
D = (—4 + 6) x 1074 (10.62) 
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If we write z = |ga/gv]|, then the value of À gives 


x = |ga/gv| = 1.261 + 0.004. (10.63) 


The very fact that B is nearly 1 implies the maximum parity violation in 
G-decay. The value of A’ [assuming gy and g4 are relatively real, see below] 
gives |ga/gv| = 1.26740.014, consistent with Eq. (10.63). A non-zero value 
of D would imply time reversal violation in 6-decay. The experimental value 


of D is nearly zero and show that time reversal invariance holds. If we write 


ga/gv = —xe'®, where for ¢ = 0 or 7, T invariance holds, we obtain 
$ = (180.06 + 0.07)°. (10.64) 
Finally, from Eq. (10.60), we obtain for the decay width T: 
AG? 5 
r= I3 mè f (po), (10.65) 
where 


A= |gv|? +3lgal? 


and 


PO maxr 
Pe 
foo) = f dp p?’ (Vai - v=), po = (10.66) 


Since charged particles are involved, this expression of fr = fT! is subject 
to radiative corrections, which are normally incorporated into the factor f 
along with the first order Coulomb corrections. These corrections change f 
by about 5%. The average value from direct neutron life-time measurements 
is 


T = 888.5 £0.8 sec. (10.67) 


Knowing |ga/gv|, one can determine Gy = Grgy from Eq. (10.65). Gy 
can also be determined from the superallowed Ot — OT pure Fermi decays 
for which Fr value is 


Qn? 1 
p= = 10. 
T më GMp’ (20:58) 
where 
Wy U; 
= I, A 1 . 
re eae lee i ) oe) 


F here is different from f for the neutron 6-decay and it must account 
for the stronger Coulomb effect and for the much more subtle radiative 
effects associated with the higher electric charge. The quantity (FT) 4, = 
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3070.6 + 1.6 sec from the Ot — O*decays together with the phase space 
factor F and the value of |ga/gv| given in Eq. (10.63) gives r = 894 + 37 
sec, to be compared with the direct neutron life-time measurement given 
in Eq. (10.67). 

Finally the Cabibbo angle 


B 
cos 0e = +A- Ap (10.70) 
where GY. = 1.16637 (13) x 107ë GeV~? while AG and Ap are the “inner” 
radiative corrections to both nucleon 8-decay and muon decay with AG — 
Ap = 0.023 (2). This gives 
|Vial = cos 0e = 0.97418 + 0.00027. (10.71) 
sin ĝe is determined from Ke3 decay and its value is 0.2255 + 0.0019. 


10.4 Pseudoscalar Meson Decays 


10.4.1 Pion Decay 


tT fl +i, L=e,p. 
For this decay, the T-matrix is given by 


T = — FF O ae 


V2 
1 mem 
x— Zulk’) y* (1 -— ys) v (k). 10.72 
Baty ee E U- ol) (10.72) 
Here, we have p = k’ + k. Now from Lorentz invariance 
1 1 

O| Jf] a7) =- (O0 |A}| r7) = -—5/— ifs Dy. 10.73 
( | | ) ( | ra ) (2n)3/? 200 ( ) 


Using the standard techniques of Chap. 2, the decay rate I can be easily 


calculated. We obtain 


G? cos? 6, 247 
U (a7 a E E fm? m, ( = me) . (10.74) 


8r m2 
It thus follows that pion decays mainly to muon, its decay to electron is 


suppressed by a factor m2/m?, (phase space). In the same way, we can 
write down the decay rate of K~ — €~ + Dg; it is given by 

G2 sin? be a 9 m3 \? 

D fig mi mg (1 — ze) . (10.75) 
From the experimental values of the decay rates for pion and kaon, we can 
determine fr and fx. We get fr ~ 131 MeV and fg /fr ~ 1.22. From the 
particle data group: fr = (130.7 + 0.1 + 0.36) MeV, fg = (159.8 + 1.4 
0.44) MeV. 


T(K >C +%) = 
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10.4.1.1 Remarks 


Suppose pion decay occurs through a vector boson W. Then we can write 
the decay amplitude F: 


, —9ux + > ae 
F = -gw i fx p" —— ak’) 7^ (1-45) v (k). (10.76) 


1 PuPa pm 
2 2 ( Ipa T = + PuPy—— zy 
po — myw p D mw 


PuPr 1 PuPr 
= ( Ipa + p ) pe Tm, + pm, (10.77) 


The first part of Eq. (10.77) gives the transverse part of the propagator 
and second part gives its longitudinal part. If we substitute Eq. (10.77) 
into Eq. (10.76), we find that the first part of Eq. (10.77) gives zero and 
the entire contribution comes from the second part. We get 


_ ow 


F= m2 fr pa Tlk’) aò (1 — 45) v (k) 
WwW 
2 
= T ifn me Wlk") (1 — ys) v (k). (10.78) 
WwW 


Here we have used the Dirac equation u(k’) (y - k’ — me) = 0 and p = k' +k. 
Thus we note that the longitudinal part behaves as if the decay has taken 
place through a scalar particle of zero mass with effective coupling gf, /m#,. 
We also note that it gives a contribution proportional to the lepton mass 
which is reflected in the formula (10.74). This is called helicity suppression. 


10.4.2 Strangeness Changing Semi-Leptonic Decays 


As an example of these decays we consider the decay. 
K= > T? +l ++i, L=e,p. 


We first note the rule: AQ = AS = 1. The T-matrix is given by 


G 1j g 
T= — Fy sin 8. (n° |I| K) 
1 ma My [w(k’) 7> (1 — 45) v (k)] . (10.79) 
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The Lorentz structure of the hadronic matrix elements is given by 
(x° [JA] KT) = (° [VÄ] K7) 
o 1 1 
(27)? /2p0 2m 
x [f+ (7) (p +p) + f- (a) (P-P'),], (10.80) 
where p and p’ are four-momenta of K~ and 7°, q = (p' — p) and k’ and k 
are four momenta of £~ and ve respectively. In the rest frame of K7, we 


have mg =w + Ee + Ey, Pr+pe + p, = 0. Using the standard techniques 
of Chap. 2, we get 


d 1 o 212 2 

Te de = aSo He |f (a?) [A+ BRE + Cel ks (10.81) 
where 
m2 
A= fmx 2E; Ey -mg (W — w)] 4 z (W -w)- m? BS 
B= le. - 3w- w) m? 
1 2 

C= ri [W —w] mọ 

= mi + mÈ- m? 

2 mg 

E= f- (e) / fl?) (10.82) 


For electron, we can neglect its mass, i.e. we put m2 œ~ 0. Then Eq. (10.81) 
is much simplified. In this case, we get for the electron spectrum 


dv ae 2 o (W = Ee}? 
Tp ~ I3 c | ee ae 10. 
dee ae ea Pe ony (10:88) 
Here we have put f4 (@) =~ f4 (0) = f}. For this case we obtain 
ad UGE INO, ar 
I (K3) = hag 0573) mk: (10.84) 


In the SU(3) limit (7° |V| K7} x ify, jss=173 80 that f+(0) = z5- 
Consider the neutral Kaon decays: 
K? +a +e ++ r, AS = AQ 
K? >n? +e +1, AS = -AQ 


For the first case the hadronic matrix elements are given by 


a [JE K 
(|i x?) 
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where 
1 1 
Jy = Jarisn, gs! = J4_i5y. 


J} creates negative charge and S = —1. For AS = —AQ, no such current 
can be written down in this conventional theory. For more details for semi- 
leptonic K-decays see Ref. [2]. 


10.5 Hadronic Weak Decays 


10.5.1 Non-Leptonic Decays of Hyperons 
Consider the decay 
B (p) > B' (p') +7 (k). 


The Lorentz structure of the T-matrix for this process is given by 


T= aa jee u(p') | A — Bys] u (p). (10.85) 


The amplitudes A and B are functions of scalars: s = (p' +k)”, t = (p—p’)?. 
A is called the parity violating (p.v) [or s-wave] amplitude and B is called 
the parity conserving (p.c) [or p-wave] amplitude. In the rest frame of 
baryon B 


p’ = =k, Ip’ = Ik] = k, p’ = kn, 


m = po + ko, po=Vk24+m?, ko = Vk? +m2 


s=m, t=m° +m’ — 2mp) 


e= yoma] [eo 


2 12 2 
A m+ m'* — ms 
= OT 10. 
Po 2m (10:86) 


In this frame, the amplitudes A and B are constants. In the rest frame of 


ue = (3) o e= e) e 0 


2m (po +m’) 
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where x is a constant 2-component spinor. Using Eq. (10.87), we may 
write the T-matrix 


T=x*M x, (10.88a) 
where 
1 1 
Me o a ale (10.88Þ) 
H 
7 1 k 
de cL ge 


2 po 2 po (Po +m’) 
We note that the p.v. amplitude A is essentially the s-wave amplitude and 
the p.c. amplitude B accounts for the p-wave amplitude. 


The decay width is given by 


1 
dI = (21)" 64 (p — p' — k) Ba (ua) dp dk. (10.89) 
Performing the integration, we get the decay width 
k d 
Tent flas}? + lay | (10.90) 
27m 


We now consider the decay of polarized baryon B. Let S be the polarization 
(spin) of B. Let s be the polarization of decayed baryon B’. In the rest frame 
of B’, s gives the spin of B’. The decay probability in this case is given by 


dW = (2n)' ôt (p — p' — k) 
1 
X3 {Tr|(1+0-s)M (1 +0- S) MÝ} d’p'd’k. (10.91) 
The trace can be easily evaluated and the transition rate is proportional to 


R=1+aS-n+s |(a+S-n)n+8(Sxn)+7ynx(Sxn)], 
(10.92) 


where 
š 
2Re a% Ap 


23 a% ap 
a= — z a.) 
|as] + |ap| 


WD aks pe 1D 
|as| + lap| 


b 


2 2 
_ las|" = lapl 


F ole 2 
las" + |ap| 


a? +P +P =1. (10.93) 
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Because of the last constraint, we can write 

B= (1 — a)! sing 

y=(1- a)” cos 

$ = tan! (8/7). (10.94) 
One also defines 


A = —tan™! (b/a). 


If we do not observe the polarization of B’, we put s = 0 and we get 


dQ. 
dW/T = —= +a S:n]. (10.95) 
T 
Hence we can write the angular distribution 
Ig (0) = Const [1 +a Scos0], (10.96) 


where @ is the angle between the hyperon spin S' and the decayed baryon 
momentum direction n. If a = 0, the angular distribution is isotropic. 
a = 0 implies either as = 0 or ap = 0. For this case parity is conserved. 
The anisotropy in angular distribution implies nonconservation of parity. 
From the angular distribution we can determine the product aS. Since the 
polarization S of baryon is not generally known, it is difficult to measure 
a by this method. Further information about œ can be obtained from 
the polarization of decayed baryon B’. From Eq. (10.92), we obtain the 
polarization of decayed bayron B’. 


1 
(s) = Irag n CrS nates xn)+ynx(Sxn)}. (10.97) 
In particular if the original baryon B is unpolarized viz S = 0, we get 


(s)=an. (10.98) 
This equation implies that the baryon B’ obtained from the decay of unpo- 
larized baryon B is longitudinally polarized. Thus a measurement of this 
polarization allowed a direct determination of a. The experimental values 
[8] for a, 8 and y are given in Table 10.1. 

Now a non-zero value for @ implies the violation of time reversal invari- 
ance in these decays. From Table 10.1, it is clear that @ = (1 — a2)? sing 
is consistent with zero. Thus the time reversal invariance holds in these 
decays. P invariance implies either a, = 0 or ap = 0, so that a=0, 8 = 0. 
But Table 10.1 shows that a is non-zero. C invariance implies a = 0, 3 Æ 0; 
hence from Table 10.1, it follows that C invariance is also violated. The 
consequences of T and C invariance quoted above hold if we neglect the 
final state interactions. 
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Table 10.1 
Y A 
Decay F $ (derived) (derived) 
Ac :A 5 A 
— 0.642 + 0.013. (—6.5 + 3.5) 0.76 (8 44) 
— pr 
oO. 
NA 0.65 + 0.05 = z : 
—_ nT 
Boeke oe +0.017 3 as INO 
dite: 0.980+9:017 (36 + 34) 0.16 (187+6) 
he Sas +133 
“+ "22° 0.068£0.013 (167+ 20)" -0.97 (-73238 ) 
aap ae +12 
-7i —0.068+0.008  (10415)° 098  (249+33) 
=e : = o Yie 
SA po -04110022 (2112) 0.85 (218413) 
=- :E 0.456 + 0.014 4+4)° 188 + 8)° 
Tp 70.456 + 0.0 (4+ 4) 0.89 (188+ 8) 


10.5.2 AI = 1/2 Rule for Hyperon Decays 


The effective weak Hamiltonian responsible for |AS| = 1 non-leptonic de- 
cays in the conventional theory is given in Eq. (10.28), namely 


Het = oP Sin G casi. [at (7)! + he] 


V2 
= GF and cos ĝe H (10.99) 
= v2 c c HW, . 
where 
Hw = [Jf (JP) + h.e]. (10.100) 


Now Jf ~ @ ya (1+7s)d has I = 1, I3 = +1, J} ~ 3 ya (1+ 75) u 
has I = 3 Ig = +4. Thus in general Hw has a mixture of AJ = 1/2 
and AI = 3/2. However, the most striking effect of these decays is the 
approximate validity of AJ = 1/2 rule. The decays with AI = 3/2 are 
suppressed. A satisfactory understanding of this rule is still lacking. 

We now examine the consequences of AJ = 1/2 rule in non-leptonic 
hyperon decays and its approximate experimental validity. Consider first 
the decays 


ATs A> p+ AI; = 1/2 
Aj: A>n+7° AI; = —1/2 


AI =1/2, 3/2,- 
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The simplest possibility is AJ = 1/2. Assuming this to be the case, the 
only possible isospinor which one can form is 


Nir k= (pro +v2aw, Vipan AD )A. (10.101) 
Then for AQ = 0, we have 
A? = —V2A8. (10.102) 
Hence we get 
TP (A?) = 26 (Ap), (10.103a) 
Oyo = Ago. (10.103b) 


It is clear from Table 10.1, ayo ~ a AQ 5 experimentally 


T(A°) 63.9 

— x —— = 1.78. 10.103 

T (AS) ~ 35.8 ( °) 
Thus AT = 1/2, rule is a good approximation, AJ = 3/2 amplitude is very 
much suppressed for A-decays. An exactly similar argument gives 


ZI = —/2 =, (10.104a) 
which implies 
= -0 _ 2.90 10.104b 
T (22) /T (25) = 2 | Expt : 1030. 1.77 (10.104b) 
0.456 
az- /azg =1 (zemi : Gait z 1:1) : (10.104c) 


For S-decays, assuming AI = 1/2, the only isospinors which we can form 
are 


aN (E nr)+ib N (E xr):r. (10.105a) 
Writing only the part for which total charge is zero, we have 
an (£ nt +r + 099°) 
+b (v2 Prt —J/2 petra Ute +h btn) )(10.105b) 


Thus we get 
X =a+b 
St=a-—b 
£? SDD (10.106) 


xt =—v2 b. 
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From Eq. (10.106), we get 
rer Tayi. (10.107) 


The prediction can be tested as follows: In the (as,ap) plane if we regard 
5; X_ and VJ as vectors, then they should form a closed triangle. 

To sum up, in case the AJ = 1/2 rule holds, out of 7 decays listed in 
Eq. (10.25) only four are independent. In the language of flavor SU(3) 
(cf. Chap. 5], the dominance of AJ = 1/2 rule is generalized to octet 
dominance. This can be seen as follows: 

u, d, s, belong to 3 representation of SU(3). 

u, d, 3, belonging to 3 representation of SU(3). 

Now 


3@3=861. 


Thus J? in Eq. (10.27) belongs to an octet representation of SU(3). Hence 
H? in Eq. (10.27) or (10.28) contains 


int 
8898 =198 98109+1027. 


It can be seen that only 8 and 27 are relevant for the decays (10.25). Thus 
H”, contains both 8 and 27 where 8 corresponds to AI = 1/2 only while 
27 contains AJ = 3/2 as well. Thus in the language of SU(3), generaliza- 
tion of AI = 1/2 rule is the octet dominance. The octet dominance for 
the current-current interaction implies an additional relation (called Lee- 


Sugawara relation) between s-wave decay amplitudes of (10.25) 


2A (E2) + A (A?) = +v3 A (Ef). (10.108) 


10.5.3 Non-leptonic Hyperon Decays in Non-Relativistic 
Quark Model 


One can recover not only the AJ = 1/2 rule but also the right order of 
magnitude of the scale required to reproduce the s- and p-wave fits of non- 
leptonic hyperon decays. Consider the weak vector boson exchange graph 
of Fig. 10.6 as the analogue of the gluon exchange quark-quark scattering 
graph considered in Chap. 7 which quite successfully described the quark 
spectroscopy. 

The matrix elements for the process shown in Fig. 10.6 are of the form 

2 
Mase 5 sin.cosO. { Ulp)” (1-45) a; u(pi) 


x (pi) yu (1 — y5) BF u(pj) +i J}, (10.109) 
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Fig. 10.6 W-boson exchange diagram for u + s > d + u. 


where q = pi — p; = pj — pj. ws are Dirac spinors in Dirac space 
but are column vectors involving u, d, s quarks in ordinary flavor SU(3) 
space. a; and py are operators which transform a u-like state into a d- 
like state and a s-like state into a u-like state respectively. We take the 
leading non-relativistic limit of the above matrix elements. In the lead- 
ing non-relativistic approximation, only yo and 7f ys have non-zero limits. 
Thus only parity conserving (p.c) part of M survives in the leading non- 
relativistic approximation and we have in this limit 


MPE ~ BOF sin 0 cos 0. >> (a; b} + Bf az)-(1—oy-o;) (10.110) 
i)j 
MP” = 0. 
The latter corresponds to a general result that (B’|(JJ)’"|B) = 0 asa 
consequence of CP and SU(3) invariance. The Fourier transform of Eq. 
(10.110) gives the effective Hy as 
HP? = age sin 8. cos fe X, (a; BF + Braz) 
i>j 
x (1 — oroj) (r). (10.111) 
Now it has been shown [see Sec. 11.4.2] that in the current-algebra 
approach the question of AJ = 1/2 rule or octet dominance for non-leptonic 
decays of baryons hinges on the matrix elements 
(Bs |Hhy| Br) ~ arsūu, (10.112) 
which essentially determine both s- and p-wave amplitudes. Here u is a 
Dirac spinor for B, or Bs which denotes a baryon like A,X, =,n, or p. 
Therefore, we have to take the matrix elements of Eq. (10.111) between 
the baryon states B, and Bs. We regard the baryon state B, or Bs as made 
up of three quarks. We take the spatial wave function for such states to be 
the same for the octet of baryons p, n, A, E, ©°, =°, =~ and denote it 
by Wo. Thus writing 


d! = (Wo [53 (r)| Yo) = [Y0 (0), (10.113) 
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where r = r; — rj (i #7), we have to calculate the matrix elements of the 
operator 

5 (a; BF + paz) (1 — cioj) 

OF) 
between the spin-unitary spin wave functions of the states p, n, Et, 5°, A, 
=°, given in Chap. 6. We obtain 


GF 
aan = = sin fe cos bed! (+V6) (10.114a) 
V2 
— C2 cos 0ed’ (—6) (10.114b) 
aaa V2 c c . 
= —V2as0 (10.114c) 
ape SE sin 9a cos 0ed’ (-2v6) (10.114d) 
az-x- = 0. (10.114e) 
The relation ay+ = —V2ayo expressed in Eq. (10.114c) ensures the 


AI = 1/2 rule (or octet dominance) and hence A (£f) = 0 (which is good 
experimentally) in current algebra approach [see Eq. (10.117) below]. 

Once the octet dominance for ars is established we can parametrize ars 
in the SU(3) limit as 


ars = V2 (2F" a fers + 2D' ders) x (10.115) 
Then the relations (10.114) immediately give 
D' 
F= (10.116) 


Now using the current algebra relations [see Sec. 11.4.2] for the s-wave 
amplitudes one has 


A(A°) = — 7 E (A$) 

A(Z) = -=a azo, = —V2A (E9) 

A (£9) = T ax+p 

at=- (an+p + V2 azon ) 

A(=z) = (2) « ayon, (10.117) 
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Here fr is the constant which enters in mT% — yp, + u` decay. Then using 
Eqs. (10.114) and (10.117), we have the relations (10.107) and (10.108). 
Using the value of d’ as determined by the constituent quark spectroscopy 
(cf. Chap. 7], 


—27 Gr sin becos 6, TE ( m? ) 
a = a a ee 
Drp 8V2Tas = oe T= m/mMs constituent 
~ —105 eV (10.118) 


for the accepted value of as (q? ~ 1 GeV) ~ 0.5. This is almost the phe- 
nomenological octet dominance scale, which together with D’/F’ ~ —0.86 
[not very far from the prediction (10.116)], are required to fit the s- and 
p-wave amplitudes of hyperon decays. 


10.6 Problems 


(1) Show that the electron spectrum in the decay of b-quark 
b>c+te +k, 


using V — A theory is given by (neglecting the electron mass) 


a Gh 5 (Ym—y) y? B- ay) + Lav) By) 


dy r "Vy? (i-y) J’ 
where 
2E. m? 
E E mal - . 
Mp mg 


Similarly, show that for c-quark decay 
costet+ Ve 
the electron spectrum is given by 
2 


a _ Gh myin- 
dy 16r? © (l-y 


) 
2Ee m? 
= , Ym = i 2° 
Me m2 


Hint: For b— c + e` + De, the matrix elements are 


T = —ZE fai(ps) 7 (1-75) ulm) [w(p1) 7% (1 — 95) v(k2)] . 


v2 
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Use Eqs. (31) and (32) with the replacements (m,, Me, Mum, Mre) 
= (Me, Me, Me, Mpe), E = 1 sO that 


II 


m|’? 4 pı: k2 p2- ky 
= ——£___2m E, |m- m} -2 m E,], 


in the rest frame of b. Performing d?pə integration, write d°k,d°kz = 
k? dkı dkz dQ and use 


a (m By — By — yk? + k? 4 2h cos0 + mè) 


to perform the angular integration to obtain 


dr 4G2, 


= E, \m? 
dE. dE, (2n)° 


[m — m2 — 2 m E,] 


where from 


2 2 
mi — mé — 2 m, Ee 


E, = 
2 (Mp — Me + Ee cos 0) 
m? — m2? — 2 m, Ee Mp 
(Ev) min = — = > (yw —y) 
2mMp 2 
Legge = Cizre) -2m Ee _ mtw- 
ees 2m, — 2E-. (1—y) 


The integration of E, gives the result ae 
For the second problem, the matrix elements are 


T= — [u(p2) ya (1 — 75) u(p1)] [@(k2) 7° (1 — 75) v(kı)] - 


Results from the first can be obtained by changing kz — kı, Mme —> 
Me, Me > Ms 


|M? = —— E [4 py - kı pa: ko] 


= — E (2m, Ee) [m2 — m? — 2 m. Ee] 
Me Ms Me My 
and then follow the same steps as in the first part. 
(2) Consider the decay 


K = 3r. 
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Show that decay rate can be expressed as 


T to fa dy |A|? 
=; - = x 
orm 6/3 4 


0< zr? +y? <1, 


where A is the decay amplitude, 


Tə- Tı 3T3 — Q 
xr = V3 ; y = —— 
Q Q 
Tı, T> and T3 are kinetic energies of pions. Then the energies w1, w2, w3 
of pions are given by wi = 7; +m, and Q = Ti + To + T3 = wi + w2 + 
w3 — 3Mr = Mg — 3M. 
The events in Dalitz plot can be expressed by taking 


20; Mk 


2 
3 må 


Aj = Aj (0) 14 (2w3 Wy w2) 


where j stands for any decay channel of K. 


(3) Show that if the three pions in the decay of K — 37 are in I = 1 states, 
then 
T(K} > ntr n?) = 2 (Kt > rtr’r’) (10.119) 
T (K+ > a nta) -T (K+ > mt non) 
=T (K$ > wn nr). (10.120) 


Equations (10.119) and (10.120) are the necessary conditions for AJ = 
1/2 rule to hold. But they are not sufficient since J = 1 state can be 
reached also by AI = 3/2. 

Show that for totally symmetric I = 1 states 


T (K$ > Ton Tn”) = -T (KÌ > ata” 7°) ; 


(4) Show that if time-reversal invariance holds, the decay amplitudes A 
and B given in Eq. (10.85) are real, i.e. 8 = 0. 
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Chapter 11 


Properties of Weak Hadronic 
Currents and Chiral Symmetry 


11.1 Introduction 


In Chap. 10, we have introduced an octet of vector and axial vector currents 


Vin = ža (11.1) 
Ain = aisa, (11.2) 
where 
J = Vitiza — Arti2a (11.3) 
hie J} = Va4is, — Aatisr (11.4) 


take part in |AY| = 0 and |AY| = 1 semi-leptonic processes respectively. 
The electromagnetic current is given by 

VA” = Vay + v (11.5) 
where the first part is the third component of an isovector while the second 
part is an isoscalar. Now H¢™ ~ V£™a^. Since photon field aò has C-parity 
—1 and the intrinsic parity of the photon is —1, we see that CP of VY” is 
+1. From this we can generalize that CP of vector current Vy is +1. The 
parity of axial-vector current A) is +1 and since the weak Hamiltonian is 


CP invariant, the C-parity of A, must be +1. 


11.2 Conserved Vector Current Hypothesis (CVC) 


The hypothesis of conserved vector current (CVC) states that V° and 
V3,(= Jy, AI = 1) are respectively 1 + i2, 1 — i2 and 3 members of an 
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isospin current, which is conserved by strong interaction. The generators 
of the isospin group SU;(2) are then given by 


I, = [Voc Het i= 1, 2, 3. (11.6) 


The first consequence of CVC (AVF = 0) is that the form factor hy (q?) = 
0 in Eq. (10.50a) where A and B are respectively taken as neutron and 
proton. [Note: When invariance under SU (2) is assumed, mp = Mn = My .] 

In order to discuss the other consequences of CVC, we note from Eqs. 
(11.6) and (10.50a) that 


(p(p") |I| n(p)) 


= on isa [av (97)¥0 + ifv (7 oor" | up) | aa eta, (11.7) 


Since T4 is conserved in the absence of electromagnetism, J4 (t) is a constant 
of motion, i.e. I} (t) = I4 (0) = I}; we can take t = 0 and 


1 —iq x __ 
a = (q). (11.8) 
Now 
u(p)you(p) = 2> 
MN 
L, |n(p)) = |p(p)) (11.9) 
and thus 
(p(p") |l n(p)) = 6°(p" — p) = ô (a) (11.10) 
Hence it follows from Eq. (11.7) that 
gv(0) = 1. (11.11) 


Thus in the absence of electromagnetism, the vector coupling constant in 
nuclear (-decay is not renormalized and is equal to its “bare” value. Noting 


that [JY = Jz Vsa in SU(3)] 


[JX (a), I] = 0, 
(Van, T4] = Virza (£), (11.12) 


and 


L |n) = |p), (pl t+ = (n| (11.13) 
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it follows that 
(p|Vx |n) = (pla, L4]] ) 
= (p|[Vy"", L4]| m) 
= (p|Vx"™|p) — (n|VX™|n) . (11.14) 


Now Lorentz invariance gives the electromagnetic form factors of proton 
and neutron as 


(p(p") |Vx""| p(p)) = 


xti(p’) RGE + BO oa" u(p) (11.15) 


Py OL N (42 „F3 (a°) v 
xti(p’) | FEC Jya + i= avg” | u(p)(11.16) 
mn 
where [since f d?x V§™ (x, 0) is the electric charge in unit of e] it follows, 
on using Eqs. (11.8)-(11.10) that 

FP(0) =1, F(0) =0. (11.17) 

Since 7) ,q” gives Pauli type interaction, it also follows that 
F?(0) = kp, FR(0) = kn (11.18) 


where «p and Kn are the anomalous magnetic moments of proton and neu- 
tron respectively. £p = 1.792 and kn = —1.913 in units of nuclear magne- 
ton. Hence we get from Eq. (10.50a) and Eqs. (11.12), (11.13) and (11.14) 
that 
gv (d) = FPG) — FPP) = FY (0°) 
1 FY (8°) 
= Fo(@) — F3(@)] = 11.19 
f@) =>, EOR =e (11.19) 
where Fi’ and Fy are the isovector electromagnetic nucleon form factors. 
Their normalization follows from Eqs. (11.17) and (11.18). 


FY (0) =1, Fy (0) = (kp — Kn). (11.20) 
Thus in particular 
gv (0) = 1, 
fv(0) = “2—*" (11.21) 
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Using SU(3), we can write the matrix elements of vector current Viy, i = 


1,--- , 8 for an octet of baryons (assuming q? ~ 0): 
(Br(p’) [Vial B;(p)) e up’) [¢ figeyalu(p) (11.22) 
k\P Al Bj P (27)? Por p jkYAJu p 


namely the relation (10.54). 


11.3 Partially Conserved Axial Vector Current Hypothesis 
(PCAC) 


From Eq. (10.73), we have 

(0 |O* Af (x)| r7} = —ip* (0 [AF | n7) e7” 

1 1 

(27)3/2 /2po 
If the axial vector current At is conserved, then either f, = 0 or m2 = 0. 
Since for a physical pion m2 4 0, then fy must be zero and pion decay is 
forbidden. Thus AF is not conserved. Now Or AY has the same quantum 
numbers as those for a pion. If we now put 


AY = fam? a (11.24) 


feme”, (11.23) 


then 
(0 |n (x)| 27) = BEDE (11.25) 
(27)3/2 /2p0 l 

Here m~ (x) is the pion field operator which creates 7+ or destroys 7. 
Equation (11.24) is called the PCAC hypothesis. We note from Eq. (11.23), 
that in the limit m2 — 0, the axial vector current is conserved. This implies 
that strong interactions have an approximate symmetry which is exact in 
the limit of zero pion mass. Such a symmetry is called chiral symmetry. 
Chiral symmetry manifests itself in the existence of massless pseudoscalar 
mesons called Nambu-Goldstone bosons. 

We shall come to this point again later. Here we discuss one of the 
important consequences of PCAC. We apply PCAC to neutron (-decay. 
From Eq. (10.50b), we have 


(plp) | AX | n(p)) 
1 MpMn 
(27)? V popo 
x u(y’) [9a(97) Vas + fal) Yda — iha(q’)50,v9" | u(p) (11.26) 
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We note that pion pole contributes to the form factor f,4(q?) only. It 
does not contribute to g4(q?) nor to h4(q?). Separating out the pion pole 
contribution, we write 


a + fa(q?) (11.27) 


fal?) = 
where f4(q?) is the remaining part of f4(q?). From Eqs. (11.26) and 
(11.27), we get 


(p(p') |A*AX | n(p)) 
1 Mpm 


~ (27)8 ae up rsu(p) 


g V2¢nnN Ír T 


x nss g fa(q?)| - (11.28) 


2 2 
q — My 


Now if we assume that in the limit m2 — 0, the axial vector current is 
conserved, we get, 


2mnga (P) — V2grnn fr +P fal) =0 (11.29) 
At q? = 0, this gives 
OnNN Ír 
= = 11.30 
aS nn (11.30) 


This is called the Goldberger-Treiman (G-T) relation. Thus G-T relation 
is exact in the chiral symmetry limit when pion mass is zero and the axial 
vector current is conserved. This relation can be easily tested as all the 
quantities in Eq. (11.30) are experimentally known. This relation is valid 
within 6% agreement with experiment. On the other hand, we note that 


1 MpMn 


(p(p’) |O* AX | n(p)) = Ga? V por U(p' )iysu(p) [2mnga(q?) +8 fal?) - 
(11.31) 
Using PCAC, viz Eq. (11.24), 
m2 
_ Vann fama = 2mnga(q?) + ¢ fala’) (11.32) 
q? — m2 


Evaluating it at q? = 0, m2 #4 0, we again get the G-T relation. We 
conclude that the success of the G-T relation implies that deviations from 
chiral symmetry or equivalently from PCAC are indeed small. 
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Finally, using SU(3) we can write for q? ~ 0 for an octet of baryons [cf. 
Eq. (10.53)). 


(Bx(p") |Aia| By(p)) 
1 my / < 
= may tea ) yas (ifiga + dijxD)| u(p) (11.33) 


In particular for neutron (-decay, 


ga=F+D, (11.34) 
where 
p 1 _ 
(27) —* (p| Asal p) = <gat(p)y.15u(p) (11.35) 
My 2 
We define a four-vector 
sò = ü(p)y™ up) (11.36) 
We note that 
p-s=0, 2 = —1. (11.37) 


The vector sò thus gives the spin of the proton. To see it explicitly we go 
to the rest frame of the proton. In this frame, we get from Eq. (11.37), 
so = 0, s? = 1. From Eq. (11.36), 


s = Xox. (11.38) 


In quark model, we can write the axial-vector current Aj, = (ys àig. We 
define the quantity Aq as 


(2r)? (p|gyx754l p) = Aqsa. (11.39) 


m 
In particular for A3) = 5 (ty) Y5u — dyy7y5d), we have 


1 
2r (p|Asa|p) = 5 (Au - Ad)sy (11.40) 
so that 


Au— Ad=g4=F+D. (11.41) 
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11.4 Current Algebra and Chiral Symmetry 


Isospin conservation implies that strong interactions are invariant under 
SU(2) group generated by the charges: 


I(t) = I Vio(x, t)d?x, i= 1,2,3. (11.42) 
In the same way we can define the axial charges 
P(t) = f Aol tx, i= 1,2,3. (11.43) 


The generators of the isospin group SU (2) satisfy the commutation relations 
(t), j (t)] = i£ijkIe(t). (11.44) 
Since [?(t)’s belong to the adjoint representation of SU (2) group, we have 
(L(t), Ff (t)] = icije tglt). (11.45) 
We obtain a closed algebraic system by requiring that 
[T5 (t), E] = teijnTe(t). (11.46) 


The last relation constitutes a major theoretical assumption. The commu- 
tation relations (11.44), (11.45) and (11.46) represent the algebra of the 
group SU(2) x SU(2) generated by the vector and axial vector charges. 
This group is called the chiral SU(2) group. 

Let us now write the part of the QCD Lagrangian [cf. Eq. (7.52)] which 
involves u and d quarks: 


Mu + Ma RL 
2 


Lu a = iq" Dug > uu — dd), (11.47) 


where q = (‘) is an isodoublet field and we have suppressed color indices. 
For Mu = mq this Lagrangian is invariant under the isospin transformation 
q— Uq, (11.48) 


where U is a special unitary matrix, eth, A; being constant. The asso- 
ciated vector current Vi, = ¢}7q is conserved. The existence of nearly 
degenerate isospin multiplets of hadrons shows clearly that |m,— mal is 
small compared to hadron mass scale ( ~1 GeV). Setting Mu = Ma = m, 
we can write 


Lua = iq" Duan + Gry" Duar — mM(qLAR + FRAL), (11.49) 
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where we have split q into “left-handed” and “right-handed” components 
1+ 45 
2 


It is clear that in the limit m = 0, the Lagrangian (11.49) would be invariant 
under independent ‘chiral’ isospin transformations on qzr and qr: 


qL,R = 


qL = ULqL, Ir — URqR 


and not only Vj, but also the axial vector current ¢y,754¢q would be con- 
served. We note that the mass term m (JLqR +4rqz) or in general the 
coupling to scalar and pseudoscalar fields 


oa ( ; ) q = $ (TL4R = Gra) 
Y5 


would break chiral symmetry. This also demonstrates that the forces be- 
tween the quarks have to be vector in nature [mediated by spin 1 gluons, 
cf. the term gy,A-G"q in Eq. (11.47) or Eq. (11.49)]. As we shall see 
later Mu ~ 5 MeV, ma ~10 MeV (these are called current quark masses, 
not to be confused with constituent quark masses of order 300 MeV [cf. 
Chap. 6]) are small compared to the hadron scale of O(1 GeV) so that 
chiral symmetry is nearly exact. 

Now if Aj, were conserved, the axial charge J? would commute with the 
Hamiltonian: 


|I}, H] = 0. (11.50) 
Hence if we define 
T? | X3) = teije [Ye) , (11.51) 


use of Eq. (11.51) would imply that the states |Y;) are degenerate in mass 
with |X;) even though they have opposite parity. This is because [? has 
negative parity. This condition can be realized in either of the two ways: 


(1) The Wigner-Wey] realization of chiral SU(2) symmetry, in which case 
|Y) would consist of “parity doublets” of |X,;) e.g. if |X;) were pseu- 
doscalar mesons, |Y;,) would be scalar mesons degenerate in mass with 
the pseudoscalar mesons. This is not what occurs in nature and there- 
fore chiral symmetry is not realized in nature in this way in contrast 
to the ordinary isospin symmetry which is realized in this way. 
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(2) Spontaneously broken symmetry realization of chiral SU(2), in which 
case |Y;,) would consist of |X,;) plus an odd number of pions with van- 
ishing four-momentum (called soft pions), the pion being a massless 
“Nambu-Goldstone” boson. In particular 


ppa- t Ti 0, 11.52 
: 0 = -5 B |7i(0)) # (11.52) 

the first part being valid only for single-pion transitions, while 
IL |0) = 0. (11.53) 


As we shall see m2 would involve (m,, + mq) /2 as a factor and so a mea- 
sure of explicit chiral symmetry breaking is provided by m?/m* ~ 0.03, p 
being the non-strange (non Nambu-Goldstone) boson next to pion. The 
notion of (approximate) spontaneously broken chiral symmetry has been 
found useful in hadron physics and has given rise to many predictions in- 
volving soft pions which are in good agreement with the data [see refer- 
ences]. One such prediction is the Goldberger-Treiman relation (11.30): 


ea ~1=0 (11.54) 
frGnNN 
to be compared with the experimental value 0.06 + 0.01 of the left-hand 
side. 
The above considerations can be easily generalized to SU(3). Thus 
the QCD Lagrangian (7.52) shows an approximate global symmetry in the 
limit m, — 0, this Lagrangian is invariant under the group SU(3) x SU(3) 
generated by the charges associated with the weak currents J;,,. Thus the 
generators of the group are (i = 1,--- ,8). 


R= [vate x, t)d 
ens 


They satisfy the commutation relations 


[F;, Fj] = ifige Ps (11.55) 
[Peek |= = ifijnFR (11.56) 
[FP F] = tfign Fe. (11.57) 


The commutation relations (11.55) and (11.56) follow from flavor SU (3), 
the commutation relation (11.57) is a new assumption. Equivalently if we 
define 


(F; — F’), FF = = (F; + F’) (11.58) 


oe 
Ee 
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we get 


FE] Sahil (11.59) 


4? 


Symmetry generated by the above group is called the chiral symmetry. If 
(Rı, R2) is a multiplet of group SU(3) x SU(3), then under parity 


(Ri, R2) > (R2, Ri) (11.60) 


For example (8,1) > (1,8), (3,3*) — (3*,3). This means that if this sym- 
metry is realized as a classification symmetry, we must have parity doublets. 
This is not the case in nature. No parity doublets are found. This implies 
that the chiral symmetry is realized in the Nambu-Goldstone mode that is 
to say, there are eight bosons which in the chiral limit have zero mass. As 
we have already seen, pions are the Nambu-Goldstone bosons which in the 
chiral SU (2) x SU (2) limit are massless. The eight pseudoscalar mesons are 
identified with Nambu-Goldstone bosons of chiral SU (3) x SU (3) group. 

The algebra generated by F; and F? is called the chiral algebra. This 
algebra has rather rich physical content because generators of the symmetry 
group can be identified with observables. The matrix elements can be 
measured in electroweak interactions. This in fact provides evidence for 
chiral symmetry [see bibliography]. 


11.4.1 Explicit Breaking of Chiral Symmetry 


As already seen the chiral symmetry is spontaneously broken [cf. Eq. 
(11.52)]. Another way of expressing it is that 
(0|aal0) #0 = FP |0) £0. (11.61) 

To see this, we note that in the quark model, we have the following com- 
mutation relations: 
(Sy Meee  i=0,1,...,8 
[F?, Pj] = —idijk Se (11.62) 

] 

] 


where 


Ài 
545% P= 5 159 (11.63) 
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are respectively the scalar and pseudoscalar densities. We note from Eqs. 
(11.62) that 


2 2 
(0 | [Pi + iP2, FP_i2|| 0) = 22 osoo) Pg 


Now we expect that flavor SU (3) is realized in the usual way and is not 
spontaneously broken [cf. Eq. (11.53)]. This implies that 


(0|Ss|0) (11.64) 


1 
0|Ss|0) = — (0|[Fayis, S4—i5]| 0) = 0 11.65a 
(0 [Ss] 0) Jz (Ol Faris, S4—is]l 0) ( ) 
as 
Fıs |0) = 0. (11.65b) 
Thus, if 
Le fe fe PEERY 
(So)o = 1 J2 (w+ dd + as), 40 (11.66) 
then we have from Eq. (11.64): 
FP; l0) # 0. (11.67) 


the condition for spontaneously broken symmetry [cf. Eq. (11.52)]. Let us 
write 


(tu) 9 (dd), (5s)ọ = —u(say). (11.68) 


Hence we have the result that (So), 4 0 which implies that chiral symmetry 
is spontaneously broken and (Sg), = 0 implying that flavor SU(3) is not 
spontaneously broken. 

We can write the QCD Hamiltonian density [cf. Eq. (7.52)] as 


H = Ho + (muūu + madd + ms55) 


2 
= Ho + f3 (2m 4 ma) So + 3 (m+ ma) Ss + (mu = ma) Ss 


= Ho +H! (11.69) 


The Hamiltonian density Ho is chiral invariant. Here m = (1/2)(mu +ma). 
Now 

dF 

dt 


—i[F?, H] = —i [F5, A’), (11.70) 
where 


H(t) = | tene, x). 
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The (charge) continuity equation 


5 
dF? fè: (a +V- atw) 


dt 
= J Bad" Ay, (11.71) 
then converts Eq. (11.71) into 
A = —i [F},H']. (11.72) 
From Eq. (11.72), we have 
(0 |[F?, 0* Ain] | 0) = —i (0 |[ FF, [F?, H’]]| 0). (11.73) 
Using Eq. (11.52), namely 


5 . fr 
F} |0) = BENA [T3 
5. åt 
OF = 55 (nal fe (11.74) 
we obtain 
i fa 


a ya K7 |O*Aia| 0) + (0 [8>Aia] m3)] = =i (0 | [EF [EP 2] 0). 
(11.75) 


The use of PCAC relation 0*A;, = (fr/V2) m?7;, then gives [m}; is sym- 


metric in i and j]. 
2 
mi, = -7 (0 |[F?, FP, H']]| 0) (11.76) 
where H’ is given in Eq. (11.69). Substituting it into Eq. (11.76) and using 
Eqs. (11.68) and (11.62), one obtains 


mo =m = a (mu + ma) v 
2 2 
mkt = a (My + Ms) v, Mo = z (Ma + Ms) v 
2 2 2 
Mo, = Magro BR (Mu a) v 
2 


Let A be the electromagnetic contribution due to photon exchange to pines 
Since 7+, K+ form a U-spin multiplet the electromagnetic contribution to 
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mi,« is also A while it is zero for m2o, mio, m2, so that adding A in Eq. 


(11.77) for 7+, K*, we get 


2 
Mad Migo — Mg++ + MI4 x18 
= 2 2 Gia 
My  ZMZo — MZ + Mgt — Mo 
2 2 2 
m Mko + Mey —M 
-=—* x T- 20.1 (11.78) 
Ma Mko Mpe HM 


Here we have used the explicit breaking of chiral symmetry in calculating 
the current quark mass ratios in terms of masses of pseudoscalar mesons. 
When quark masses go to zero pseudoscalar mesons become zero mass 
Nambu-Goldstone bosons required by spontaneously broken chiral sym- 
metry. 


11.4.2 An Application of Chiral Symmetry to Non-Leptonic 
Decays of Hyperons 


Consider the matrix elements [where B, and B, are members of the same 
baryon octet]: 
(Bs (p') |[F?; Hw]| Br (p)) = (Bs (p') |F? Hw — HwF?| By (p)) (11.79) 


where i = 1,2,3. Using Eq. (11.74) and its hermitian conjugate, we can 
write it as 


(Bs (p’) | [F?; Hw] | Br (p)) 


= ae [(Bs (p') (0) |Hw| By (p)) + (Bs (p') |Hw | (0) Br (P))] 
= i (Bs (p") 74(0) |Hw| B» (p)) . (11.80) 


In other words in the limit q,, = (p—p’), — 0 [called the soft pion limit], if 

the matrix elements (B, (p') 7:(q) |Hw| B, (p)) are non-singular, then Eq. 

(11.80) gives 

. ; v2 mites 
ie (Bs (p ) mla) |Hw| B, (p)) = oa (Bs (p ) [Fi , Hw] | B, (p)) à 

(11.81) 

Now Hw = Hf + Hh [cf. Chap. 10] and it can be shown that for s-waves 

[Hi], the amplitude on the left-hand side of Eq. (11.81) is non-singular 

[see below] and we have 


lim (Bg (p') mi(q) |H% | By (p)) = ae (Bs (p') |[F?, Hy’ ]| Br (p)) - 


q-0 fr 
(11.82) 
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For p-waves [Hi], one can apply the result (11.81) to 
lim [(Bs (p!) m(q) |Ai'| Br (p)) 


— (Bs (p') mi (a) [Hi | Br (P)) Born] 


V2 a 
ae (Bs (p') | (FP, HF ]| Br (p)) (11.83) 
where the Born terms are shown in Fig. 11.1. 
(4) Ka ma,” 
wa a 
B (p) Aw By x B (p) op, © B py 


Fig. 11.1 Pole diagram in hyperon decay. 


These are singular for Hf; in the limit q, —> 0 where mg = m'g as they 
behave like 1/ |mg — m',| but for Hf,” they behave like 1/|mpg + m’,| and 
are non-singular. Now as we have seen in Chap. 10 [cf. Eq. (10.28)], the 
|AS| = 1 non-leptonic Hamiltonian is 


G 
Hy = A sin 0e cos 0e [57 (1 — ys)u] [ty(1 — 75)d] . (11.84) 
This being the product of two left-handed currents [Fr = F; + F?] satisfy 
[FF Hw] =0 
or 
[F?, Hw] = -[F;, Hw], 

i.e. 

[FP H Pe] = [Fi Her] (11.85) 


Further F; (being the generator of SU (3) flavor group) acting on |B,) or 
| Bs) produces a member of the same octet. To illustrate this point, consider 
for example, |B,) = |A) and (B,| = (p| , i = ne, Then 
Fi+i2|A) = 0 and (n| = (p| Fi+i2 
Thus for s-wave from Eqs. (11.82) and (11.85) 
(PP) T-a) |H” A (9) = 7 (n LHL A) (11.86) 


Also as shown in Chap. 10, in the exact SU (3) limit (B, |H?:”| B,) = 0. 
Thus the p-wave non-leptonic decays are given by the Born terms which 
are also determined by (B, |H¥?:°| B,) as far as weak vertices are concerned. 
These were the results which we employed in Sec. 10.5.3. 


11.5. Axial Anomaly 325 


11.5 Axial Anomaly 


As seen in Chap. 7, 7° — 27 is given by the triangle graph of Fig. 11.2. 


vk ,) 


+ ki.<—> k, 


Fig. 11.2 Triangle diagram for 7° — 2y decay. 


In the chiral limit (mu = mg = 0), this triangle graph gives a finite value 
for the 7° — 27 amplitude: 


M(n° > 27) = eM" (k1)e”" (ha )epvas ht hp Fn044 (9°), (11.87) 
with 
F04(0) = Nele? — e4] (=) Ta, (11.88) 
T j) Mq 


where Ne is the number of colors, e.g. 3, eu = 2/3, ea = —1/3 while the 
Goldberger-Trieman relation for (q|A3,|q) with Ag, = 4 (üy Ysu — dy,4) 
gives (fr /V2)gnqq = Mq 80 that Eq. (11.87) gives 


Fray (0) = a 


It is important to remark that the result (11.89) is unaltered by radiative 
corrections to the quark triangle and Eq. (11.89) is independent of the 
masses of fermions in the loop. Equation (11.89) gives 


(11.89) 


Do = F2 3 758 eV 11.90 
GN i — TYY 64 j e ( i ) 


which is remarkably close to experiment with only 2% PCAC correction to 
the amplitude. 

The above result is often stated in terms of contribution to the amplitude 
due to an axial-vector “anomalous” divergence: 


ð` Asy = ee (11.91) 
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where Fy, = O,dv — OL a, [a, being electromagnetic potential] and F iw 
zehv9 Fg. Note that Eq. (11.91) does not arise from equations of motion 
(11.71). That is why it is called “anomalous” divergence. Combining Eqs. 
(11.72) and (11.91), we have 


An = — (FE, H'] + bg Fy BO. (11.92) 
T 
The first term on the right-hand side of Eq. (11.92) vanishes in the chiral 


limit but it is not so for the second term. The PCAC relation for A3) thus 
becomes 


Tw Q Tuv 
0 Az (£) = Fr min’(a) + g Tm" ; (11.93) 
The “anomalous” divergence equations for 7g and no are 
Q Tuv 
ð` Aka = 7 SP Fut" i (11.94) 
where k = 8 or 0 and 
1 1 
Sng = Ne { — ) |e? + ef — 2e?] = — 
i (z ) lea + ea 203] = 


2 2 
Sm = Ne 2 + 6% +e?| =2—. 11.95 
N ( z) le €q e7] V3 ( ) 


Similar considerations show that in QCD, the flavor SU(3) singlet cur- 
rent 


_ro 1 /2-_ = _ 
Aou = I> Wd = Le [yu ysu + dyyysd + 57.755] 


has “anomalous” divergence 


2 305 ~ 
eis v; Te Gw G” (11.96) 
where 
~ 1 
Guy = 50 Gap (11.97) 


and G,,, involving gluon field has been defined in Chap. 7 [cf. Eq. (7.51c)]. 
Thus 


2 2 
O* Ao, = V2 [mytiyst + madiysd + ms3i75 5] 


2 3a, z 
TE U Gu GP” (11.98) 


It is clear from Eq. (11.98) that the SU (3) singlet current is not conserved 
in chiral SU(3) x SU(8) limit. An application of this will be considered in 
Chap. 14. 
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11.6 QCD Sum Rules 


We have seen in Chap. 7 that the asymptotic freedom property of QCD 
makes it possible to calculate processes at short distances or for large q?, q? 
being the square of the momentum transfer. On the other hand, bound 
states of quarks and gluons (hadrons or hadron resonances) arise because of 
large distance confinement effects, i.e. strong coupling effects, which cannot 
be treated in perturbation theory. The idea of QCD sum rules is to calculate 
resonance parameters (masses, width) in terms of QCD parameters (as, 
quark masses and number of other matrix elements which are introduced 
to parametrize the non-perturbative effects). We have also seen previously 
that in the absence of quark masses, the QCD Lagrangian shows a global 
chiral symmetry, i.e. it is invariant under a global SU,(3) x SUR(3) group. 
But this chiral symmetry is spontaneously broken, i.e. the ground state is 
not invariant under this symmetry. This gives rise to [q = u, d, s] [cf. Eq. 
(11.61)] 


(0 [gq] 0) # 0 

leading to an octet of zero mass pseudoscalar mesons (so-called Nambu- 
Goldstone bosons; such bosons acquire masses when QCD Lagrangian is 
explicitly broken by the quark mass terms). The non-vanishing of the 
above quark condensate is a non-perturbative effect and gives rise to power 
corrections to asymptotic freedom effect, which is logarithmic. The essential 
point of the QCD sum rules, i.e. to relate QCD and non-perturbative 
parameters of the above type with resonance parameters, is illustrated by 
the simplest of sum rules, i.e. for a two-point function: 


A (ê) = oo = aN ) (0 |0;| 0) (11.99) 


s—@ 


The left-hand side is saturated with resonance so that 


Gi 
L.h.s. gS eer (11.100) 
where (gi, m;) are resonance parameters. The right-hand side is useful only 
for large q? in which limit the perturbative QCD allows us to calculate the 
coefficients C;(q?) in the operator product expansion. In practice we want 
to saturate l.h.s. by a few low lying resonances. Thus we should use some 
weighting factor to suppress large s contributions on |.h.s. This is done 
by using Borel transform of the sum rule, which introduces a weighting 
factor involving a mass parameter M?, which should be sufficiently large 


328 Properties of Weak Hadronic Currents and Chiral Symmetry 


to suppress non leading terms on r.h.s. of Eq. (11.100) but not too large in 
order to suppress contribution from higher hadron states on 1.h.s. Thus the 
problem in practice reduces to finding a region of stability point for M? so 
that a small variation in M? will not affect the physical parameters. In this 
way from QCD sum rules for two point and three point functions, a large 
number of constraints on hadron spectrum have been obtained providing 
not only a consistency check but also a useful phenomenological information 
on resonance as well as QCD parameters and on (0|Gq|0). For details see 
the bibliography. 


11.7 Problems 


(1) Use Dirac Equation, to show that 
(o) l 
iu(p')o” (p! + p), u(p) = U(p’) (p’ — p)° ulp) 
(b) 


(pl + p)” a pv (JS 
om Dm (p' — p), | u(p). 
(c) Using Lorentz invariance, show that most of the general matrix 


elements are of the form: 
1 m2 


$ J> = 
(p [anl P) (2r)? \ popo 


(2) Using the conservation of electromagnetic current viz 
3a Tn (2) = 0 


ui(p')y"u(p) = u(p’) | 


a3, a V 
u(p') [ar $ Peace qu + rig’ u(p) 


Show that F3 = 0. 
Finally |P = p’ + p] , show that alternatively 


F ý 
(p' [Jòn] P) ~ u(p’) Fra = (Fi 4 roa] u(p) 


~ alp’) G +F) — Zp] u(p) 


(3) Determine the commutation relations (11.62). 
Hint: Use equal-time anticommutation relations of Dirac fields 


[d (£), a" (y)] = 6%63(x—y) 


Zo=Yo 


to show that 


[a'(x)Oq(2), a'(y)O'a(y)] = 8 (x — y)a'(2) [0,0] aly) 
and take operator O and O’ approximate to various quantities in 


(11.62). 
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Chapter 12 


Neutrino 


12.1 Introduction 


Experimental puzzles in the past have led to some important discoveries 
in Physics. Neutrino, which has spin 1/2, was invented in 1930 by Pauli 
as the explanation of such a puzzle, namely the conservation of angular 
momentum and energy in -decay 


n->pte , 

require such a particle, so that 

n—p+e +e. 
Its direct observation was made much later. The electron type anti- 
neutrinos are thus produced by the decay of pile neutrons in a fission reac- 
tor. These can be captured in hydrogen giving the reaction: 

De +p—e* +n, 
whose cross-section was measured by Reines and Cowan 


Cewp = (11+ 2.5) x 107“ cm? 


to be compared with the theoretical value 


Tin = (1141.6) x 10-** cm’. 


Note the extreme smallness of the cross-section. It is a reflection of the fact 
that neutrino has only weak interaction. 
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12.2 Intrinsic Properties of Neutrinos 


(a) Neutrinos are elementary particles with spin 4, electrically neutral and 
obey Fermi Dirac statistic. 

(b) All neutrinos detected are left-handed (see Sec. 10.1.1), i.e. their spin 
points in the opposite direction from their momenta. All anti-neutrinos 
are right-handed. 

(c) Neutrinos occur in three flavors Ve, Vu, Vy associated with the corre- 
sponding charged leptons e~ , u~, T~ respectively. Neutrinos “oscillate” 
from one specie to another with a high probability (see Sec. 12.4). This 
means that neutrinos produced in a well-defined weak eigenstate va can 
be detected in a distinct weak eigenstate vg later. This phenomenon 
of neutrino oscillation is possible if one or more neutrinos have non- 
vanishing mass. 

(d) The discovery of neutrino mass raises the question whether each mass 
eigenstate v; is identical to its antiparticle D; or is distinct from it. 
If Di = vi, we call the neutrinos Majorana particles, while if D; Æ vi 
they are called Dirac particles. Usually conserved charges distinguish a 
particle from its antiparticle. For example electric charge distinguishes 
electron from positron. But neutrinos carry no electric charge and 
might not carry any other conserved charge like quantum number. It 
might be thought that there is a conserved lepton charge (see Sec. 4.1) 
that distinguish ve, e~ from De, e+. However conservation of lepton 
charge is not protected by any gauge symmetry. If such a conserved 
charge does not exist, then there is nothing to distinguish D; and vi. 
Then neutrino may very well be a Majoran particle. 


12.3 Mass 


The question of neutrino mass is one 

indexNeutrino Mass of long standing. In the context of the standard model 
of unified electroweak interactions (Chap. 13), there is no understanding of 
the origin of masses of elementary fermions. In this category the question 
of neutrino mass also arises. It has an added importance for the following 
reasons: 


(a) The fact that neutrinos occur asymmetrically in one (left handed) he- 
licity state with lepton number conservation imply that m, = 0 (see 
below). However, there is no local gauge symmetry and no massless 
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gauge boson coupled to the lepton number L to guarantee the mass- 
lessness of neutrino and lepton number conservation in contrast to the 
photon where both the masslessness of photon and charge conservation 
are consequences of local gauge invariance of Maxwell’s equations. One 
may thus expect a finite mass for neutrino. But the intriguing question 
is why m(ve) < m(e). 

(b) Non-vanishing neutrino mass has important implications in Astro- 
physics. It is a candidate for hot dark matter. It affects history, struc- 
ture and fate of the universe as we shall seen in Chap. 18. 


Experimentally the question of neutrino mass is still open. This is 
because 


(i) m, is small and a smaller quantity is more difficult to measure with 
high precision than a bigger quantity. 

(ii) Neutrino has only weak interaction with matter which implies in prac- 
tice that no direct measurement of m, is possible. 


12.3.1 Constraints on Neutrino Mass 
12.3.1.1 Direct Limits 


We first confine to electron anti-neutrino (De). % comes out in 8-decay of 
Tritium 
3H —> 2?He+e7 + De. 

Electrons from this decay has a very low end-point energy (18.6 keV). As 
such this process is ideal to look for a possible finite mass of neutrino. If 
my = 0, 

| dr 

pedpe 
Kurie plot is thus a straight line. If m, 4 0, 


1/2 
x (Emax — Ee). 


AA E E.)1/2 E E.)? 271/4 
G) x ( mar T e) ( man ~~ e) g mg] 

This equation also illustrates why the end point energy range is important 

for determining m, = 0. This gives a distortion at the extreme end of the 

Kurie plot (see Fig. 2.6). Thus one has to look for such a distortion, but 

note that the deviation is in fact quite small and the experiment is thus 

quite difficult. An added complication is the presence of final state ionic 
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and/or molecular effects that are not well understood. Anyway, the present 
limit on the so called effective mass of electron neutrino [for the definition 
of Ue; see Sec. 12.4] placed 


My. = D [Veal mi <2 eV : Mm K Me 


The Katrin experiment is expected to improve the limit to ~ 0.2 eV. Direct 
limits on the other two types of neutrinos are 


T > By, > My, < 190 keV : My, < my, 
T > OTV, : My, < 18.2 MeV: my <m, 


12.3.1.2 Double B-Decay 


The double (-decay is another way to look for a finite mass of neutrino. 
Two kinds of double -decay can be considered: 
(2v) (A, Z) > (A, Z +2) + 2e +27 (12.1) 
(0v) — (A, Z +2) +26. 


Usually the neutrinos are assumed to be Dirac particles, that is, neutrino 
v and its anti-neutrino v are distinct. There is another picture of neutrinos, 
called Majorana in which v and Ð are identical. This implies 
no>pte +0L=p+e +vL 
vrtn—opte, (12.2) 


so that (2n) — (2p) + 2e~ as shown in Fig. 12.1. 


n n n 


Fig. 12.1 Basic reactions in double 8-decay. 
The important physics issues in (0v) double -decay are: 


(i) Lepton number must not be conserved, which is possible if neutrinos 
are Majorana particles: v = D. 
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(ii) Helicity of the neutrino cannot be exactly —1, this can be satisfied if 
my, # 0. 


Thus (0v)G 8 decay is especially interesting in determining m, as half life 
Tij x Q < m, >7?, (12.3) 


where Q is the Q-value of the reaction involved. 
There is now distinct evidence of (2v) G-decay: 


82 Se — 2 Kr 


Tio = (1.1405) x 10% Yrs. (12.4) 


Incidently this is the rarest natural decay process ever observed directly 
in a laboratory. This would help to provide a standard by which to test 
the double -decay matrix elements of nuclear theory. From the limit on 
half-life on (0v)3 8 decay process Ge 37° Se + 2e7, 


Tıj2 > 1.9 x 107° Yrs, 
the Heidelberg-Moscow experiment gives the best present bound on m,,: 
My, < (0.35 — 0.5) eV 


Part of the collaboration claims an evidence for the positive signal which 
would correspond to my, ~ 0.4 eV. Actually, if there is a mixing among 
neutrinos (see Sec. 12.4 below), then my, = 55; Ai|Uei|?mz,, where A; is a 
possible sign since Majorana neutrinos are CP eigenstates and Ue; arises 
due to two vertices. 


12.3.1.3 Cosmology 


Non-zero neutrino mass alters large scale structure formation within the 
standard cosmology. The cosmological observations put a bound on the 
sum of neutrino mass 


3 
Som < 0.17 — 1.2 eV 


i=l 
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12.3.1.4 Astrophysical Constraints 


As will be shown in Chap. 18, the mass density of all fairly light (m, < 1 
MeV) stable neutrinos is 


=E (%) ns 
Pp = n9 Ny Moi; 
3 0 
— We ds My; 
= 55 2m,,(eV) x 1073! gm/em’, (12.5) 


where n9 = 400 cm™? is the present photon number density. Now the 
average mass density of the universe is 


Po = Qopeo; 
where Qo < 1 and peo is the critical density 
meet (12.6) 
Ca 871Gin f ` 
Here Hp is the Hubble parameter, Họ = 3 x 107!8h, sec™! 


[100 h km g~* Mpc~"], with h, = 0.71 + 0.01 and Gy is Newton’s gravi- 
tational constant. Thus 
peo = 1.88 x 10779? gm/cm? 
= 1.05 x 1075? GeV/cm® (12.7) 
This together with Eq. (12.5) gives 


0 
Qh? = aaa = 1.06 x 107? XO m, eV 


The sum of the masses of all stable neutrinos is convened by the WMAP 
data (see Chap. 18) which gives 
Qh < 0.0076 
Hence 
XO mn, < 0.72 eV 


i 
We may also mention here that the big-bang nucleosynthesis puts con- 
straints on the mass of any metastable (m.s) neutrinos which are 


Mmy,,, (Dirac) >32 MeV or < 0.95 MeV 


my,,, (Majorana) >25 MeV or < 0.37 MeV 
Both the lower limits are in conflict with m, < 18.2 MeV, mentioned 
earlier, implying that m,, must actually be below 1 MeV. 
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12.3.2 Dirac and Majorana Masses 


It is a general feature of weak interactions that only left handed neutrino 
vz takes part in it (see Chap. 10). Let us write a Dirac spinor w as 


€ 
y= ( : (12.8) 
n 
In a representation in which ys is diagonal, 
1-7 & 1+7 0 
WL z U ( 0 ) , UR z ” a (12.9) 
the Dirac equation for the two component spinors € and 7 can be written 
as 
o 
Pe age er 
(i i z) E mpy 
; „0 
io: V ig) ee mp (12.10a) 


It is the mass which links € (or equivalently Yz) with 7 (or Yr). 
These equations can also be written in the form 


io" OnE — mpn =0 
io pOnn — Mpé = 0 (12.10b) 
where 
do” = (1,0), o = (1, —0) (12.10c) 


Under charge conjugation C (particle — antiparticle) Yy > Y° = —iy?y* 
[see Appendix A], so that 


E> & = ~i0?1" 


n— n? = 10°" (12.11) 
For massless neutrino, € and 7 decouple and we have from Eq. (12.10a) 
ð 
io V — ic =0 12.12 
(i 5) E ( a) 
Vt AE (12.12b) 
a z)” : 


These are called the Weyl equations for massless spin l particles. It is easy 
to see that Eqs. (12.12a) and (12.12b) are not disconnected. In fact, using 
the usual representation of Pauli matrices o*, one verifies that, if (x) is a 
solution of Eq. (12.12a), o2€*(a) is a solution of Eq. (12.12b). In order to 
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see physical implications of Weyl Eq. (12.12a), we examine the plane wave 
solution, given by 


E(x) = w(p)e"”* = wipe *—™) (12.13) 
Then from Eq. (12.12a), we get 
[o : p+] w(p) =0 (12.14) 


with E? = p?. Let us denote the positive energy spinor by u(p) and 
negative energy (E = —|p|) spinor by v(p). Thus we get 


ZP u(p) = —u(p) (12.15) 


P up) = v(p) (12.16) 


Hence we get the important result: if neutrino is massless, then 2- 
component Wey] field €(x) satisfying Eq. (12.12a) or equivalently, the chiral 
projection za —75)v] of a four component field u(x) satisfying massless 
Dirac equation, give a left-handed (helicity negative) neutrino and a right- 
handed antineutrino. This is what is realized in nature. If we start with 
n-field, then we have opposite case: a right-handed neutrino and left-handed 
antineutrino. This case is not realized in nature. It is important to remark 
[see Ref. [2]] that charge conjugation operators given in Eq. (12.11) are 
not possible in the 2-component case. 

If we allow both a finite mass and lepton number non-conservation, then 
for an electrically neutral lepton, the Lagrangian is 


L= WV (ið, —mp) Y + > (Tot — UC’). (12.17) 
The second term in Eq. (12.17) is the Majorana mass term and violates 
lepton number conservation: AL = 2. Let us define the new fields ¢; and 


2: 


1 a PE 
= — (f — io 

Qı Z (£ 1°) 

i A E 
= —— (+ 10 : 12.18 
2 V2 (£ n ) ( ) 

It then follows from Eq. (12.11) that under charge conjugation 

$122 +12, (12.19) 


i.e. 1,2 are eigenstates of C with eigenvalues +1 and —1 respectively. In 
terms of ¢; and ¢2, Eq. (12.11) becomes 


p= iolonayos ! (Megee T 


2 a 


+ ipha"d,, bo (Meoee 2 (—io?) be 4 he.)). (12.20) 
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If we start with € and 7 or equivalently vz and vp, then we can have two 


Majorana particles of masses (mp + mys)/2. If we start with vz only, 
mp = 0, we have a Majorana neutrino of mass mm. In this case Eq. 
(12.20) reduces to 


L= ivl OO,UL + a (vi (~io°)vr + h.c.) (12.21) 


We get an important result: a two-component neutrino (vz) cannot have a 
Dirac mass; it can only have Majorana mass, which violates lepton number 
conservation. Thus one helicity state (—1 for neutrino) together with lepton 
number conservation implies that m, = 0. It may be mentioned that if 
neutrino is massless, there is no distinction between Majorana and Weyl 
neutrino. 


12.3.3 Fermion Masses in the Standard Model (SM) and 
See-saw Mechanism 


The fermion masses in the standard model are generated through a Yukawa 
coupling of fermions with a Higgs scalar (see Chap. 13): 


L = -gf fLOfR + hc. (12.22a) 


where @ develops a vacuum expectation value as shown in Fig. 12.2. 
F <@>o 
l 
l 
| 
l 
l 
l 
l 


——SS—— ——— SS 
fi fr 


Fig. 12.2 Fermion mass generation. 


Here fz and ¢ are doublets while fr is a singlet under SU,(2) of the 
standard model group SU(2) ® U(1), e.g. 


ic ( — ) , fr=en. (12.22b) 
£ L 
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The SM conserves L, nor does it contain any chirally right-handed neutral 
fields but only the left-handed ones vz. If, however, one allows right-handed 
neutrinos Nr which are SU(2) & U(1) singlets, then one can write the 
Yukawa interaction 


Lanex = LsM ax of FLNR + h.c. (12.22c) 
The above mechanism gives [fr = er or Np] 

cps = —ge(b)ofi fr + h-c., 
leading to the Dirac mass 


mf = gf ()o 


Thus mp(ve) = ge(¢)o where (¢), = 175 GeV and one thus expects 
mp(ve) ~ mp(£), say within a factor of 10 or so. This does not explain 
m (vi) < m (l). This would require 


gv < 19718 _ 19071 


which looks unnatural if Np is the same type of field as right-handed com- 
ponents of other fermions. For the neutrino Eq. (12.22a) gives 


Linass = -Mp [PLNR + Navi] (12.23) 


Note that Dirac mass does not mix neutrinos and antineutrinos and as such 
conserve lepton number. The most economical way to add neutrino mass 
term to the SM involving only light neutrinos is that the neutrinos have 
Majorana mass arising from AL = 2 non-renormalizable interaction of the 


form: 
_G T œ-1 
L= M (FLO) C™ (fre) + he. (12.24a) 
After the electroweak symmetry breaking 
G 
Let = GPEC un eyo (12.24b) 
giving nothing but the neutrino mass 
G44 
m= 7 (olo (12.24c) 
and 
Maijorana (y) — mrt Ctvr + h.c. (12.25) 


We may remark here that with G ~ 1, (¢)o ~ 175 GeV, as in the standard 
model, Eq. (12.24c) gives m, ~ 1075 eV for M ~ 1019 GeV (Planck mass 
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- <O>o6 H <P>o 
| | 
l l 
| | 
| | 
| | 
| | 


V; Np M NC ve 
Fig. 12.3 Majorana mass generation. 


scale) while for m, œ 0.045 eV, M ~ 10!° GeV not much different from 
the Grand Unification (GUT) mass scale. 
The above mass generation can be pictured as a two-step process shown 
in Fig. 12.3. This process also gives a Majorana mass to Nr 
cMajorane(N) = Mp (NRC™'Nr - NrCNp) 
= Mr (N§)" CINE + he. (12.26) 


Such a mass term is allowed by the SM, since Nr being the electroweak 
isospin singlet, all the SM principles including electroweak isospin are pre- 
served. In Eq. (12.26), the second step is obtained by using the charge 
conjugate of Nr 


Ng ==NEC4, NS =CN} (12.27) 
so that NRON p = — (NS)* C-1NG. Further 


NpgvL = (Ng)* CT lon 


II 


1 
z (N ey (O 1v, + vC 'Ng] 
Thus we rewrite Eq. (12.24a) in more convenient form 
1 
£bires(N) = smp [((NR) Cvr + vEC7NG) +hc] (12.28) 


Referring to Eqs. (12.25), (12.26) and (12.28) the mass matrix in 2- 
component basis v,N§ needs diagonalization. Denoting by prime fields 
before diagonalization, we have in 2-component basis 


emailer Te IoT -1 mL Mp/2 v, 
Lu = (vi (Nic) \e ie Re H Ne ) (12.29) 
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It is useful to consider various limits: 
Majorana : mp — 0 
Dirac: mz, Mr —> 0 
See-saw : mr —> 0, mp < MR 


The diagonalization of the mass matrix (12.29) in the see-saw limit gives 


v, = vi, — ou NE 
Cc MD C 
NR = MT + Nr (12.30) 


By introducing the charge conjugate left handed component Nz = (N DS 
we can equivalently write the relation (12.29) in vz, Nz basis giving 


oh aah eh a T ng) 

B AE DMR Y 
mp 

Men TN 


Hence we have two Majorana neutrinos vzr and Nr with masses 
my ~ mp/4Mr K mp 
my =~ Mr (12.31) 


Depending upon Mp, vz could be extremely light and Nr correspondingly 
heavy. To summarize, in the Dirac case, one must answer the question why 


(Moe) Dirac < me (12.32) 


while in the Majorana case the see-saw mechanism sidesteps this question; 
here one has 
2 


m 
(Muve) Majorana = mE] < me (12.33) 


by requiring the existence of a large scale M, associated with some new 
physics. Below we give some typical scales indicative of new physics and 
the corresponding neutrino masses, which may be relevant for neutrino 
oscillations (to be discussed below), dark matter and leptogenesis [Chap. 
18]: 


| M (GeV) | mn. (eV) | mp, (eV) | m, (eV) 
| Mprang(101®) | 10714 | 4x107 | 1075 
| 


Meur(10%*) | 10- | 4x 10-7 10-3 
M,p(10) 10-7 | 4x 10-3 1 
106 10-! 4x 103 106 
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12.4 Neutrino Oscillations 


If neutrinos are massless, then the neutrinos Ve, Vu, Vr, which enter the 
weak interaction Lagrangian are also the mass eigenstates. If anyone of 
them have a mass, then it may be that the mass eigenstates which we denote 
by vi(li = 1,2,3) are different from flavor eigenstates vw, (w = e, u, T). In 
this case, we can get neutrino oscillations. The phenomenon of neutrino 
oscillations can provide a mechanism to measure extremely small neutrino 
masses. We note that two sets of states |v) and |v;) are connected with 
each other by a unitary transformation: 


vw) = $ Vuil) (12.34) 


XO Uiw ean (12.35) 
Now 
H(k)jvi) =  Eiļvi) (12.36) 
Wie 
E; = (k? + m2)? ~ k + na (12.37) 


since k > m; and we take the extreme relativistic limit. Now at time 
t, |v(t)) satisfies the Schrödinger equation: 
i£) = HO). 
In v; basis, H is a diagonal matrix with eigenvalues £1, E2 and E3. Thus 
ilt) = e *”*|y,(0)) = et v). 
Hence from Eq. (12.34), we can write 


TODT 


vi) 
and 
(Vw |Vw)t = 5 Unie E (vyv 
= X Ume P Ugn (12.38) 


Thus the probability that at time t, the neutrino of type w is converted to 
the neutrino of type w’ is given by 
Pera = | (Vay? peal 


= XOX Uwili.;) (UwjU%;) cos(E; — E;)t. 
i j 


(12.39a) 
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Neglecting CP-violating phases so that U is real, it is convenient to rewrite 
it as 
Pow = ww — 4, UviUwjUwjUwi sin? (nL / dig) (12.39b) 
j>i 


where L is the distance traveled after which 1, is converted to vw and 


2 
iy = T =247m (r) A (12.39c) 
where we have used the relation L = ct, 
27C 
AG = ee? 
L(mj — m5) 
(E; — E;)t = — 7E (12.39d) 
2 DE); 
2E, 


The matrix U with matrix elements Uwi, commonly called PMNS 
(Pontecorvo-Maki-Nakagawa-Sakata), mixing matrix is given by U = 
U23U13U12 


1 0 0 C13 0 siget? C12. s120 
U = 0 C23 S23 0 1 0 — S12 C12 0 (12.40) 
0 — 823 C23 —s3e"° 0 C13 0 01 


where 6 is known as CP-violating Dirac phase. If neutrinos are Ma- 
joran particles, the mixing matrix U is multiplied by Ig, where Ig = 
diag (1, e*®,e"2) is the diagonal matrix of the Majorana CP-violating 
phases. They can be absorbed with the mass eigenvalues which can then 
be considered as complex parameter. As a consequence of CPT and CP 
invariance 


Pu ive a Pr Dw = Popova = Pow tyr 


The form of transition probability (12.39b) depends on the spectrum of 
Am? or Aj; chosen and the explicit form of U. If Am? is chosen such 
that \ >> L, then the oscillator term sin? zL — 0. On the other hand, if 


à < L, one has a large number of oscillations and sin? zh averages out to 
1 


$. 
For the conversion of Ve to Ve (£x = por T), 


cos@ sinô 
= 12.41 
A Gey =.) ( ) 
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Fig. 12.4 The neutrino oscillations. 


and 


2 
Py, ov, = sin? 20 sin? p27 1! (12.42) 
E, 
while the survival probability is P,..), = 1—Py,v,- Here 0 is the vacuum 
mixing angle. P,,,, and P,,,, oscillate with L as shown in Fig. 12.4. 

The amplitude of the oscillations is determined by the mixing angle; the 
wavelength of the oscillations is A. Incidently the above result illustrates 
the quantum mechanical phenomena of interferometry which provides a 
sensitive method to probe extremely small effects. 

To look for oscillations, one needs factors, which enhance tiny effects: a 
coherent source (there are many, the sun, cosmic rays, reactors etc.), low 
energy neutrinos, large base line (size of the sun and that of the earth), 
large mixing angles and large flux. 


12.4.1 Mikheyev-Smirnov- Wolfenstein Effect 


First we write the Hamiltonian in Ve, v, basis [x = p or T or s (sterile v)]: 


Hk) = UHU! (12.43) 


where H is diagonal in 1; — v2 basis: 


E, 0 10\ 1 (-Am? 0 
H= =k — 12.44 
T 3 (ital 0 i) a 
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and 
cos@ sin 
— 12.4, 
ae ee) 
P m? m3—m? Am? 
while E; ~ k + 3f and By — Ey = a = SS. Then 
10 —Am? cos 20 Am? sin 20 
H, (k) = const. ( i a P aa T (12.46) 
4k 


where the first part of Eq. (12.46) is irrelevant for oscillations. Now in 
traversing matter, neutrinos interact with electrons and nucleons of inter- 
vening material and their forward coherent scattering induces an effective 
potential energy. Such contributions of weak interaction in matter to H, 
arise due to Feynman diagrams shown in Fig. 12.5. 


Fig. 12.5 Feynman diagrams for neutral current (n.c.) and charged current (c.c) weak 
interactions which contribute to H, for oscillations in matter, where x = e, p, T. 


The first diagram contributes equally to ve, Vu and v, and as such is not 
relevant v, = Vu or vr oscillations. This gives the effective Hamiltonian 
[see Chap. 13]: 


2GF p- ; _ 
TE [fry (Isr — sin? Ow) fı] [Pya — s)V] (12.47) 
where f = e`, p or n for which respectively Ig, = —ż4, 5, —} and Q = 


—1, 1, 0. The second diagram after Fierz rearrangement gives the effective 
Hamiltonian: 
Gr 


V2 (be ler" (1 = ys)el We) VeYp(1 = Ys Ve (12.48) 


where pe denotes the state of the medium. These diagrams give the poten- 
tial energy 


n 


1 
A = V2G p(n = 5m”) 
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1 
Vue = -V2Gr3 (n°) (12.49) 


V,, =0 


where ne denotes the number of electrons per unit volume and np that of 
neutrons. Then the Hamiltonian in the matter is [k ~ E] 


Ay (k) = H,(k) + Hw 


—Am? cos 20 Am? sin 20 
=Am* 00820 4/91 py, Am? sin 20 
= ( aE a sin 20 i T ) (12.50) 
4E 
where 
N = Ne for Ve Vy Or Vr 
= Ne — -Nn for Ve S Vs 
2 
The diagonalization to v1, v2 basis gives: 
Ve cosy, sin Ox v 
= 12.51 
a e n (12.51) 
with 
l 
sin 20m = sin 20 2, 
ly 
lm 
cos 20m = (cos 20 — A); (12.52) 
Vv 
1 
AE = Eg — Ey = — (12.53) 
2lmM 
where 
EN E TEA (12.54) 
Am? 
E 2 
ig [(A — cos 20)? + sin? 20)" , (12.55) 
Am? 
E 
ly = —— 12. 
v= (12.56) 


For constant density n, the considerations of Sec. 12.3 give the conversion 
probability 


L 
P(ve > vz) = sin? 20 y sin? EA (12.57) 
M 
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The following are useful limits: 


Am? 
2E 

V2G rn > 0 
—0 Q ) 


(i) n> 0, Oy =0, AE = 


(ii) n= œ, Hy > (12.58) 


AE = 2V2Gpn 
T 


Ou 5 Ve V2, Ve Vi 


2 


Am? cos 20 
(iii) n = nres defined by V2G F(N)res = a 


0 Am? sin 20 
4E 
Hm = Am? sin 20 0 


4E 
Am? sin 20 
2E 
Ve + Vr Ve — Vr 


v2 


AEres = (12.59) 


Ou =z, a= 


T 
4 


V= Vyr 


m= << 1 


V= Ve 


n 


Fig. 12.6 Plot of neutrino energy E versus density n , showing conversion of ve, to Vz 
in matter. 


Suppose ve is created at no > Nres Say at the center of the sun, and 
then it propagates out. If there is no level crossing (shown by dotted lines 
in Fig. 12.6, then v(n = 0) ~ vs and undetectable. This conversion of ve 
into v, is the cause of the depletion of observable neutrinos. Now neutrinos 
of any energy will not go through the resonance. The resonance condition 


12.4. Neutrino Oscillations 349 


for any given neutrino energy F is: 
Am? 
2/2G F 


We may remark here that for Ve —> Vu or v, conversion, 


n=n=(4)y 
MN 


where Y denotes the number of electrons per nucleon and is 1/2 for ordinary 
matter. Then, the resonance condition (12.59) can be written as 


nres (E) = cos 20 


(12.60) 


Am? cos20 my 1 
2/2Gr Y E 
1 Am? MeV 
= 1.3 x 107 — cos20 12.61 
x 10‘ g/cc zy 608 ara ( E ) ( ) 
For pres > p (center of the sun) = 100 g/cc, we have 
E Am? 
<1:3°« 10° 
(sr) SENN, CaN 
Thus, for example, for Am? > 6 x 1076 eV?, we will not have resonance 
for E < 0.4MeV and the resonance will be at least at Æ = 0.8 MeV. In 
this case the resonance will not effect pp neutrino for which Emar = 0.44 
MeV but can eliminate 7B neutrinos for which E, ~ 0.86 MeV. 


Pres = 


(12.62) 


12.4.2 Evolution of Flavor Eigenstates in Matter 

The evolution of flavor eigenstates in matter is governed by the equation: 
_O Ve(x) Ve (x) 
— =H 12. 
glo) O ee 


where H(z) is given in Eq. (12.50). Note that the x dependence arises due 
to the « dependence of the density n for varying density case. Using 


Golo law) (12.64) 
with 
va) = (Sinse anette) ) (12.65 
we have 


mlao) HY (aa) ae (na) 


350 Neutrino 


where 
FE, 0 
-1H = 1 
U-'HU 0 Eb 
mtm (10) E: | 
= + 2 AP (12.67) 
2 01 0 Az 
and 


3U Os. 
U E = e Ou (x) (12.68) 


where (') means differentiation with respect to x. Noting that the first part 
of Eq. (12.67) is irrelevant for oscillations and using Eq. (12.52) we have 


(20) - (aR (28) ee 


For the constant density case, 64, (x) = 0 and lm is independent of x, so 
that Eq. (12.69) has simple solutions 


V(x) = 11(0) exp joes 
Al yg 
V2(x) = v2(0) exp PES (12.70) 
4lm 
where we have taken x = 0 as the initial point. Then Eq. (12.64) gives 


ve(a) = cos O(a) 1 (0) exp (i rie ) + sin 0(x)v2(0) exp (5) 
E Gene? Mayes (iz) 


— sin 0(2) sin 69,ve (0) exp (ii) (12.71) 


where we have used the boundary condition ve (0) = 0 [see Eq. (12.64)]. 
Then the electron neutrino survival probability averaged over the detector 
position L (from the solar surface) is given by 


P (ve — Ve) = cos? Oy cos? 64, + sin? Oy sin? 69, 
1 1 
=5 + z 008 26 cos 209; (12.72) 
where Oy = 0 is the vacuum mixing angle. In general when the density n 
is a function of x one has to solve Eq. (12.69) and as a result P(ve — ve) 
is given by the Parke formula: 


1 
P(ve > ve) = =4 G z) cos 20 cos 205, (12.73) 
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where 09; is the initial mixing angle and Pj = exp (-37) is the Landau- 
Zener factor. Here 


n dx 


_ Am? sin? 26 1dn\~* 
I= E cos 26 


and is called the adiabaticity. In the adiabatic limit y >> 1 and P; — 0 and 
we recover the relation (12.72). The survival probability P (Ve —> Ve) as a 


res 


function of vacuum oscillation length l, x E/Am is displayed for various 
mixing angles in Fig. 12.7. The transition between the regime of vacuum 
and matter oscillations is determined by the ratio l„/lm (see Eqs. (12.52- 
12.56). If it is greater than 1 then matter oscillations dominate. If less than 
cos 20 vacuum oscillations dominate. Generally there is a smooth transition 
between these two regimes. 


12.5 Evidence for Neutrino Oscillations 


One looks for neutrino oscillations in the following two types of experiments. 


12.5.1 Disappearance Experiments 
Reactors are source of De through the G-decay 
n—>p+e +e 


and experiment looks for possible decrease in the De flux as a function of 
distance from the reactor, Pe — X [if converted to D, say, one would see 
nothing, 7, could have produced u" but does not have sufficient energy to 
do so]. 

KamLand experiment confirms that De do indeed disappear when the 
reactor De’s have traveled ~ 200km. De flux is only 0.658 + 0.044 + 0.047 of 
what it would be if none of De’s were disappearing. 


12.5.2 Appearance Experiments 


Here one searches for a new neutrino flavor, absent initially, which can arise 
from oscillations. Such experiments involve atmospheric neutrino studies, 


K-2K and MINOS accelerator experiments, which are sensitive to Am3, = 


m3 — mz and 623 (atmospheric sector), and solar neutrinos. Solar neutrinos 


and KamLand are sensitive mainly to Am3, = m3 — m? and 642 (solar 


sector). The 1 — 3 mixing, if not zero, may give subleading effect. The 
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reactor CHOOZ experiment gives a bound on 63 as a function of Am3,. 
The physical effects involved are: 


(i) vacuum oscillations for atmospheric neutrinos, K2K, MINOS, CHOOZ 
and 

(ii) MSW effect — see Fig. 12.7 — which illustrates the adiabatical conversion 
of solar neutrino in the matter of the sun while at low energies solar 
neutrinos undergo the averaged vacuum oscillations with small matter 
effects. 


“a 1 


1 èl 
/ MSW matter 


1 
, 


10 11 12 13 14 15 16 


10 10 10 10 10 10 10 
4E, /Am? (eV) 


Fig. 12.7 Schematic illustration of the survival probability of ve created at the solar 
center. The curves are labeled by thesin? 20 values [16]. 


We now consider some of the experiments and their analysis. 


12.5.2.1 Atmospheric neutrino anomaly 


Atmospheric neutrinos are produced in decays of pions (Kaon’s) that are 
produced in the interaction of cosmic rays with the atmosphere: 
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These neutrinos are detected through the reactions vy, +n — po +p, 
Du +p —> ut +n and ve +n —> e7 +p, De +p — e* +n and are respectively 
called p-like and e-like events. One would expect the ratio 


~2 


N (ve) N (Ve + De) 


N (va) N (v, + Pu) 


However this ratio was measured in several detectors and it was found that 
it is substantially reduced from the value ~ 2. Indeed [MC for Monto Carlo] 


= 0.658 + 0.016 + 0.035 


which should be one in the absence of oscillation. 
The results of global analysis gives for the dominant mode of the atmo- 
spheric neutrino oscillation (v, > v, oscillations) 


|Am2| = (2.3929:08) x 107%eV? 
sin? 023 = 0.466+9:973 (12.74) 


12.5.2.2 Solar neutrinos 


Electron type antineutrinos are produced by the decay of pile neutrons in 
a fission reactor: n —> p + e7 + De, e.g. KamLand. Electron type neutrinos 
are produced from reactions in the sun called solar neutrinos. The energy 
of the sun is generated in the reactions of pp and CNO cycles. Energy is 
generated through nuclear burning involving the transitions of four protons 
into “He: 


4p > *He + 2e7 + 2ve + Q 


where Q = 26.7 MeV is the energy release in the above transition. Thus 
the generation of the energy of the sun is accompanied by the emission of 
Ve’s. The total flux of the neutrinos is connected to the luminosity of the 
sun Lo by the relation: 


E; r= Lo 
Od (1-25) 8 = a 


where R is the sun-earth distance, ®; is the total flux of neutrinos from the 


source 7, and EF; is the average energy. 


354 Neutrino 


The most important sources of solar neutrinos in the pp cycle, which 
dominates cooler stars, particularly the sun, are the following reactions: 


pp > *Hetv.: E, < 0.42 MeV 
ppe™ > *Hve: E, = 1.442 MeV 
"Bee — "Live: E, ~ 0.86 MeV 
8B 8Bže™ve : E, <15 MeV 


On the other hand, the CNO cycle dominates hot stars and the following 
reactions are sources of Ve’s: 


13N — 8Cety, 


150 = Netve 


The first reaction in the pp cycle is the main source of solar neutrinos. 
The third reaction is a source of monochromatic neutrinos. This reaction 
contributes about 10% to the total flux of solar neutrinos. The fourth 
reaction contributes only about 1074 to the total flux but it is the main 
source of high energy solar neutrinos (up to 15 MeV). 

Due to different detection thresholds, solar neutrinos from different 
sources can be detected in different reactions. Thus the solar neutrinos 
with energy > 0.814 MeV can be detected in 37Cl and Super-Kamiokande 
and those > 0.233 MeV in “Ga. In all experiments the observed event 
rate is significantly smaller than the rate predicted by the standard solar 
model:0.34 + 0.04, 0.47 + 0.08 and 0.53 £0.03 of the expected rate from the 
standard solar model, respectively for °“Cl, Super Kamiokande and "Ga. 

Particular compelling evidence that the solar neutrinos change flavor has 
been reported by Sudbury Neutrino Observatory (SNO). SNO measures the 
high energy part of the solar neutrino flux (B neutrinos). The reactions 
employed by SNO are 


vd — vnp 


— epp 


ve — ve. 


SNO measured ve + Vu + vr flux, be + bur, and the ve flux, e. From the 
observed rates for the first two reactions, which involve respectively neutral 
current and charge current, SNO finds that the ratio of two fluxes is 


be 


——*__ = 0.340 + 0.023 12.75 
TA (12.75) 
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This implies that the flux ¢,, is not zero. Since all the neutrinos are born in 
nuclear reaction that produces only electron neutrinos, it is clear that neu- 
trinos change flavor. Corroborating information comes from the detection 
reaction ve — ve, studied by both SNO and Super-Kamiokande. Incidently 
the total neutrino flux ¢.+@,; measured by SNO is (4.94 + 0.214935) x 10° 
cm~’s~! is in agreement with the Standard Solar Model (SSM) value 
ssm = (5.49*5;32) x 10° cm7?s~! or (4.3449 G1) x 10° cm7?s~1 depending 
on assumption about solar heavy element abundances. 

The global analysis of solar neutrino data as well as that of KamLand 
give best values: 


Ami, = (7.671519)  10-°eV? 
sin? 012 = 0.312+9-018 (12.76) 


The CHOOZ experiment gives 
sin? 0,3 < 0.046 (12.77) 


One may mention two more experiments, Los Alamos liquid scintillation 
detector (LSND) and MiniBOONE experiment at Fermilab which search 
for D, — De oscillations, and have found Pe candidate events. The data is 
consistent with the D, — De oscillations in the 0.1 to 1.0eV? range for Am? 
and small mixing angle. It is not possible to accommodate this mass range 
in the three known neutrinos picture. If these results are further confirmed, 
it would require a mechanism to generate a third mass squared difference, 
involving one or more sterile neutrinos or a new type of flavor transition 
beyond oscillations. 
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metries 


Due to lack of precision in the data, several mass models and mixing pat- 
terns are possible which can be limited by some symmetry conditions. From 
the observed data one sees: 


(i) Angle 013 is suppressed while 623 and 642 are large. 
2 2 
(ii) r= Ago = Ara = (3.240.2) x 1072 «1. 


~ TAm ml — [Amy] 

(iii) The sign of mass split Am3, determines the type of mass hierarchy. It 
is customary to order the mass eigenstates such that m? < m3, then 
Am3, > 0 give the normal hierarchy m3 > m3 > m? while Am3, < 0 
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gives inverted hierarchy m3 > m? > m3. This is depicted in Fig. 12.8. 
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12.8 Neutrino mass and flavor spectra for the normal (left) and inverted (right) 


mass hierarchies. The distribution of flavors (colored parts of boxes) in the mass eigen- 
states corresponds to the best-fit values of mixing parameters and sin? 013 = 0.05 [21]. 


The |Am3,| given in Eq. (12.74) implies a lower bound on the heaviest 


of neutrino mass 
mp > \/|Am3,| > 0.05eV (12.78) 


By combining this and all other bounds discussed in Sec. 12.2.1 it is 
safe to conclude that neutrino weighs less than 1 eV. Neutrino masses 
may be qualitatively different from charged fermion masses. There 
is an enormous gap between neutrino masses and the lightest charged 
fermion (me) in contrast to that between me and m+ which is populated. 
Further 

(Mv) mass <2 x107! (12.79) 

Me 

which need to be understood. This is indication of the new mass scale 
signifying new physics in nature but it has not yet been pinpointed. 
The leptonic mass Lagrangian in see-saw model can be written as 


L=- Li (Mi); 5 EeRj — Li (Mp);; Nrj - Siem (Mr); ; Nrj + h.c. 
(12.80) 
where i, j are flavor indices, L = (ez, V) are lepton doublets, er 
charged lepton SUz (2) singlets with non-vanishing hyper charge, Nr 
are SU; (2) x U (1) singlets. It is convenient to have a basis in which 
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M, and Mp are simultaneously diagonal 

M, = M, = UT MU, 

Mr > Mr = VT MRV. (12.81) 
Correspondingly L; —> UzLi, eir > Ureir, 1 = e, u, T is the flavor 


index. Then the effective Majorana mass matrix for the light neutrino 
is 


M, = MpMR' ME (12.82) 
where 
Mp = MpV* 
Ve 
is the Dirac matrix in (Ny Nə Nz) Vu | basis. 
Vy 


M, is diagonalized by PMNS mixing matrix given in (12.40) 
M, = UT M,U (12.83) 


As seen from above the data are consistent with having the atmospheric 
mixing angle 023 maximal, the reactor angle 013 zero. This indicates some 
underlying symmetry. These are the consequences of v, —> v, permutation. 
The general form of such a matrix U is 


TYY 
M= |yzw (12.84) 
ywz 


which has u — T (or 2 — 3 symmetry): (Mz). = (Mv)33 and (M,), 2 = 
(M,),,3- Such a matrix is diagonalized by 


C12 S12 O 


Gea es nile (12.85) 
s c 1 
“va VB 


It must be emphasized that u — 7 symmetry cannot be simultaneously 
imposed for Le and L,. For example in the basis where the charged leptons 
are diagonal, this would imply m, = m+. Deeper origin of u — T symmetry 
is not yet known. Ignoring Majorana phases, we have in this case four real 
parameters, three masses and solar angle. 
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The diagonalization gives 


2 2 
£ = CaM + Si9M2 


1 
y= wo (m2 — mı) 
z= ; (stgm1 + chomo si m3) 
w = 5 (ymi + ama — ms) (12.86) 
Furthermore 
Ami, + Ami = Ami, 
and 
= AM _ 0.033 + 0.004 (12.87) 
[Am] 


For normal hierarchy (mı < M2 < m3), referring to Eqs. (12.84), (12.86), 
M, has the following texture 


Amz [E € € 
M, = Vi | e1+e -1 (12.88) 
e —1 l+e 


where e ~ 2,/r. A salient feature of this matrix is the dominant u—r block. 
For inverted mass hierarchy (mı ~ m2 > m3) 
10 0 
M, = \/ Ami, | 01/2 1/2 | + small corrections (12.89) 
0 1/2 1/2 
For degenerate case mı ~ mz ~ M3 = Mo 
100 
M, = m | 010 | +8M (12.90) 
001 
ôM < Mo 


or 


100 
M,={[{001]+6M (12.91) 
010 


in case of opposite CP-parity of v2 and v3 (ma and ma are of opposite sign). 
Some new ingredients are needed to describe correctly the three mixing 
angles. Two patterns can be considered: 
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(i) The bimaximal mixing matrix (superscript m for maximal) 
Usm = US3UT5, U13 = 1 (12.92) 


with maximal 7 rotations in 2 — 3 and 1 — 2 spaces. 


1 1 
po o\( ae 
Uim. = v2 ve aida 
ear eer 0 01 
4 t1 #9 
ier 
= ~2 2 A (12.93) 
Pe e 
2 2 V2 


Then from Eqs. (12.84), (12.86), x = w+ z, ie. in addition to u — 
T symmetry, there is an additional symmetry (My) 1 = (Mv)o2 + 
(M))o3- However identification of Uy, with Upuns: is not possible 
owing to substantial deviation of sin? 012 from maximal value L. Yet 
Ubm can play a dominant role, the correction might originate from 
charged lepton (mass matrix) so that Upmns = U'Upm, where U’ ~ 
Ui2 (a) with a ~ O (8e) in analogy to the quark mixing, ĝe is the 
Cabbibo angle so that 012 + @. = 7. The U simultaneously generates 
deviations according to the pattern: 5 sin? 0,2 ~ 0. while 6 sin? 023 < 6? 
and 6 sin? 013 < 0e. It is not trivial to achieve such a pattern. 

(ii) The tri-bimaximal [TB] mixing matrix: The data suggest the approxi- 


mate tri-bimaximal texture of Harrison, Perkin and Scott. 


Usm = U53U 12 (012), 
v2 


a o0 

i v3 Ki 
=|-44-4|4 (12.94) 

sale a, ae 

v2 3 V2 


1 


3 and sin? 013 = 0, i.e. mixing parameters 


with sin? 023 = Z. sin? O12 = 


are simple numbers 0, £, 5. This requires x + y = z + w so that 
T y y 
Mł? = | y z zr+y-z (12.95) 


yrtty-z z 


There have been many attempts to understand vy, — v; symmetry and 
TB. These involve auxiliary symmetries based on $3, A4, Z4, Z2 groups 
which have been reviewed in recent review articles. 
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12.7 Neutrino Magnetic Moment 


With the definition 
eh 
2Me 


where upg is Bohr Magneton, magnetic moment interaction is 


by = K = KHB, (12.96) 


Hmag = puts (12.97) 


Here B is the solar magnetic field. The neutrino spin would then precess 
in the magnetic field, some left handed (LH) neutrinos would become RH 
and sterile to the detector as shown below in Fig. 12.9. 
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Fig. 12.9 The conversion of vzr into vp in the solar magnetic field. 
The conversion probability is determined by 


kugB (=) (12.98) 


Now the solar magnetic field in the convective zone of thickness L = 
2 x 108m is B = (1 — 5) x 10° gauss, so that the conversion probability is 
2x 108m 


i 107° 1 — 5) x 10°G 
pate LU TE = a STN Sa i a e 101015) 


~ «(0.6 — 3)10°°. (12.99) 


This is O(1) if k = (0.3 — 1) x 107! giving p, ~ (0.3 — 1) x 107 upg. 
In the standard model, 


My 
v)sM = 3eG r ——— 12.100 
(uv)sm = 3e P TR ( ) 
i.e. 
(uv)sm ~ 3 x 107 uB(m, /eV). (12.101) 


So if uw, & 1071upg, this would definitely indicate physics beyond the 
standard model. Thus the question of dipole moment of neutrino is very 
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important. What are the other limits on it? The best laboratory limit on 
my comes from reactor experiments. In addition to the usual electroweak 
scattering via W* and Z° bosons exchange, the process 


De + €e — De +e 


could proceed via magnetic scattering which is large in the forward direction 
and for small F,,. Consistency with measured cross-section requires 


[bing < 10 a: (12.102) 


More stringent limits have, however, been quoted from astrophysics: 
(a) Nucleosynthesis in the Early Universe 

Presence of u, mediates vpe~ — vre scattering. If this occurs fre- 
quently in the era before the decoupling of the neutrinos, it doubles the 
neutrino species and increases the expansion rate of the universe, causing 
over abundance of helium. To avoid this, 


by < 8.5 x 107" up. (12.103) 


(b) Stellar Cooling 

Magnetic scattering of neutrinos produced in thermonuclear reactions 
may occur, flipping the helicity [vz — vp] so that the outer regions of the 
star will no longer be opaque to neutrinos and cooling will proceed much 
faster. Applied to helium burning star in order that 


Eexotic < EHe 
where Eeyotic denotes energy loss due to process of the above types while 
€H, denotes energy generation rate. This gives 


u <10" upg. (12.104) 


(c) Limit on u, from Supernova 1987A 

Neutrinos produced in the initial collapse state have high energies ~ 
100 MeV. These high energy neutrinos could escape the following spin-flip 
magnetic scattering [vg — vpr]. Furthermore, a proportion can process back 
VR — vz in the galactic magnetic fields and the result on earth could be a 
signal of high energy (~ 100 MeV) neutrino interactions in the underground 
detector with a high rate [note thato ~ E? in Pe + p —> et +n]. The 
observance of no signal implies 


W = 10"? jo: 
In view of the above upper limits on u», the neutrino spin precession 


mechanism does not appear to be a viable solution to the solar neutrino 
problem. 
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12.8 Problems 


(1) Show that 

(a) 
5 T- 5 
Dryer = gry — Je 

(b) 

1 1 
RVR = se" (L+ 7°) = 527" (L—-Y)e = —Pr vex 
= —Drqy"eL 


(c) The same result follows using, 


vh = CDF 
eh = CE 
Ek =-el Cc 
cT m1 z 
VR C Nr = —v,Nrp. 


(2) (a) Show that the Dirac mass term 


mpi = imp (bv + FV") 


Imp (vibe + vabr + VRVE + VEVR) 
(b) Show that the Majorana mass term: 
ma [YTO + h.c] = mm [YTO — oC" | 
= -mm [Yo + ov] 
= mm [WLC Yr + YRO or + h.c] 
= -mm [Vi YR + Yht + h.c] 


For neutrino v : pr = vz, WR = 0. Hence for neutrino v, the 
Majorana mass 


-mm [PRV + h.c.] = mm [vi Cvr + h.c.] . 


(3) From equation 


derive 
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Chapter 13 


Electroweak Unification 


13.1 Introduction 


The Fermi theory of -decay cannot be the fundamental theory of weak 
interactions. It leads to many difficulties; it is non-renormalizable theory. 
In this theory the scattering cross section for the process v,,+e7 — Ve +p 
is given by Eq. (2.155): 

G2 
= Es, 
T 
The above scattering is purely S-wave. Now Eq. (3.177) [Ay = Ag = 1/2] 
gives Os = in |2F i [the factor 2 in the denominator is average over initial 


(13.1) 


Os 


ið 
electron spin], where F° = moe, Now the maximum absorption occurs 
when 7o = 0, so that |F 0 |’ < 1 = L, Thus the partial wave unitarity gives 
0 2 87 
os = 8r |F°| < — (13.2) 
s 


so that from Eq. (13.1) 


or 


<1. (13.3) 


Hence Fermi theory breaks down for s > (2V2/Gr) = (0.9 TeV)?. There- 
fore, we need a cut-off Ap signifying new physics beyond Ap where from 
Eq. (13.3) 


ATWO < 0.9 TeV. (13.4) 
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Here PWU signifies that this has been obtained from partial wave unitarity. 
On the other hand, if weak interactions are mediated through vector boson 
W, then instead of Eq. (13.1), 


= T (13.5) 


which is finite for all energies, approaching the limiting value 


2 


Thus we see from Eq. (13.1) that the W-boson mass my provides the 
cut-off Ap. As we shall see mw ~ 80 GeV, so that mw < Ap = 0.9 TeV. 

The charged weak interactions like electromagnetic interaction are vec- 
tor in character (V — A) and if the mediators of these interactions are vector 
bosons, then the universality of weak interactions suggests that the under- 
lying theory of these interactions is a gauge theory. Since weak interactions 
have short range, the vector bosons associated with them must be massive. 
But the mass term is not gauge invariant. However, if the gauge symmetry 
is spontaneously broken, then the gauge vector bosons acquire mass. In 
this way all the desirable features of a gauge theory like universality and 
renormalizability are preserved. 


13.2 Spontaneous Symmetry Breaking and Higgs Mecha- 
nism 


Consider the Lagrangian for the scalar field ¢(x) 
L= 0" p3p- PH-A (6d) (13.6) 
V(d) = 6O+A (64) 


The above Lagrangian is invariant under the global gauge transformation 


olz) = e**G(a) (13.7) 


Now 
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It is usual to choose À > 0, since for A < 0, V (¢) would have no minimun. 
For u? > 0, x =0 at ¢=0. Then we have ordinary field theory of scalar 
particles of mass u and V (¢) has a local minimum at ¢ = 0. For u? < 0, 


OV 
I T = 0 gives 


we 
= |g? = S = $5 (13.8) 


For this case V (¢) has a local minimum at lol? = SE , ġ = Ł4/ -6 and 
the vacuum is degenerate (see Fig. 13.1.). This is a classical approximation 
to the vacuum expectation value of ¢: 


0l) = y-# = + (13.9) 


Although the Lagrangian in Eq. (13.6) is invariant under the gauge trans- 
formation Eq. (13.7), but the ground state is not. This can be seen as 
follows. 


(0|o(2)| 0) = (0|U~*Ud(x)U~*U] 0) 
= (0 |U~'Ue'*¢(z)U~1U | 0) 
If U |0) = |0}, i.e. if the vacuum is invariant under the gauge transformation, 
then 
(0 |@(a)|0) = e'* (0|4(@)| 0) , 

i.e. if (0|¢(x)|0) 40, e^ = 1, for every A, a contradiction. Hence U |0) Æ 
|0}, ie. the vacuum is not invariant under the gauge transformation. This 
is the case for spontaneous symmetry breaking. Now ¢(x) can be written 
in the form 


1 
p(z) = Va (v + H(z) + in(x)) (13.10) 


(0|H + in|0) =0 


For the case of the spontaneous breaking, £ in terms of the fields H (x) 
and 7(a) is given by 


1 1 1 
£= 50" H ð, H+ 58" 3p N- 5 (2d 0°)? 


A 1 
z [4uH(H? +n’) + (B? +7°)?] — Ja (13.11) 
Note that 1Avt is the vacuum energy. Thus we have a massive scalar 


particle H with mass mẹ, = 2A v? 


and a massless scalar particle 7, so- 
called Goldstone boson. Hence the “Spontaneous symmetry breaking” of 
a global symmetry implies the existence of a massless spin zero particle 
(Goldstone boson). The symmetry that is spontaneously broken is still a 


symmetry of the Lagrangian but not of the Hamiltonian. 
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AN 


Fig. 13.1 Effective potential V(¢) for u? < 0, showing local minima. 


13.2.1 Higgs Mechanism 


For the local gauge transformation 
U(x) = eA), g(x) > eA 6(a) (13.12) 


the situation becomes quite different. Gauge invariance requires a massless 
vector field B,, : 


1 
By Bib, A (13.13) 
g 


Then we can write the gauge invariant Lagrangian by replacing 0, by the 
covariant derivative in Eq. (13.6) 
Ono > Dud = (Ou — igBy) $ 
£ = -1B Buy + (Oy + i9B,) $ (Ou — i9B,) $ — V (6) (13.14) 
where 
B" = Ə" BY — ð” BE 


The unwanted zero mass mode due to spontaneous symmetry breaking can 
be eliminated by means of field dependent gauge transformation: 


2) > L lo + H(2) eino 
e(z) Va! + H(z)] 


B, (ce) > By(e) + = n( ct) 


D'¢ = (0, +igB") $ > Ale [O“ H + ig(v + H)B"| 


of. al 
Did = (3p — 19 By) d= el Ou ig(v + H)B,] (13.15) 


13.2. Spontaneous Symmetry Breaking and Higgs Mechanism 369 


Hence we have 
1 1 1 
=a TBM Buy + H Oy H+ 57 + 2uH + H?)B"B,, 


A UH + 4v) Tat (13.16) 


-i0 v’) H? 


where m3 = 59°", m7, = 2A v? and vacuum energy = Fut. The vector 
boson becomes massive, would be Goldstone field n(x) has been transformed 
away, it has been eaten away by B, to give it a longitudinal component. 


13.2.2 Gauge Symmetry Breaking for Chiral U;®U2 Group 
Consider a simple Lagrangian 
L=WV i ðL V+0" 60, p- htr UR 
-htr Yr $- 6o- (69) 
= WU, iy" 0, Ur + UR ig" ô, UR+O"% 60, o 


—h¥, 6 Yr- hÜr $ Yr -V (6) (13.17) 
where 
1 
1 
Wa =5(1+15)¥ (13.18b) 


are left-handed and right-handed fermion fields respectively. ¢ is a complex 
scalar field interacting with fermion having a coupling strength h. V(¢@) is 
given by 
- -n2 
Ve) =K pot (9). (13.19) 
Consider the gauge transformations 
Tssa AR D 
Ur > eMe) Yp, (13.20a) 
$> o 


wp > ime Wy, 
Up — ec 2) Yp, (13.20b) 
o> e2tA2(z) $. 


Obviously the Lagrangian in Eq. (13.17) is invariant under the gauge 
transformations (13.20a) if Ay and Ag are constants. The gauge group 


370 Electroweak Unification 


corresponding to gauge transformations (13.20b) is U1(1) ® U2(1), where 
we identify U, with Uem. If we require the Lagrangian in Eq. (13.17) to be 
local gauge invariant, then we must introduce two massless gauge fields A,, 
and B,, which transform as 


1 

Ay > Ay — Zôu M (13.21a) 
1 

By > Bu + 78u Aa. (13.21b) 


Then we can write the gauge invariant Lagrangian by replacing 0, by the 
covariant derivatives: 
0, Uz > D, Vr = (0, + eA, — 19B,) Vi; 
On UR —> DiVr = (ô, + teA, + igB,) UR, 
8, $ — D, = (0, — 21gB,,) $ 
in Eq. (13.6). Hence the gauge invariant Lagrangian is given by 


1 1 - 
L= =o Ay — 12” Buv + Uz iq” (0, + teAy — igB,) Ur 
+Up ig” (On + ieAy, + igB,,) Ur—-h (LotR + URoVr) 


+ (0! + 2igB") 6 (0, — 2igB,) 6 — V ($). (13.22) 
U(Ag) |0) Æ |0) , and the gauge symmetry is spontaneously broken, i.e. 
Uı x U2 — U1, U, is unbroken. 
For spontaneous symmetry breaking we write 

oyu, SS ay v 
pera yA A 

v 

0|¢|0) = — 

(0 || 0) a 


where H and ņ are hermitian fields with zero expectation values. The 
Lagrangian (13.17), in terms of the fields H and 7 has the form 


(13.23) 


1 = h 7 
£=-7AM Ay + © (aro, - m) Y — eb" YA, 
h 
2 


—g¥7"75UB, — —Ü (H + i7sn)V+Le—V(d) (13.24) 


v 


where 
1 1 
LB = =e Buy + 5(O.H + 29gByn)” + 5 (Out — 2gB,(v + H))? 


(13.25) 


1 
2 


(2Av?) H? + \vH(H? + n?) + AUP +17°)? — a (13.26) 


V1) = 5 
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If Uz is a global gauge group, then as already seen in previous section we 
have the Goldstone-Nambu theorem. A spontaneous breakdown of global 
symmetry leads to a massless scalar particle. But when U2 is a local gauge 
symmetry, then due to the presence of the term 2gvB"0,7 in Lz a straight- 
forward interpretation of (13.24) is not possible. But we can eliminate this 
term by a field dependent gauge transformation. Actually what happens 
is that ð, 7 combines with B, (which has only transverse components) to 
form a single massive spin 1 field, 0,, 7 now becomes longitudinal mode 
of spin 1 field. This can explicitly be seen as follows: Choose the gauge 


function A(x) to be ne), Then under the gauge transformations 


ọ (£) = =[v+H(a)lev , (13.27) 
the Lagrangian (13.24) becomes (removing ^): 
1 pv 1 Hv 1 2,2 H 
£L=-7A™ Aw — 7B Buw + 5 (49 v’) BY By 
2 h _ : 
+Y (a, — m) Y — epy WA, — gly yY Bp 


hes 1 ee ee ee 
ave 5 Onl) 5 (2v7\) H 
1 
+29° BY B, (H? + 2uH) — vAH® — pe. (13.28) 


It is clear from Eq. (13.28), that the would be Goldstone boson field 
n(x) has been transformed away; it has been eaten away by the field B,, to 
give a longitudinal component. This mechanism is called the Higgs-Kibble 
mechanism. The massive scalar particle H is called the Higgs particle. 
To summarize: (i) No massless scalar boson appears. (ii) A, which is 
associated with unbroken gauge symmetry (electric charge conservation) 
has zero mass. (iii) The vector boson B„ has acquired a mass mg = 
2gv. (iv) The fermion field has acquired a mass mf = H (v) Both the 
masses of B, and W arise due to the same symmetry breaking mechanism. 
(vi) A massive scalar particle with mass v2Av? appears. This particle is 
called Higgs particle. Presence of Higgs scalar is an essential feature of 
spontaneously broken gauge symmetry. 
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13.3 Renormalizability 


We give here few remarks about the renormalizability of a gauge theory. 
Now the fields A,, and B,, cannot be determined uniquely by field equations. 
In order to quantize these fields, one has to fix a gauge that is to say break 
gauge invariance. For the photon field A,,, a term added to the Lagrangian 
for this purpose is -4471 (3H A,,)? . Photon propagator is then given by 


kuk] 1 


i Juv 4 (1 £) k2 k2’ 


For the field B,,, the gauge fixing term is 
l ei (ge ; 13.2 
— 561 (OB, — Emam)’. (13.29) 


It is so chosen that it cancels awkward looking mixing term B“0,.7 in the 
Lagrangian (13.25). € is a parameter which determines the gauge. 
The quadratic part of the Lagrangian (13.25) is then given by 


La = —5B,[-9'”6? 4 (1 3 ƏHƏ — (2gv)2g"”|B, 
1 2 1 2 2 1 2 £ 2,2 
t3 (3 H) — gn t3 (Onn) — 5 (29) n (13.30) 


where mg = 2gv, m} = €(2gv)? = Em. For this Lagrangian, we have 
Feynman rules: 


(i) gauge boson propagator 


; kako 1 
‘| Suv + ( oriz] k? — mi, 


which is the inverse of 
1 
—i UG — m3) + k”k” (1 — 5| 
(ii) 1 (Goldstone) boson propagator 
ee 
k? — € m? 


(iii) Higgs boson propagator 
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These forms of propagators are expected to give a renormalizable theory 
for any finite value of € since they have a good high k? behavior, falling like 
T- This is called R-gauge. The fields B, and ņ separately have no physical 
significance. In particular the poles at k? = €m% are unphysical and are 
canceled out in any S-matrix element, which is also independent of €. To 
see this let us consider fermion-fermion scattering through B — meson, n — 
meson as represented by the Feynman diagrams, Fig. 13.2: The scattering 
(T) matrix, using the Lagrangian (13.24), for the relevant vertices for the 
first diagram is given by 

1 E DE. 7 
THE (ig) al) ysulpa) Foe 


kuko ENES 
Juv — (1 — €) em U(pi)y’ysu(p1) (13.31) 
B 


The expression in square brackets can be written as 


Fig. 13.2 Fermion-fermion scattering through B-meson, 7-meson. 


kuku E-m 


Suv — a + kyky(— (13.32) 


Further by using the Dirac oo 
(p—m)u(p) =0, u(p)(p—m) = 0, 
we can write 


U(p2) kysu(p2) = 2myti(p2)Y5u(p2) 
u(pr) Aysu(pi) = —2myii(p)ysu(p1), 


where 
hpv 
mf = oa mpg = 2gv 
and 
hi 
Ag? m4 = = coe FE 
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Thus the second term in Eq. (13.32) gives 


h? —i 
-y Ua) 1su(P2) pa — gpg sup) (13.33) 


which precisely cancels the contribution of the Goldstone boson 7. Thus 
the fermion-fermion amplitude is independent of € and no physical pole 
at k? = ¿m? appears. The result obtained is one which we would have 
found by neglecting the Goldstone boson and computing the gauge boson 
exchange by using the uniterilized propagator ome (Suv hale ). The ten- 


sor structure represents a gauge boson polarization sum J` e”(k)e*” (k) = 


— (Iw — =] for vector boson on the mass shell having 3 polarization 
B 


directions. Thus in the cancellation of the -dependent part of the gauge 
propagator, we also find that the Goldstone diagram cancels the contri- 
bution of the unphysical time like polarization state of the gauge boson, 
leaving over the sum required to three physical polarizations. 


13.4 Electroweak Unification 


As we have discussed in Chap. 10, the leptonic charged current of weak 
interactions has the form Dey, (1 — y5)e = 2¥ery“eL. The corresponding 
hadronic charged weak current can be written as wy, (1 — ys) d = 2tr Yudi- 
Here d’ means that it is not mass eigenstate. This suggests that we consider 


oe 12), 


as left handed doublets in a weak isospin space. The weak currents are 
then associated with weak isospin raising and lowering operators 


= T. ey as 
Js Wis wtr, I= Ui Yr, (13.34) 


where W, is any of the above doublets, 7, = (7 + it2) and T- = (7 — i792). 
Let the charges associated with these currents be Q, and Q- . These 
charges generate an SU;(2) algebra 


[Q+ Q-] = 2Q3. (13.35) 


The current associated with the charge Qs is given by 


- 1 
J} = Wrst ye. (13.36) 


The gauge transformation corresponding to the group SUz(2) is 


Y; (£) > V; (x) = exp (i i A (2)) Y; (2). (13.37) 
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Then the Lagrangian 
Z 1 
L = Yri Dut; — aw” Ww, (13.38) 
where 


1 
Dy = Oy + WaT W, =O, + igW,, 


1 
(w = 37 w,) 


W, = 9,W, -3LWp —gW, x W, (13.39a) 
1 
Wm ar Www = DW — DLW, 

= ð W, — 3LW u + ig (Wy, WI, (13.39b) 

is invariant under the gauge transformations [see Chap. 7]: 

Yz (x) 3 U Uy, (a) 

W, > UW,Ut — -U,V (13.40a) 

where U is given in Eq. (13.37). For A infinitesimal, we get 


WU, (2) > (1 +5 A (2)) Yz (2) 


1 
Wy => Wy -A x Wy = OA. (13.40b) 


The gauge group SU;(2) leads to a neutral current J? which is neither 
observed experimentally nor is identical with the electromagnetic current. 
It is possible to unify weak and electromagnetic forces into a single gauge 
force, if we extend the gauge group to SU;,(2) x Uy (1). For this group 
we have two gauge couplings g and g’ associated with SUz(2) and Uy (1) 
respectively. The weak hypercharge Y is defined by the relation 


Q = tz t “Y= in t x 
The gauge vector bosons WF, W° belong to the adjoint representation of 
SUz(2) and vector boson B, is associated with Uy (1). 

Fermions belong to either fundamental representation [doublet] or trivial 
representation [singlet]. In view of the structure of charged weak currents 
given in Eq. (13.34), it is natural to put left-handed fermions into a doublet 
while the right-handed fermions (except neutrinos, which exist only in left- 
handed chiral state) are put in the singlet representation of SUz(2). Thus 
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in the Standard Model, the fermions for each generation belong to the 
following representations of the group SUc(3) ® SU, (2) ® Uy (1) 


v: (i) 82) 2 
ws 


Ww UiR 3, 1, 4 
P: dir : 3,1, —2 (13.41) 
CiR 1, 1, —2 


where i is the generation index and hypercharges Y are fixed by Q = I3+ iY. 
The group SUc(3) is essential as the color plays a crucial role in the cancel- 
lation of gauge anomalies (see Sec. 13.12) needed for the renormalizability 
of the model. Except for this, it does not play any other rule in electroweak 
interaction and as such we now confine to the electroweak unification group 
SUL(2) @ Uy (1). The three generations are 


Quarks : Leptons 

uct Ve Vu Vr 
: 13.42 
G9) & H J oe 


The weak eigenstates d’, s’, b’ are not identical with mass eigenstates d, s, b 
but are related by a unitary matrix V4 and similarly for u, c, t. 


d’ d 

s |= V4 

b c 

u! u 

l= Vele (13.43) 

t t 

The CKM matrix is 
Vaa Vis Vab 
Vogm = ViVa =V = | Vea Ves Væ (13.44) 

Via Vis Vio 


We can do the same thing for the leptons as was discussed in Chap. 12. 
However, as neutrino masses are negligible compared to the corresponding 
charged lepton masses, we would not consider it further in what follows. 
We can select a basis in which V,, is diagonal. Then there is no need to put 
primes on u,c,t and Vox m is essentially Vg. 


13.4. Electroweak Unification 377 


In order to break the gauge symmetry spontaneously so that weak vector 
bosons acquire their masses and fermions also get masses, we need Higgs 
doublet ¢: 


o= as Y=1. (13.45) 


The Lagrangian invariant under local gauge transformations 


Ur, exp (57-8 5¥iAo) UL 
Uy — exp E29 Vp (13.46) 
is given by 
L= Trig” (a, + ‘or -W + 50¥:B,.) Wp + Upaiy"” (on + 5 YnaBa) Wra 
+ (a6 — Sadr We — igap") (0,64 Zor: Who + 54 B,0) 


—hy [LY ri + Uri dV] — he bazar F Ur2dW| 


-iwe “Ww - ige -Buw — V (4) (13.47) 
where W,» is given in Eq. (13.39b) and 
Buy = ô, B, — By (13.48) 
V (6) = 1°66 +A (80)? (13.49) 
$= ind = Ge (13.50) 


a = 1,2 with Vp, = er or dg, Vro = ur. Under infinitesimal gauge 
transformation, vector fields W,, transform as given in Eq. (13.40a), but 
B,, transforms as 


1 
By > Bu — Oyo. (13.51) 


In order to break the gauge symmetry spontaneously, assume that 


(b) = a ; (13.52) 


where v = \/—p?/X, (ġ)ọo = (0|¢|0). In this way, not only SUz(2) is 
broken but Uy (1) is also broken, but it leaves the group U (1) corresponding 
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to electric charge unbroken viz SUz (2) x Uy (1) is broken to Ug(1). We can 
now write Eq. (13.45) as 


ot 
= ( (ditigo) q zl ; (13.53) 
v2 v2 

where $+ and hermitian fields ¢; and $2 have zero vacuum expectation 
values. We can select a gauge such that #* and ¢2 disappear from the 
theory. Instead 0,¢* and 0,¢2 provide longitudinal components to W* 
and one of neutral vector bosons respectively. Thus out of the four gauge 
vector bosons, three become massive and the remaining one remains mass- 
less. This massless vector boson is the photon corresponding to unbroken 
Ug(1) symmetry. All this amounts to replacing ¢ given in Eq. (13.53) by 


(¢1 = H) 
o= (ats (13.54) 


V2 
With Eq. (13.54), the following term of the Lagrangian (13.47) 


mee ge at ,- a a 
Ob — 5907 -W,- T fao + 597 -Wa + 59 Bud 
gives 


1 2 
LW- = ~ OHO, H + © (H? + 20H +0) (2WF W- + W™ Way) 


Lg 24 L ay2 H gg 24 Lay 3y 
} (H? + 2uH + v*) BYB, g (EP + 20H +v) W B,, 


8 
(13.55) 
+ 
where W7 = (Win F iWo,)/V2, TW, = (sou n ) . From this 
equation, it is clear that vector bosons Wy have acquired a mass: 
1 

my = go (13.56a) 
For the neutral vector bosons, the mass terms in Eq. (13.55) give the matrix 

1 7 EISE 

2_1f gv? —gg'v 
M* = Z eee gv? ) ; (13.56b) 


Since det (M?) = 0, therefore one of the eigenvalues of M? is zero. The 
mass matrix (13.56b) can be diagonalize by defining the physical fields A,,, 
Ly! 

A, = cos Ow B, + sin 0w Wsp, 

Z„ = —sin Ow B, + cos 0w Wsp. (13.57) 
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Then we get 
m4 = 0, A, : photon (13.58) 
1 
m = ; (g? +g?) v? 
159 1 
= 13. 
Te (= z) Sw 
where 
g' 
tan Ow = 7 (13.60) 
and the parameter 
2 
jc W n; (13.61) 


m%, cos? Oy 

The fermion masses are given by 
v 
Fa (13.62) 
Note that each fermion mass has a new coupling, indicating that fermion 

masses need a more fundamental theory. Further V(@) goes into 

H +v H +v 
2 2 4 
HÀ 
we B y+ AC a ) 


giving the Higgs mass 

m3, = pw? + 3dv? = 2dv?, uv = y —p2/A (13.63) 
From Eq. (13.47), using Eqs. (13.54), (13.57), (13.58) and (13.62), and 
Q=T? + iY, the Lagrangian for the fermions can be written as: 


2m 
Jg z eroa 
-——ọ,; 3 (1 — T WY +T W7 )Y; 
2/2 y ( y) ( H D 
—e Uy Qi V; A iY (gvi — gai) Vi Zp 
(13.64) 


g 2 
-I f 
E 2cosĝw 


where U; = (i) and e , e = g! cosÎĝw = g sindw = r 
d; = Vij dj (V : CKM matrix), m; is the mass of ith fermion and Q; is its 
charge. gy; and ga; are given by 

gvi = (T? — 2Q; sin? Ow) gai = T? (13.65a) 
1 1 


pt = = TÌ’ = _73 13.65b 
ar x (13.65b) 
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We note that the interaction part of the Lagrangian can be Pies as 


; g + + Z 
int = — 6 Bo Åu — —= K h.c. Ë Za 
Lint gsin 0w Jim Au yo Wa + c.) — T J 
13.66 
aa (13.66a) 
where 
Jt, = Vi q! Qi Yi 
2 2_ 1 - 
= -E a u- zdy" d +e (13.66b) 
Tes 
J! = 5 Y; y” (1-7) rtt; 
= (De  (1-7ř)e +a y (1-3) d) + (13.66c) 
Ta 
JZE = > Wi (gvi 7" — ga 7" 77) Yi 
1 

= so = sin? Ow Je 

= 1 fs u 5\ 73 a2 n\ F 

= Wily (l-7 ) > 7 2sin Ow Qi") Wi 

Toz. 5 
seU e S 
+uyt(l-y)u-dy(1—7°)d 
2 1 - 

— 4sin? Ow (- e+ gu ft ae q” a) +e (13.66d) 
where ellipses in Eqs. (13.66) indicate repetition for the second and third 
generations. 

For low momentum transfer phenomena, q? < may, mi, we can write 
2 
g Gr 
= (13.67) 
smy v2 
2 2 
8G r sin^ Oy V2G r sin? Ow 
37.3 GeV 
my = e > 37.3 GeV (13.69) 
siní Ow 
74.6 GeV 
pa: m= ee 2} > 74.6 GeV. (13.70) 


cosOw sin? Oy 
Note that p = 1 is a consequence of the fact that Higgs scalar ¢ is an 
SU,(2) doublet. The effective neutral current coupling [see Eq. (13.66a)| 
is 

g’ g? GF 


2 


= =8 : 13.71 
m% cos? Ow Pm, PA ( ) 
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Finally, we note that for the Higgs vacuum expectation value v , using Eqs. 
(13.56a) and (13.71), we get 
Yes 
V2G Pp 
This gives the electroweak unification scale, i.e. the energy scale after which 
the weak interactions become as strong as electromagnetic interaction. 
The fermion masses are given by 


~ (246 GeV)”. (13.72) 


m2 = p” = h? 1 
i i 2 i 9/96 p 
h? = 2V2 Gp m?, (13.73) 


i.e. the Yukawa couplings are very weak except for the top quark. 
We conclude this section with the following remarks: 


(i) A definite prediction of electroweak unification is the existence of weak 
neutral current J A with the same effective coupling as charged currents 
Jj, - This current has been found experimentally. 
(ii) The existence of vector bosons W+, Z, with definite masses given in 
Eqs. (13.69) and (13.70). 
(iii) The theory has one free parameter sin? Oy. 


At low energies q? < m#,, one test of the model is to determine sin? Ow 
from different classes of experiments. If sin? @y comes out to be the same in 
all these experiments, it will support the model. The true test of the model 
is the existence of vector bosons. This requires much higher energies. We 
first discuss low energy consequences of the electroweak unification. The 
vector bosons W=% and Z have been found experimentally with masses 
predicted by the model. 


13.4.1 Eaperimental Consequences of the Electroweak Uni- 
fication 


Low energy phenomena q? < mj, : From the Lagrangian (13.66a), for low 
momentum transfer phenomena |q? < mi, m3] we can write the effective 
Lagrangians for charged and neutral currents: 


G 
co _ GF +u 7- 
Loe = A eJ (13.74) 


Gr - 
NC _ Z Z 
LYG = PTe8I Si (13.75) 
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It is convenient to write J, 2 : 


JZ = J (v) + JÄ (e) + JŽ (h), (13.76) 

where 
JZ (v) = [Pay (1-75) 4 (13.77) 
2S (e) = [ex (e) Cy (1 — ys) e + Er (€) Cy: (1 + 75) e] (13.78) 


2JZ (h)= XO [er (8) Gi (1-75) qi + er (i) Ẹ& Yu (1 +75) ai] (13-79) 
mdo 


Table 13.1 
e u d 
EL —F + sin? Ow 5 — Z sin? Ow -1 + $sin? Ow 
ER sin? Ow -4 sin? Ow I sin? Ow 
of 3 : = 
> — $ sin? Ow -ł + 2 sin? Ow 
gv | ~$+2sin?Ow | Ciu = 299 9% Cia = 29% of 
Cou = 29% 9% | Coa = 29% 9% 


Since the net strangeness of the proton is zero, we will assume that 
strange quark s and heavy flavor quarks c, b etc. make negligible contribu- 
tion to J A (h) for proton and neutron targets. Then we can write effective 
Lagrangians for various neutral current processes as follows: 


cee = peo yH (1 +75) v (2J2 (e)) (13.80) 
erh e "(1 = 75) v (22 (h)) (13.81) 


= 0 Da [City Gina + Caie egi usdi] . (13.82) 


From Eqs. (13.65a), we can determine the parameters €z (e), er(e), €z (i), 
Erli), Cii, and Co;le), (i = u, d). They are given in Table 13.1. 


13.4.2 Need for Radiative Corrections 


Before we discuss the experiments in support of the standard model, let 
us summarize here the three parameters (not counting Higgs meson mass 
my and the fermion masses) which the minimal model (with p = 1) has: 
(a) fine structure constant a = 1/137.035999679(94) determined from the 
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Josephson effect (b) the Fermi coupling constant Gpr = 1.166367(5) x 1075 
GeV~? determined from the muon life-time {including lepton mass and 
O(a) radiative corrections [cf. Eq. (10.40c) ]} and (c) sin? 0w, determined 
from neutral current processes or the W and Z masses. Now a best fit to 
the neutral current neutrino reactions data gives 

sin? Oy = 0.2255 + 0.0021 (13.83) 
This implies that the theory without radiative corrections gives through 
the relations [cf. Eqs. (13.68) and (13.70)| 


A2 
my = ( nes ) [sin ye = 0 


V2GF sin? Ow 
2 
2 Mw 
= 13.84 
mz E (13.84a) 
where 
1/2 

aes ( ma ) = 37.2802 GeV (13.85) 

V2GF ? 
mw = 78.42 GeV, mz = 89.14 GeV. (13.86) 


These values are to be compared with the experimental ones mw = 80.39 + 
0.06 GeV and mz = 91.1867 + 0.002 GeV. This shows a need for radiative 
corrections. First we note that the two coupling constants g and g’ which 
determine the strength of weak interactions are related to e through e = 


g9'/(g2+g'). Since most measurements are made at Z peak, therefore most 
convenient mass scale for these couplings is at mz. Thus one should take 
into consideration the running of QED coupling constant [see Appendix B] 


which gives the value of a at mz : 
a a 


1—Aa@ 1- (Il (mz) — yy (0)) 

= 2 ay (13.87) 
1 = an Q4 Net (-3 +m 7) 

where f = e, u,T, u,d,s,c and b and Nef = 3 for quarks and 1 for lep- 


tons. Equation (13.87) can be directly evaluated for leptons, since their 
masses are well known. For the light hadronic part, quark masses are not 


a(mz) = 


available as reasonable input parameters. The 5-flavor contribution to IL, 
is extracted from the experimental data on ete~ — hadrons. The best 


estimate leads to 
1 


127.909 + 0.019 


Aa = 1— —Č— = 0.0666 + 0.0007 (13.88) 
a(mz) 


a(mz) = 


384 Electroweak Unification 


Thus knowing Gr, a (mz) and mz, one should be in a position to predict all 
electroweak observables, including the mixing angle sin? Oy = S. However, 
the lowest order relation mw / mz = cos @w and some other lowest order 
relations are affected by the fermion loops in gauge bosons propagators. 
Thus the relation (13.61) is modified to 


W —=p=(1+Ap) (13.89) 
W 


The leading contribution to Ap comes from the top quark loop (my < me) 
to the self energies of W and Z bosons (see Fig. 13.3): 


f=t.b 


Fig. 13.3 Top and bottom quarks loop contribution to W and Z boson self energies. 


Ap= 2 — 0.0092 + 0.0002 13.90 
P EW ( ) 


for m; = 172.0 +2.2 GeV. By contrast, the Higgs boson contribution to Ap 
at the one loop level is logarithmic: 
2 2 
SO e n eee jsm zi] (13.91) 
1272/2 miy 
Radiative corrections are scheme dependent, leading to sin? Ow values 
which differ by small factors which depend on m, and my. A useful 
scheme [called the on shell scheme] is to take tree level formula sin? Oy = 


1— mi, / m2, as the definition of renormalized sin? Oy to all orders in 


(Ap) Higgs = 


perturbation theory, i.e. sin? Oy > sy =1— my / m3. 
Now the tree level expression (13.85) is modified to 


AP agama) = A2 1 


°1_ Aa 
while using Eq. (13.89), 
2 2 

. 2 2 Mw Mw 2 
sinf Ow > si = 1 EF 1 A ia cos” Ow 

2 2 miv 
= (1—cos*0 0 1 — — 

(1 — cos? Oy) + cos? Oy ( ee z) 


II 


sin? Ow — Ap cos? Ow (13.92) 
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Thus the tree level expressions (13.84a) are modified to 


miy De a Din 2D De 1D. n 20 Ao 
E Mw = My sw = Mz Sw Cw = IAr (13.93) 
where 
Ar = Aa — Ap cot? Ow + (Ar) remainder 
2 
c 
= Aa — Ap F (Ar) remamder (13.94) 
w 
where (Ar) mainder Contains all possible contributions not included in the 


fermionic contributions Aa and Ap. Likewise, taking into account radiative 


corrections, the relationship between the W*-boson mass, s? and G3 in 
the standard model gets modified 


Hate 
W: Sty (1 — Arw) 


where A? = A2% = 42_1_ so that from Eqs. (13.93), (13.94) and 


(13.95) 


a 01-Aa’ 
(13.95) 
(1 — Ar) = (1 — Aa) (1 — Arw), 
iY Oi ae oe ez) <A 
mz, jJ m3 WEW 0 am? 1-— Arw 
= Ta(mz) 
V2Gr mz, (1 = Arw) 
2 2 
_ _ $0 
DE (13.96) 
where we have used Eq. (13.85) and have defined 
Pe E 13.97 


The relation (13.95) defines Arw, which is completely determined by purely 
weak correction, once a (mz) is specified. For LEP physics, sin? Ow is 
usually defined from Z — u* u` effective vertex. At the tree level we have 
(cf. Table 13.1] 


Z ff: 2 


2 cos Ow 
= (v2Gr mz) F(t, —2Q} sin? ow) Yu- If Ya | f 
(13.98) 


Í Ya (of -g5 8) f 
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The weak (non-QED) connections to the Z — f f effective vertex can be 
conveniently written as 


(V2Gr m py)” F (1-20; 82) m- Huns] fF (13.99) 


where pf = Tm Ap being given in Eq. (13.90) and [cf. Eq. (13.92)] 


Ap 
2 2 2 
Sw =S TO Ap 
s$ = siy + cy Ap (13.100) 
Thus |I} = =, Q, =-1] 
g/g =1-— 4s} (13.101) 
1 1 Ap 
gË = zo = 5 (1+ : ) (13.102) 


The radiative correction functions Arw, (pf — 1) become the basis on which 
the corrected standard model and experiments are confronted. These func- 
tions involve, among other parameters, the top quark mass m, whose value 
due to quadratic dependence of some of these functions on m is numerically 
important and the Higgs boson mass which enters only through logarithm 
and hence is not effectively bounded. 

Now if we use the LEP value s+ = 0.231119 + 0.00014 for leptons, we 
can obtain s?y = 0.22308 + 0.00030 from Eq. (13.100), with Ap given in 
Eq. (13.89) and hence mw through the relation (mz = 91.1876) s% = 
1 — mi, /mz : mw = 80.375 + 0.015 GeV which is consistent with the 
direct vector boson mass measurements: my = 80.398 + 0.025 GeV and 
the standard model best fit value: mw = 80.376 +0.033 GeV obtained from 
Eq. (13.93) (including higher order terms) from mz, Gr, a and m, my. 

Finally including mz, mw from the direct experimental measurement, 
together with sły from neutrino scattering, global fits of the standard model 
parameters to electroweak precision data give 


me = 173.3 41.1 GeV 
my = 87732 GeV 
as (mz) = 0.119 + 0.003 GeV (13.103) 


The upper limit on my at the 95 % CL is my < 185 GeV after including the 
information from the 114.4 GeV bound given by LEP, where the theoretical 
uncertainty is included. 
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13.4.3 Experiments which Determine sin? 0w 


We now discuss three sets of experiments to determine sin? 6. 
1. Consider the process 


Vu tE >U,+e . 


This process can occur only through Z exchange (Fig. 13.4). The effective 


Fig. 13.4 v,-electron scattering through Z-boson exchange. 


Lagrangian for this process is given by Eq. (13.80). For this case the 

laboratory cross-section for E, >> me give 

Gi, MeE, 
27 


Yup — 


1 l= e 
T T 3 (ov F A , (13.104) 


(gy + 94) 


where the upper (lower) sign refers to v, (Da), E, is the incident energy 
and G2, m./2n = 4.31 x 1074? cm?/GeV. The expressions for gf, and g4 
in terms of sin? Ow are given in Table 13.1. The most accurate leptonic 
measurements of sin?@y are from the ratio 

Ov,.  3—12sin? Ow + 16sin* Ow 


R= = — -r 
Tine 1—4sin* Ow + 16 sin” Ow 


(13.105) 


The most precise experiment (Charm II) determined not only sin? 0w but 
gya as well. The experimental results are 


gf = —0.035 + 0.017, 94 = —0.503 + 0.017 
sin? Ow = 0.2326 + 0.0084 (13.106) 


2. The deep inelastic neutrino scattering v, + N — v, + X (isoscalar 
target), gives a precise determination of sin? @y on the mass shell, i.e. sty. 
The relevant Lagrangian is given in Eq. (13.81). The ratio R, = oN /ooy 
of neutral to charged cross-section has been measured to 1% accuracy. A 
simple zeroth order approximation gives [see Eqs. (14.79)-(14.80)] 


Rv=9it+9n7% Ro=g9it+gR/ 1, (13.107) 
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1 5 
g = eL (u)? +e, (d? & a sin? Ow + 5 sin Ow 


5 
gh = er (U) + eR (d)? © 9 


sinf Ow (13.107b) 


and r = 09x, / oy is the ratio of D and v charged current cross-sections, 
which can be measured directly. In parton model r ~ (3 + €) / (1 + łe) ; 
where e ~ 0.125 is the ratio of the fraction of the nucleon’s momentum 
carried by antiquarks to that carried by quarks. Now from Eqs. (13.107a)- 
(13.107b) on using Eq. (13.89) and (13.92) we can write 

1 2 


5 10 
Ry = 5~ sv +L +r) ost sir ( ar a+) Ap (13.108a) 


9 
1 1 1 1 
Ro =57- sy + (1 + *) sty + sy (= + £ (: + ~)) Ap (13.108b) 


R, -rR = (1-1) $ =s% +p] (13.109) 


It is clear from Eq. (13.108a) that dependence of R, on Ap is weak. 
Hence this equation is useful to determine sy. Using the experimen- 
tal values R, = 0.317 + 0.003, r = 0.440, and Ap = 0.0096 we ob- 
tain from Eq. (13.108a) s%, = 0.2242 + 0.0022, and (with mz = 91.187) 
mw = 80.32+0.11 GeV. The recent value quoted for sj from vN scatter- 
ing is 0.2255 + 0.9021, which gives mw = 80.25+0.11 GeV fully consistent 
with the directly measured value for my = 80.39 + 0.06 GeV. We note 
from Eq. (13.109), that if we plot R, versus Rj it gives a straight line with 
a slope determined by r. This provides an accurate method to determine 
p sîy from the experimental data. 

3. Parity violating deep inelastic eD scattering: The relevant La- 
grangian for this process through Z exchange, which is parity violating, 
is given in Eq. (13.82). There is an interference with the parity conserv- 
ing process through photon exchange. This gives us the parity-violating 
asymmetry 


Wyo eee Se. (13.110) 

OR+OL 
where ør, is the cross-section for the deep inelastic scattering of a right 
(left-handed electron er, N — eX. In the quark parton model (see Chap. 


14 for this model) 


(13.111a) 
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where q? < 0 is the momentum transfer and this essentially comes through 
the photon propagator which appears in the photon exchange process. Here 
y is the fractional energy transfer from the electron to hadrons. For the 
deuteron or other isoscalar target neglecting the s quark and antiquarks, 


1 
ay = Hy (Cn zcu) = eed ( > t $ sin? 6 ) 


5V/2ra 5V/2ra 4 3 
3G Pr 1 9Gr - 2 i) 
= Cou C. X sinf Ow — — 13.111b 
a 5V2ra ( ? 2 sa) 52ra ( m AWA ( ) 


where we have used Table 13.1 in the second step of these formulae. The 
experimental values for a; and az can be used to determine the mixing 
angle sin? Oy. 


13.5 Decay Widths of W and Z Bosons 


Consider the decay WT —> e~ + De: 


e(k,) 
W- (p) 


v lk,) 


Fig. 13.5 W-boson decay. 


From Eqs. (13.65b) and (13.66c), the decay amplitude F is given by 


=g A 5 
F=— i(k 1— v (k2) E€), 13.112a 
maT 7°) v (k2) -£x ( ) 
where £) is the polarization of W-boson. From Eq. (13.112a), the decay 
width can be easily calculated and is given by | in the limit when we neglect 
the lepton masses as compared with mw] : 
2 
rw +e +7) =(£) TW 2r 
8 / 3 (27) 
_ Gr myy 


=. 13.112b 
6Jin ( ) 


We can also calculate the hadronic decays of W7 from the basic processes 
like WT — id, © s. Again we get an expression like (13.112b), except that 
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we multiply it by a factor N, = 3 (1 + gs(mw) zx 3.12, where the factor 3 
is due to color and the factor in the parenthesis is a QCD correction. In 
this case we also neglect quark masses as compared with W-mass. This is a 
good approximation with the exception of t-quark which channel is not open 
as m, = 172.0 + 2.2 GeV. Since in weak interactions a linear combination 
of mass eigenstates d, s and b enters, therefore, we have to multiply the 
decay rates by square of such factors as |Vua|?, |Ves|?, |Vus|?, etc. [see Sec. 
13.10]. The link of one generation to succeeding generations is very weak, 
therefore, we will put |Vua|? ~ cos? 0e © 1, |Ves|? & cos? be & 1, |Vus|? ~ 
sin? 6. ~ 0, \Veo|? x sin* 0e ~ 0. Hence the relative decay widths for three 
generations are given by: 


(ete | WPu | TP ud es 
|1 1 1 | 3[1+%] | 3f1+%] 


Thus we get 


T (Wt + Itn) ~ 227.5 £0.3 MeV, 
T (W* = uidi) ~ (7081) MeV 
Tip" ~ 2.098 GeV, (13.113) 


to be compared with the experimental value 2.141 + 0.041 GeV. 
For the decay Z — f + f, the decay amplitude F is given by [from Eqs. 
(13.65b) and (13.66d)] 
-g 


F= sgp E) love 7 Gar Wu 7] o (ka) ey (13.114) 


and the decay width is given by 


ZSA = oe ahs toh] NE 
8 cos? 0ymz 6r VE Afi “te 


2 
= = [gh + Gay] NZ (13.115) 
where Nf = 1 or 3(1+a,/7) for f = lepton (l) or quark q. First we 


note that gar = —4, gvfs = (—1/2+ |Qy|2sin? Ow) . In the presence of 
radiative corrections, we have [cf. Eqs. (13.99) , (13.101) and (13.102)] 


1 1 1 
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Thus we get 
Gr m? 2 
T (Z= i) = aun" Ag [i+ (1 = 483)"] (13.117a) 
Gr m? 
r(Z > qa) = = TEN. [L+ Aol [1 + (1-41Q;| 53)’ (13.117b) 
2 Gr m3 
T (Z z: vD) = Va Ar [1 Ie p] KIZ (13.117c) 


It is convenient to write 
s+ = (1+ Ak) s (13.118) 


where Ak signifies non-QED corrections and s? is given in Eq. (13.97) and 
has the value 0.2311 for mz = 91.187 GeV. Then 


Gr m3 
T(Z—> ff) = Ta Bn 


x tee s)’ (13.119) 


[1 + Ap] N, 


Let us write [subscript o indicates neglecting Ak] 


To (Zi) = Se mi [1 + (1 = 488)"] (13.120a) 
To (Z> @@) = Semik [1 +(1—4|Qq| 3)" | 3 (1 + =) (13.120b) 
From Eqs. (13.120a)-(13.120b), we get on using s = 0.2311, 
To (Z > viv) = 165.9 MeV (13.121a) 
To (Z > eet) = To (Z > pt) = [o (Z > er") 
= 83.4 (83.984 + 0.086) MeV (13.121b) 
To (Z > wit) = To (Z > c) = 296.9 MeV (13.121¢) 
To (Z > dd) = To (Z > 55) = To (Z —> bb) = 382.6 MeV (13.121d) 
Thus 
To (Z — hadrons)1.742 (1.7444 + 0.0020) GeV (13.122a) 
To (Z = invisible) = Tz — (Thaa + 31 e+e-) 


= (2.4952) — (1.742 + 0.250) 
= 502(499.0 + 1.5) MeV (13.122b) 


where experimentally Tz = 2.4952+0.0023 GeV. The values given in paren- 
thesis are experimental values. Now 319 (Z — vv) = 498 MeV; hence one 
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concludes that N, = 3, i.e. there are three generations of neutrinos or 
three generations of fermions. It may be noted that in calculating the 
decay widths we have put fermion masses zero. This is a very good ap- 
proximation; the decay width for Z — bb may need some improvement 
if my is not neglected. Even the theoretical values as given by the Born 
approximation Ig are not bad, the small discrepancy can be explained by 
taking into account the radiative corrections in Eq. (13.121la). We can 
also use Eq. (13.119) to constrain Ak and Ap by using the exprimental 
for T (Z + et e7). 

Another important observable is forward-backward asymmetry mea- 
sured at LEP. Consider the process e~e+ — ff as depicted in Fig. 13.6. 


Fig. 13.6 Production of Z in e~ e+ collision and its decay into ff pair. 


The cross-section for e~e+ — ff can be easily calculated by using Eq. 
(13.114). It is given by (in the limit s >> 4m?, 4m, Be = 1, By 1) 


= Ne | (1 + 0579) |Q? 2 UF Mef _yp 
{ ( tae ) lo 16 sin? Oy cos? Ow x (s) 

(v2 + a2) (v3 + a3) 

(16 sin? Oy cos? Ow) 


4 e 
cos | - Qs Gent Rx (s) 
16 sin* Oy cos? 0w 


x 1x(s) P| 


Svev sacar 
Aet x (8) e|} (13.123a) 
(16 sin? Oy cos? Oy) 
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where 
S 
= 13.123b 
x (s) s-mp +imz Tz’ ( ) 
Ve = 2gye = —1 + 4sin? Ow, Qe = 2g4e = —1 
uf = 2gvf = 2T, — 4Qr sin? Ow, = af =2gaf = 2Tf,. 
(13.123c) 
Ana? Agvegv f s(s — m3) 
= ——_Nnilicg2z—2 e Z 
S 3s $ C Qr 16 sin? Ow cos? Ow (s — m3)? + m3r? 
16. + GA) (Gis + Gap) 8? (13.124) 
"(16 sin? Oy cos29w)? (s — m3)? + m3, T?, 


Here near and on the peak, integrated cross section is dominated by Z- 
exchange and we get from Eq. (13.115): 
2 


o sz / mz 
= 1 13.12 
01 = eat | a ime Fy| CHOO (13.125a) 
where 
0 127 rT} 


= 13.12 
Ipeak m2, T3 ( 3 5b) 


and the effect of radiative corrections are contained in ô(s), the large effects 


due to initial e+ bremsstrahlung are represented in ô. The other radiative 
corrections which lead to improved Born approximation have already been 
discussed in Secs. 3.2 and 3.4. 

The LEP data is fitted with an additional modification, i.e. by replacing 
s—m,+imzlz by s— m3, + laz Be . Note that the expression for I’; is 
given in Eq. (13.115). Thus by measuring o? „ų for a particular final state 


peak 
e.g. ete” itself, one can directly obtain T../I'z or Pee [Pet and therefore 
Iz- These widths have already been discussed in the beginning of this 
section. 


The forward-backward asymmetry is defined as: 
T/2 (do T do 
Jo (ag) -= Saz (aa) W 
T (do 
So (aa) dQ 
It is clear that this asymmetry is given by cos @ term in Eq. (13.123). Near 
and on the Z-peak, we get from Eqs. (13.126) and (13.123c) 


App = (13.126) 


(gv.9.) (Iv gAs) 


Arp =3 d 
(aè, +9.) (92, + 9%,) 


(13.127) 
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For leptons 


2 2 2 
A OE | 9A, i (13.128) 
2 2 
(+ gya / Gav) 
Taking into account the radiative corrections [cf. Eqs. (13.116) and 


(13.118)], we get from Eq. (13.128) 
2 
2 
3 (1 4s?) 


[i+ (1 -487)] 


_ 3(1-4 (1+ Ak) 83)" meee 
[1+4(1+ Ak) s2? ’ 


ts fa 
Arg = 


where s2 = 0.23116 and 
3 (1 — 482)” 
1+(1— 452)°| 


The value in parentheses is the experimental value. The agreement is quite 
good. 


FBo = z = 0.01685 (0.01683 + 0.00096) (13.130) 


Finally we discuss the longitudinal polarization of a fermion in the pro- 


cess e e+ — ff. Near and on Z-peak, the cross sections for positive and 


negative helicities are given by 


do do? 2a? 1 


2 
S 


dQ dQ 48 (16 sin? Oy cos? Ow)? 
x [-2 (v2 + az) af Uf (1 + cos? 0) =4 (v; + a4) QeUe COS 0] (13.131a) 


H do) 
a (z) . (13.131b) 


24;_8 
sa Mz tig slz 


dQ dQ dQ 
Hence the polarization at s = m%, is given by 


T [f do) da? 
J ( a am) 


As = ea 
2 J (Gq) a2 
2 
R cep Ivi IAF (13.132) 
vp may 1+ Gy 4/95 
We can also write Eq. (13.132) in terms of effective mixing angle sy: 
1— 4s% 
A=2 (13.133) 


K a ER 
1+ (1-452) 
Using the value A, = 0.1431 + 0.0046 we obtain s+ = 0.23201 + 0.00057 to 
be compared with s% = 0.23116 + 0.00022. 
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13.6 Tests of Yang-Mills Character of Gauge Bosons 
The vector bosons self-couplings are given by the Lagrangian (13.47) 
1 
Lw = —7 [0 W, — Wy — 9 (Wy x wW,)?. (13.134a) 
This gives the trilinear W*W~ W3 coupling as 
Lw = i [(3 Wzv 7a 3 Wsu) (Wew -= wrew-”) 
+ (3 WF — Wt) (WW — WW") 
— (Ə W; — 3 Wy ) (Ww — Wewt)). 
(13.134b) 
Using W3 = sin 0w A, + cos Ow Z,, the above equation gives for the y, Z(A, 
q) > W- (ki, w)+ Wr (ke, u) vertices 
—gsin 0 
a ( A [o (ki + ka)ò + g> (q + ka)” + g9™(—q — ki) |, 


—g cos Oy 
(13.134c) 
where u,v and A are the indices of polarization vectors of W7, Wt, W? 
respectively. On the other hand, from Eq. (13.55), the Higgs coupling to 
gauge bosons is given by 


2 
g re 1 


and the Yukawa coupling of Higgs to leptons is given by 


a 
Lun = zhi UH, (13.135b) 


where 
hy = ven = CEDI mı. (13.136) 
One process in which the trilinear couplings can be tested directly is 
et +e >=Wt+W-. 


In the lowest order of g, the diagrams shown in Fig. 13.7 contribute to this 
process. 

We are interested in the high energy behavior of the amplitude M. 
The bad behavior comes from the longitudinal polarization of Ws. The 
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longitudinal polarization vector on for a W-boson of four-momentum k, is 


given by 
1 7 
Le 
et = a (Ixi l kok) 
oe 
mw ko + |k] , 
k 
= 40 (=) (13.137) 
mw Ek 
e’.k=0 


Fig. 13.7 Production of W-Wt pair in e~et collision through ve,y and Z boson 
exchange [(a), (b), (c)] and production of W-W* through Higgs boson exchange (d). 


It is the first term in Eq. (13.137) viz #4 
energy behavior. The amplitude may grow with high energy due to this 
term, if it is not compensated. The amplitude is given by 

iT = iT” €,,(k1 ev (ka) 
Kip kop 


my My 


which gives the worst high 


=g =iTtL 
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where Trz for the diagrams of Fig. 13.7 are given by 


Tht (0) =~ evo {(h pe me} u(p) (13.138) 
Tus ©) = z0 (Ø) (Ar fa) ulo) (13.139) 
Tir (o) = LSA op) a= Ao) 

x h me 5 vs) -a u (p) (13.140) 


It is clear from Eqs. (13.138) and (13.139), that there is no possibility 
of cancellation between Trz (a) and Trz (b) even if e = gsinOdw. The 
third diagram, arises due to trilinear couplings - a feature of gauge theory. 
Adding all the three contributions with e = g sin Ow. 


T. gk ra fi e 
=y U = — —,— (1- u 
an mi, p j 5 Asin? Oy W p s- m3 
e2 Me 
—— ~ ——_ 9 (f 13.141 
Asin? Oy 2 718) u (p) ( ) 


Thus all the three diagrams together cancel the bad high energy behavior 
except for the last term in Eq. (13.141), which gives S-wave cross-section 
2 


for s > ma, O, = CEs. This is in conflict with the unitarity constraint 
WẸ) An y 


[Eq. (13.2)] os < *. This conflict thus starts at 


s = “nr = (1.2 TeV)’. (13.142) 


4/2 
Gr 


However, even this term is canceled by the diagram (Fig. 13.7d) due to 
Higgs exchange. This is because this diagram gives 


TH = eh (ki) (ke) TH 


with 
v_ 29 2 g” 
Ty = aoe OWY (p) u (p) s- m3 
giving 
e? Mep, s — 2m? 
Ty o(p) u(p) ——}* (13.143) 
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For s `> m}, TH = ate gT (p) u (p) which cancels the last term in 
WwW 


Eq (13.141). Thus for all s — oo 


u (p) (kı— k2) |1 (1—75)} u(p) (13.144) 


~ 4sin? Ow 
Thus there is no trouble with the high energy behavior in the standard 
model if m3} < (1.2 TeV)’. There is similar cancellation for the am- 


plitude Tgr, which for each individual diagram goes as constant when 


s => œ. o(ete” — W- W7) depends crucially on gauge cancellation dis- 
Di wach Tas 
cussed above. For example, o(v - exchange) for s > mj, ~ Tesna Owe 


this would be the only contribution without W- Wty and W- WtZ 
vertices. On the other hand, with the above cancellation 
ta? 1 s 


so (SM) = l : 13.14 
o (SM) Jn Oy s E (13.145) 


2 
The cross section also contains the threshold factor 4/1 — mw which tends 


S 
to 1 as s — oo. Thus the cross section grows near the threshold and then 
falls like 1 at large values of \/s >> mw. The cross section is ~ 10735cm? 
at its maximum which occurs at about 40 GeV above WtW threshold. 


The situation is shown in Fig. 13.8. 


@ Data 
— Standard Model 
--- no ZWW vertex 


o(e"e >W'W (y)) [pb] 


* Ve exchange 


160 170 180 190 200 
Vs [GeV] 


Fig. 13.8 Behavior of ogm with energy E [6,7]. 
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13.7 Higgs Boson Mass 


The Higgs potential 


Vig)=WP HA, P= o¢ (13.146) 
on using Eq. (13.54) goes over to 
1 1 1 
V (H) = 5 (2M0?) H? + XuH* + 2AH" + Aot (13.147a) 


when the symmetry is spontaneously broken; u? = —\v? (A > 0). Thus we 
see that the Higgs boson mass 


(13.147b) 


is arbitrary. We now discuss theoretical bounds on the Higgs boson mass: 


13.8 Upper Bound 


13.8.1 Unitarity 


We have seen in Sec. 13.6 that the Higgs boson contribution to the cross 
section for the process 


e tet — wr +W; 
for s > m7, is given by 
1 (Gp \’ 
as = 7 (£) 5. (13.148) 


Then comparing Eq. (13.2), we get 


(>) GE < a (13.149) 


This requires a “cut-off” (signaling new physics beyond Asp): 
1/2 
ABWU < (4v2r/Gr) = (1.2 TeV). (13.150a) 
To avoid this conflict, the Higgs mass my should be such that 
my < AWU = (1.2 TeV). (13.150b) 


We saw at the beginning of this chapter that mw «< A§//. Whether 
similar thing happens or not for my only experiments will tell. 
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13.8.2 Finiteness of Couplings 


The Higgs-self coupling \ is not asymptotically free. In  ¢* theories, the 
renormalized group equation gives (see appendix B) 
d 3 
dng Ce erent) (13.151) 
This gives 
2 

al = = (v) = 
1— gA (v?) f 

The minus sign in this equation indicates that the Higgs coupling is not 

asymptotically free. In fact it implies that regardless of how small A (v?) 

is, À (q?) will eventually blow up at some large energy scale q = A. In order 

to avoid this and to guarantee positivity of A (A) : A(A) < œ, A (v?) < 

4n? 1 


. . 2 
=a ving m : = 
3 In m 8 8 MH [v V2GF 


(13.152) 


payer) 42r? 1 


2=9 2 
mH A (v?) Gp < 3G p m® 


(13.153) 


The upper bound on my is related logarithmically to the scale A up to 
which the standard model is assumed to be valid which is very high. For 
some values of A, the upper bound on my is given below 


| A MA 

| 1TeV | 753 GeV 
| 1016 GeV | 159 GeV 
| 107? GeV | 144 GeV 


Thus we see that if we assume the standard model to be valid up to Planck 
scale, then my < 144 GeV. We also notice that as Higgs mass goes above 
800 GeV, A comes down to Higgs mass. We conclude that as Higgs mass 
increases, so is the self coupling A; the Higgs mass blow up at relatively low 
energy scale A, heralding the appearance of new non-perturbative physics. 
We also note that non-perturbative effects as the quartic Higgs coupling 
becomes large have also been estimated, mostly in the context of the lattice- 
Higgs model. Again a cut off on the parameter A (v) provides an upper 
bound on my : my < 700 GeV. 

Finally, we note that the top quark Yukawa coupling hy = /2m;/v, 
for mz, = 172 GeV, can be of order 1. Top quark coupling modifies the 
renormalization group equation for the Higgs boson coupling A. Top loop 
corrections reduce A for increasing top-Yukawa coupling. Hence for small 
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my (small A), the negative renormalization by t-quark coupling derives 
A < 0, leading to instability of electroweak vacuum. 

Only a narrow range [11, 12] 130GeV < my < 180GeV is compatible 
with the validity of the standard model up to Planck scale. 

Finally the precision electroweak data give as previously noted 


my < 185GeV (13.154) 


The most recent limit, reported at ICHEP 10 is 158 < my < 175 GeV. 


13.9 Standard Model, Higgs Boson Searches, Production 
at Decays 


The search for Higgs is one of the objectives of new accelerators. 


13.9.1 LEP-2 


The dominant production mechanism in LEP2, is e~e* — Z — ZH. The 
tree level cross section is given by 


2 4 
Gr mz 


quae + amy / 8 
9678 


(1—m3 / s) 


Here the standard model couplings [cf. Eqs.(13.65a) and (13.135a)] 


o (ere = ZH) = 


[v2 + a2] 


zezet = (v2 +42) = [(1—4sin? Ow)” +1] 


a 2D 
Jaam = 2 cos? Oy 
gmz 
= 13.155 
cos Oy ( ) 
have been used. Q is the phase space factor 
2 2 
Q= i (ma kiia) | i (mu = mz) | (13.156) 
s s 
The LEP has established the lower limit 
my > mz + vs > 114.4 GeV (13.157) 


for LEP2 \/s =34 GeV. 


402 Electroweak Unification 


13.9.2 LHC and Tevatron 


The basic processes for the Higgs boson production are [12]: 


99 > H 
= qqV OV 
— qqH 
q> Vv VH 
99, |G > tH 


where V = W or Z, V“) is virtual (off-mass shell gauge boson). The 
corresponding diagrams are shown in Fig. 13.9. 


Fig. 13.9 The basic processes for the Higgs boson production. 


The SM Higgs production cross-sections at Tevatron for pp collision for 
ys = 1.96 TeV are shown in Fig 13.10. The SM Higgs production cross- 
sections for y/s = 14 TeV are shown in Fig 13.11. The comparison between 
Figs. 13.10 and 13.11, shows that SM Higgs production cross-section are 
significantly larger at LHC than at Tevatron. Thus the chance of SM Higgs 
discovery at LHC is significant. The SM Higgs being neutral, its detection 
is only possible through its decay channels. 

We now discuss the decays of Higgs, since Higgs searches involve its 
decay widths. 
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SM Higgs production 


gg.qq > ttH 


TeV4LHC Higgs working group 


100 120 140 160 180 200 


m,, [GeV 
Fig. 13.10 SM Higgs boson production cross sections for pp collisions at 1.96 TeV [10]. 


(i) For H — ff, the coupling involved is fcf. (13.73)] 


Im? 
h} = ar = 2V2m7Gr, (13.158) 
giving 
r (H> ff) = viS Ri ng B (13.159) 
where 
Nf=1 for f=l* 


=3 for f=4q 


By = (1— 4m? / ma). (13.160) 


It may be noted that there are important QCD corrections for H — qq. The 
bulk of QCD radiative corrections can be mapped into the scale dependence 
of the quark mass, evaluated at the Higgs mass, i.e. use my at my, ie. 
my (mp) in Eq. (13.159) [see Eq. (B. 47)], since (H — ff) is proportional 
to més, the decay channels H = bb and H = r+r~ are more promising for 
the SM Higgs detected. (ii) For H => WtW- and ZZ, if my > 2mw, 
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5 SM Higgs production 


LHC- 


qq —> qqH 


qb — qtH 


. q> zZ 
TeV4LHC Higgs working group 
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Fig. 13.11 SM Higgs boson production cross sections for pp collisions at 14 TeV [10]. 


2mz, most promising decay channels are H = WtW and ZZ for which 
the couplings are given by [cf. Eq. (13.135a)] 


m 
JwwH = 9 Mw, 9ZZH = ai ; (13.161a) 
cos Oy 
where athe = E, g= nE These give the widths 
G 
T (H => Wtw-) = : a m3, (1—zw)"?rw  (13.161b) 
ri 
GF 3 1/2 
T(H > ZZ) = 1-2 rz, 13.161c 
(H > 22) = OF mi A -az) Prz, (131610) 
where 


3 2 
rw,z = l — {w,z + 77w,z 


Am? 
aw = — MA, (13.162) 
MH 


It is of interest to consider H —> wr Wg 


= a m3 1 
T(H => WtW;) = Tee 7 1— zw)? (1 — tw)? (13.163) 


Thus we see that for my >> mw the dominant contribution to the decay 
comes from the production of the longitudinal polarized W boson. In this 
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Branching Ratio 


700 
My [GeV] 


Fig. 13.12 Branching ratios for the main decays of the SM Higgs boson [10]. 


connection consider the decay of top quark t — bW* for which in the 
unitary gauge 


a m? m? m? 
T(t > bW*) = tae] Woei een 
a ) ien Oy me, | Tie? ( am?) 
while 
mamiss = f= Bere ngs, 
16 sin? Ow m? 


where ¢* is the Goldstone boson. Thus the top quark decay is expected to 
be dominated by the emission of longitudinally polarized W-boson and if it 
turns out to be so, this would be an indirect evidence of Higgs mechanism. 
One can also show that 
(H > WEWE) =T(H > o*¢ Wid, ot Wz). 
It is useful to remember that for my + 1.4 TeV, 

T(H = VV) x smhGr ~ mH. (13.164) 

(iii) H — gg, yy. The amplitudes for these decays are generated by Feyn- 


man diagrams involving triangular quark loops [see Fig. 13.9], while for 
yy mode the contribution also comes from loop involving W bosons. The 


decay rates are given by 
2 
2 

F 3 Qs 


Tr(H > 2g) = 5 H gn? (13.165) 


X Ka) 
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Fig. 13.13 The total decay width of the SM Higgs boson, shown as a function of my 
[10]. 


2 
where z = “4 and I(x) is a form factor that > 1 as z > 0 and — 0 as 
q 
x — oo. Thus the dominant contribution comes from very heavy quarks, in 
particular t-quark. 


2 


o Gr <7 2 1 
NMH > 2y) = Ta "H ig 2 A (13.166) 


The branching ratios for various decay modes of the SM Higgs are shown 
in Fig. 13.12 and total decay width in Fig. 13.13. 

To sum up the standard model is in very good shape, but Higgs boson 
H is still a missing link. 


13.10 Two Higgs Doublet Model (2HDM) 


Although the Standard Model (SM) requires a single Higgs for electroweak 
symmetry breaking, it is interesting to study two Higgs model per se al- 
though they may be needed in some extensions of SM. In particular minimal 
supersymmetric model (MSSM) [see Chap. 17] provides a strong motivation 
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to go beyond one Higgs doublet. In the standard model, Higgs doublet 


0 
(f) 


is coupled to down-quarks and up-quarks (and corresponding leptons) 
(YLodr + h.c) + (Writedur + h.c) 


Note that it2¢ has Y = —1. However, in MSSM two independent Higgs 
doublets ¢; and ¢2 are coupled to down-quarks and up-quarks (and corre- 
sponding leptons) respectively; 


(YLodr a h.c.) + (writadour + h.c.) 


Here $2 cannot be replaced by $1; with this replacement, Lyiggs ¢7 Will 
no longer be supersymmetric. A consequence of supersymmetry is that 
bosonic particles are naturally paired with fermions. Thus corresponding 
to two different Higgs muliplets ¢ and ¢2, there are two left-handed fermion 
multiplets ¢; and ¢2. The triangular anomaly arising from $y is canceled 
by $>. This cancellation is not possible with one Higgs doublet ¢; only [4]. 
In this section, we are interested in the experimental consequences of two 
Higgs multiplets required by supersymmetry. Two Higgs doublets (41, ¢2) 
potential is given by 


V ($1, 62) = ui (161) +à (hih) + u (d2$2) + Az (hap) 
135 (¢1¢2 + 9102) 4 Las (d1¢2 + d1¢2)° 
-iM (d1¢2 — 102)” + As (G1¢142¢2) (13.167) 
Minima of V (¢1, $2) are given by 


1 
o [18 Ayu; 5 As dl aan (13.168) 


1 
[1d dyv3 5 (a+ As) 0?] = satus =0 (13.168b) 


where (ġ1)o = U1, (¢2)0 = v2. 
After spontaneous symmetry breaking, one can write ġı and @2 as: 


Ht 
a= ( Ge h, x si) (13.169a) 


$2 = ( Orta 2) (13.169b) 


408 Electroweak Unification 


It is convenient to introduce an angle 6 such that, 


tan 8 = v2/v1, vg = vsin, vı =vcosfZ 
v = vi + v3 (13.170) 


The physical fields can now be written in the form 


H* = — sin GH} + cos BHS 
Gt = cos BHY + sin BHT (13.171) 


The charged Higgs scalars G* (Goldstone-bosons) are absorbed in W7 
gauge vector bosons to give them the longitudinal degrees of freedom and 
to give them masses. For CP odd Higgs scalars a1, a2, the physical scalars 
can be written as 


A? = — sin Ba, + cos Bag (13.172a) 
G? = cos Ba; + sin Bag (13.172b) 


where G° (Goldstone boson) is absorbed in the vector boson Z, to give its 
mass. The other C’P-even Higgs scalars h, and hg become massive; the 
physical C’P-even Higgs scalars are put in the form 


H? = cos ahı +sinahz (13.173a) 
h? = — sin ahı + cos aho (13.173b) 


In MSSM: ¢;, is coupled to down quarks and leptons only; ¢2 is coupled to 
up quarks and leptons only and the Higgs self-couplings As are related to 
gauge couplings: 
1 
A3 — Aa = =e 


T E (9° +97) 


g +g?) v? (13.174) 


gv (13.175) 
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For MSSM Higgs, we have 


1 
mis = ra + mo = My + mo (13.176) 


1 
mMiz0,p0 = 5 foz + mo) + V (m3, + mo)” — 4m; mĉ o cos? 28} 


(13.177) 
2 2 
tan 2a = tan 26 22 7 Mae (13.178) 
Mao — Mz 


These are tree level mass relations subject to radiative corrections. It is 
clear from the above expressions that two parameters are required to fix 
all the Higgs masses. A convenient choice is tan 8, mao. Also the following 
ordering of masses is valid at tree level. 
Mpo < MZ, Mao < MHo, Mw < Myo 

The tree level mass relations are modified by radiative corrections. The 
largest contribution is a consequence of the incomplete cancellation between 
t quark and its superpartner (which would be an exact cancellation if super- 
symmetry were unbroken). After radiative corrections, one gets Mpo < 130 
GeV. This upper bound is reached, when tan 8 >> 1 and myo >> mz [12]. 
This is a definite prediction of MSSM which will soon be tested at LHC. 

In MSSM, the couplings of Higgs to W= and Z are given by 
(V = A,W, Z) 


— sin (8 — a) (H°d0"H- — H-0” H?) 

+ cos (6 — a) (h? H- — H-O¥h°) | Wi + h.c. 

+i (A°O“H- — H- ə” AV) 

tie[H*0"H- — H-0"H*] A, 

(cos? Ow — sin? Oy) (H+0"H~ — H~0“H*) 
+isin (8 — a) (A°0"H® — H? Ə” A?) Za 
—i cos (8 — a) ( A°d#h° — h? Ə! AP) 

i i v? + H? +h” 

179°) |HOH* +5 | +A™ + 2ucos (8 — a) H° | | AWW 
+2v sin (G — a) h? 


; 2 
JeH-H+ dl ans cos? Oy — sin? 0w ze 
2 sin 0w cos Ow 


i g 
2 cos Ow 


$ v? + HO +h” 
+A” + 2ucos (8 — a) H? | ZZ, (13.179) 
+2vsin (8 — a) h? +- 


1 g 
8 cos? 0w 
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where ellipses denote higher order terms. 

From the Lagrangian (13.179), we see that tree level MSSM Higgs 
H? and h? couplings to gauge vector bosons contain the angular fac- 
tors cos (8 — a) and sin (8 — a) respectively. The charged Higgs bosons 
couplings H+ H~y, H*H~Z and those involving W* and Higgs bosons 
HF (h°, H°, A°) are independent of angular factors. 

The MSSM Higgs bosons couplings to fermion pairs are proportional to 
fermion masses, hence are more relevant for 7, top and bottom quarks. The 
couplings are given by 


m, tan b |(TrRvrL) HT + h.c.] 
+ [(me tan BbrtL + mz cot Bbrtr) H- + h.c] 


bapes =i | (m7r + mb) (29r - 289 H°) 
ac P | -mitt (S3 — S25 H°) 
+3 [(tan 6 (m-Ty57 + myby°b) + m; cot B tyst) A°] 
(13.180) 


We now discuss the decoupling limit. In the limit myo,my+ > mz from 
Eqs. (13.176) and (13.177), 


mja = mp (1+ miy /mo) 


m2 
A T (1 pene 287) 

mA 
m}, = mz cos” 28 (13.181) 


tan 2a x tan 28 


The last equation gives 
B-a=+—, n=0,1,-:: 


The value 8 — a = 7/2 is interesting, as for this value cos (8 — a) — 0, 
sin (8 — a) — +1 and Higgs scalar h? is decoupled from the heavy Higgs 
H?, H* and A®as can be easily seen from Eqs. (13.179) and (13.180). As 
a consequence gpoyy and gpor¢ reduce to those for the SM Higgs. Hence 
we conclude that in MSSM, there exists a parameter regime, in which by 
formally integrating out the heavy scalar state one gets an effective low- 
energy theory which is precisely that of SM Higgs. In most MSSM models, 
1 < tan 8 < m:/mp. 

Finally in the decoupling limit, the MSSM Higgs scalar couplings to 
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vector bosons and fermion pairs are given by : 


gHoww =9, grww = Imw 


— 0 — 
GH°ZZ > Gh°ZZ cos Oy mz 
g _l 
aa a o T tan 8 75 (1 — 75) v- 
Ww 
pesme m tan p b3 (1-— ys) t 
H- Vimy |+m:cot 8 bi (1+ 75) t 
GhorFe = MTT, GH rr = 0 
Inove = Mobb,  gHow = 0 


We conclude that the above decay channels are relevant for the detection 
of MSSM Higgs scalar at LHC. 


13.11 GIM Mechanism 


Since in weak interactions the flavor quantum numbers are not conserved, 
weak interaction eigenstates of different generations, d’, s’ and b’ are not 
identical with mass eigenstates d, s and b. These states are linear combi- 
nation of d, s and b. Thus we can write [cf. Eq. (13.44)] 

d = Vaa d + Vas S + Vup b 

S = Vea d+ Ves $+ Vo b 

b = Via d + Vis s+ Vin b (13.182) 
The quarks of one generation are linked to those of the succeeding genera- 
tions with decreasing strength. Thus for example Vus & Vus < Vua. This 
is illustrated by the diagram [Fig. 13.14]. If we confine ourselves to ordi- 
nary and strange hadrons, then we can safely put Vi, = 0, but we cannot 


ignore Ves, since charmed quark is linked to strange quark with maximum 
strength. 

As a first approximation, we can ignore the third generation completely 
and can put Vig = cos ĝe, Vus = sin 0e, as given by Cabibbo theory. Thus 
we can write d’ = dcos ĝe + ssin 0e. In the weak neutral current, we have 
a term of the form 


d yy (1-5) d 
= cos? be d Yp (1 — y5) d + sin? 0. 5 Yu (1 — 75) 8 
+ sin 0e cos be [d Yu (1 — Y5) $+ 5 Yu (1— ys) d] 
(13.183) 
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dominant 


suppressed 


rare 


Fig. 13.14 Relative strengths of flavor changing transitions. 


which arises from the doublet e: The above term can give rise to the 
following processes (Fig. 13.15). 


Ve, €; pi 


it 


Fig. 13.15 Decay Kt > nt +v +7 through neutral current and K+ —> 7° + e+ + ve 
through charged current. 


It is clear from Fig. 13.15 that both the processes 
Kt osat+v+o7 
Kt sr + et +e 


occur with equal strength. But experimentally 
T(K > rvp) 
T (K+ = metye) 
i.e. the strangeness changing neutral current is very much suppressed com- 
pared with the strangeness changing charged current. Here the charmed 


219% 10-°: 
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quark c comes to the rescue. If we put V.g = — sin 0e and Ves = cos fe, then 


s’ = —d sin ĝe + s cos ĝe and we get a term 


Shi (1—5) = sin? 6, d Yy (1 — ys) d+ cos? 0e 5 Yu (1 — %5) 8 
— sin ĝe cos ĝe [d Yu (1 — Y5) $+ 5 Yu (1—ys)d]| (13.184) 


from the doublet e From Eqs. (13.183) and (13.184), it is clear 
s 


that strangeness changing terms are canceled and J A does not contain any 
strangeness changing term. This mechanism to eliminate the strangeness 
changing neutral current in tree approximation was suggested by Glashow, 
Iliapoulas and Maiani (GIM) before the experimental discovery of charm. 

The AS = 2, K? — K° transition shown in Fig. 13.16 is second order 
in Gr. With GIM mechanism, a complete cancellation between u and 
c couplings occur if Mme = Mau. With the known experimental value for 
this transition, a limit on the mass of me can be put and it was predicted 
that me must be less than a few GeV and this is what was found later 
experimentally. 


K? wW W K? 


S üc d 


Ke K? 


Fig. 13.16 Box diagrams for AS = 2, K? — K? transitions. 
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13.12 Cabibbo-Kobayashi-Maskawa Matrix 


Three generations of fermions are linked with each other by weak interac- 
tions. The states d’, s’, and b’ are not mass eigenstates. They are related 
to mass eigenstates d, s and b as follows [cf. Eqs. (13.43) and (13.44)]: 

d' d 

s | =V{s (13.185) 


where V is a 3 x 3 matrix: 
Vaa Vus Vub 
V= | Vea Ves Veo (13.186) 
Via Vis Veo 
called ‘Cabibbo-Kobayashi-Maskawa’ (CMK) matrix. The hadronic 
charged weak current can be written as 


d 
Th (h) = (G68) yw (1-5) V | s (13.187) 
b 
and J; (h) which is a part of the neutral current: 
u 
Jey) = (u, 2, t) Yu (1—75) c 
t 
d 
+ (d,5,b) yu (1—8) VV | s |. (13.188) 
b 


We want weak neutral currents to be flavor diagonal as flavor changing 
neutral currents are very much suppressed. Hence we must have 
VİV = VVÝ =], (13.189) 


i.e. V must be a unitary matrix. Thus the matrix has nine real parameters. 
These parameters are the same in number as unitary group U3. Now U3 
has three diagonal matrices, so that we can write 


V = ett eios gifs O eia As gi As (13.190) 
where C is a 3 x 3 unitary matrix with 4 real parameters. The five pa- 


rameters 0, a, 3, a’ and p’ can be absorbed into redefinitions of phases of 
u, c, t and d, s, b quarks. Thus we can write 


V = RoRıĈR3 (13.191) 
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where Ri, Re and Rg are 3 x 3 rotation matrices: 


Cy S1 0 1 0 0 
Ri={-s1a 0], Re= | 0 co 82], 
0 01 0 — S2 C2 
1 0 0 
Rs = 0 C3 83 ; (13.192) 
0 —83 C3 


and Ĉ is a unitary matrix which can be written as 


10 0 
Č=ļ|010 J. (13.193) 
0 0 et? 
Hence we have 
C1 S165 $183 
V = | —51c2 C1C2C3 — $983 e% C1C283 + $203 ec |, (13.194) 
ô 5 


8182 —C182C3 — C283 €? —C1 8253 + C2C3 €’ 


where 
ci = cos 6;, si = sin 6; (13.195) 


There is an arbitrary phase 6, which makes the Lagrangian density 
non-real. Thus the Lagrangian density violates time-reversal invariance. 
By CPT theorem, it violates CP invariance. Thus there is an attractive 
possibility of accommodating CP violation in three-generation model; this 
cannot be done in two-generation model. 

If we consider the three generations, the fermion mass matrix for u, c, 
t and d, s, b quarks can be written as 


U 
ee ae 
V2 


wi, hij qR; + ve hij a, + h.c. 


= (ux, Cx, tr) My CR 


+ | (dy, 3,,0,) M | sp || thee. (13.196) 
OR 
Without any loss of generality, we can take Mu to be diagonal matrix viz 


Mu 
M. = Me ; (13.197) 


Mt 
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It is clear from Eqs. (13.185) and (13.196) that 
VİMV = Ma, (13.198) 


where Mj, is now diagonal matrix. 
Below we give the experimental values of CKM matrix elements [10]: 


Matrix element | Experimental value 
Vua 0.97425 + 0.00022 
Vus 0.2252 + 0.00109 
Vub (3.89 T 0.44) x 1073 
Ved 0.230 + 0.011 
Vos 1.023 + 0.036 
Veb (40.6 + 1.3) x 1073 
Via (8.4 ee 0.6) x 1073 
Vis (38.7 + 2.1) x 1073 
Vib 0.88 + 0.07 


Note that |Via/?-+|Vus|?-+|Vuol? is consistent with 1 as required by unitarity. 


13.13 Axial Anomaly 


For a theory to be renormalizable, it is essential that vector and axial vector 
currents are conserved. In electroweak gauge theories, before spontaneous 
symmetry breaking, fermions are massless and it is, therefore, expected 
that axial vector current is also conserved. But this is not so, in fact as 
seen in Chap. 11, axial vector current receives anomalous contribution from 
the triangle graph: a closed fermion loop with one axial-vector vertex and 
two vector vertices as shown in Fig. 13.15. This anomalous contribution 


Fig. 13.17 Axial vector current anomaly from the triangle graph. 
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is equivalent to the statement that in the zero fermion mass limit, the 
divergence of axial vector current is given by 
OHA, = Sf wabP F 
w= IgE uvFag (13.199) 
where F» is the field tensor of the vector field and g is the coupling constant 
as shown in Fig. 13.17. 

The contribution from A graph arises only if A graph is odd in axial 
couplings. This contribution is independent of fermion masses and is un- 
altered by radiative corrections. In QED, such graphs do not cause any 
trouble as photon is not coupled to axial current. Nor does it cause any 
problem if one or more of the currents is associated with a global symmetry 
of the theory. In such a case, it can even be useful as for example the case 
for 7° — 2y, which arises due to the anomaly as discussed in Chap. 11. 

In electroweak theory, such graphs are not absent. For example, in the 
process e~ e+ — yy shown in Fig. 13.18, the A graph can cause trouble as 
it would give bad high energy behavior. 


Fig. 13.18 Process e~e+ — 2y through A graph. 


To ensure the renormalizability of electroweak theory, it is, therefore, 
essential to ensure the cancellation of A anomalies. To see this, from Eqs. 
(13.65a) and (13.65b), we note that current to which Z is coupled is 


f (T? — 2Q 5 sin? Ow) q + Tey4y?] f 
and the anomaly arises from a fermion loop with one axial vector and two 


vector vertices. Thus for the above diagram the absence of the anomaly 
requires that 


SL, YB xY h, YB x YOQ 
f f f f F 
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should vanish. However, while X Ts does vanish but none of the other two 
do either for leptons or quarks; for the former, 2 TQ} is 3 [-4 (1)] = -3/2 


and for the latter it is 3-3 [4$ — 44] = 3/2, where factor 3 is the number of 
generations and another factor 3 in the quark sum is for color. However, it 
does vanish when the sum is taken over lepton doublets and quark doublets 
with a factor of 3 for color. The same is the case for the vanishing of 
X Qg. Thus weak interaction gauge theory can be consistently combined 


ath QED if the theory contains equal number of quarks (each having 3 
color) and lepton doublets, showing necessity of quark-lepton symmetry. 
Below we consider cancellation of anomalies in a general way. 

Consider a gauge group G, where the coupling of the fermions to gauge 
bosons is given by 


Lint = Vi" (Op + ight Way) VL+% Rin" (3p + igh? Way) UR. (13.200) 
The current coupled to gauge bosons is given by 


Lz be 
Ji = zt (1-15) AL + z (1+ 75) APY, (13.201) 


Here AŻ and AF are hermitian matrices; they satisfy the following commu- 
tation relations 

AZ, Ay] = i fabe AF 

[Ar AR] = i fabe AÈ. (13.202) 
W, and Wp need not transform in the same way under G as is the case in 


electroweak group. AŻ Æ A® in general. The A-anomaly (being indepen- 
dent of fermion masses) is proportional to 


AAE 


abc abc 


where — sign arises since it is odd axial vector vertices which give anomaly 
and it has to be symmetric in two indices say a and b. Thus [ { } denotes 
anticommutator] 


AR = Tr aes AG Ne) (13.203a) 
Ame = Teh, Ae a) (13.203) 


Theory is thus anomaly free when 


Tr ({AẸ, AF AS) = Tr (Ae APT AS) =0 (13.204) 
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for all values of a, b, c. 


Examples 
(i) Vector or vector like gauge theory: 
A” = AF £0. (13.205) 
For such theories either 
AZ = AË (13.206) 
or 
AP = UTIARU, (13.207) 


where U is a fixed unitary matrix. The gauge current is given by 
Ji = Pry At T, e Ury AUR 
= Pry AFE, Fir UryUALU1Up 
= Uy Aa, (13.208) 


where 
W=0,4+U WR, Aa = AF, (13.209) 


is a pure vector. Note that in general the redefinition of UV generates 75 
terms in the fermion mass matrix. Such a theory is called vector-like. 

In QCD, the left-handed and right-handed quarks belong to the fun- 
damental representation 3 of SU.(3). Thus it is a vector theory and is 
anomaly free. 

Gi) AY = A? =0. 
In this case, fermion representation is such that anomalies cancel separately 
for left-handed and right-handed fermions. This is the case for example for 
SU (2). For the fundamental representation 2 of SU (2), Aa = 47a and since 
TaTb + TbTa = 2ôab, 


Aabe =Tr HTa, To} Te] =0. (13.210) 


The representation 2 is a real representation in SU (2). But this is not the 
case for SU(n), n > 2, e.g. representation 3 of SU(3) is not equivalent 
to 3*. Thus for SU(n), n > 2 is not safe in general. However, fermions 
belonging to an octet representation of SU(3) are anomaly free since octet 
representation is real. This can be seen as follows: 

If A, form a representation, —A* also form a representation. The neg- 
ative sign arises, since matrices A* satisfy the commutation relation 


Az, Ae] = >i fabcAs. (13.211) 
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Hence —A* form a representation conjugate to Aq. If (as in the case for real 
representation), 
Aa = —U~* AU, (13.212) 
where U is a unitary matrix, then 
Aabe = Tr [{Ac, Ag} AC] 
= — Áabc- (13.213) 
Thus in general real representations are safe. They do not produce axial 
anomaly. However, a safe representation need not be real. 
(iii) The standard model SUc(3) x SU (2) x U (1). 
We need to consider SU (2) x U (1) only as SU,(3) is anomaly free. The 
matrices AŻ and AF are given by 


1 1 1 
AL : br” >Y AR: _y, 
a ga? 2 L; a 2 R 
1 1 
Q= aT zY (13.214) 
Now 
Tr (rž, E} ri) =0 (13.215) 


so that from Eq. (13.204), we have to show that 
Tr ae: TE} Yz) 


= ab Tr Y, 
= 26a» Tr [2Q — T3] = 46a, Tr Q =0 (13.216) 
and 
Tr [YP] — Tr [Yk] =0 (13.217) 


for the cancellation of anomalies. Now 
Tr [YÈ] = 8Tr [Q"] 
Tr [YÈ] = Tr [8Q° + 6Q T3 — 6Q? T3 — 73 


= 8TrQ? + 6TrQ — 6Tr (Q? 73) . (13.218) 
But 
Tr [Q*] «x TrQ 
Tr [Q?73] x Tr73 =0 (13.219) 
Hence for the cancellation of anomaly, we must have 
Tr Q=0 (13.220) 
Now 
POs (sipse = 5 =0 (13.221) 


Hence in the standard model, lepton anomalies cancel quark anomalies. 
Note that in the cancellation of anomalies, color plays a crucial role. Left- 
handed fermions anomalies cancel among themselves and so do the right- 
handed fermions anomalies. 
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13.14 Problems 


(1) In the Standard Model, the symmetry is spontaneously broken by in- 
troducing a scalar doublet ® : (J = 1/2, Y = 1) 


Suppose we introduce a scalar triplet 


xX = (X1; X85 3) 5 I= 1,Y = 2. 
Write x as a 2 x 2 matrix 
MEX 
Write down the Yukawa coupling of x for the doublet Yz. Show that 


neutrino acquires a Majorana mass for ( x?) # 0. Write its contribution 
to W= and Z. 


(2) Consider high energy neutrino-parton scattering 


Vud >p u 


Duu > utd 


Show that 
dot _ Gh 
dQ? 2T 
dot _ Gh? 
dQ? Qn s? 
In the Lab. frame 
do’ Gt G2 
—— = —— Vu — IE E 
dQ? In? I Pi 


Mu ~ Mq=mM 
Joni 2 p2 | 2 
gh GLE? a i ay 
dQ? Qn E? t 3 
(3) Show that for high energy neutrino scattering: 
Vy (Bu) +e” > Vy (Bu) +e 


do”? G2 1 
io? = ae [love Eghe) 5? + (gv, F ga.) U ] 


In the Lab. frame, show that 
ott = Gm Ey { 
2m 


gv. +ga.) 3 (9v. F a.) | : 
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(4) For high energy neutrino scattering on parton (quark) 


v (B) + qi > v (D) + qi- 


Show that 
ot 7 SE [ov + ga,)’ 8? + (9v; F ga,) 0] 
= = [ov +ga.) + (9v, F94, aS »)?| 
= = [Ge +94.) (1 +(1- v?) + 29y,ga, + (1 2 Gis. v)?)] 
where 
y= a v=B-F', ~ = (1-9) 


in the Lab. frame. 
(5) From Eq. (13.104), show that 


[ove + oH?) £2 [o"t — o°] = : (gv. £9a.)° 
In terms of sin? Oy 
(gv. + Ga.) = (-5 + sin? a ) 
(gv. — ga.) = sin” Ow. 
(6) Show that the decay width for the decay 
t— b+W 


for the transverse and longitudinal W is given by 


2 2 
T(t b+ w+) = Cells Me (=) 


mi 


r (t= b+ W!) ee 


2 2 
T(t>b+W) = cele me (1 H me) 


a 
z 


13.15. References 423 


(7) Show that the longitudinal polarization of f in the process e~et+ — ff 
near Z-peak is given by 


T ( do) dol? 
Jo da Q 


Ay = — 
2 fo (aq) a2 
o _IVi/9As 
1+ 9/94, 
Hint:- 
LY x [(9, +94.) (RORL + khk? — gM hy - ka — 2igv, ga. eM?” ki pkae) | 


; 5 
Leet 6s +myp) (=) Ya (Iv; — 94775) 


x (#2 = mz) In (Iv; — 9457") 
For polarization only terms proportional to my contibute. In Pers i 
only terms proportional to cos 0 are relevant and thus only terms con- 


taining €/?7€,,,,/./ will contribute. 
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Chapter 14 


Deep Inelastic Scattering 


14.1 Introduction 


Lepton-nucleon scattering is an excellent tool to study the structure of nu- 
cleon. Electron (muon) scattering clearly shows that nucleon has a struc- 
ture. Consider for example the scattering 

e+p> e” +X. 


Let E be the energy of the incident electron e and E’ be the energy of the 
scattered electron. Let q = k — k’ be the momentum transfer. Then in the 
lab. frame, the four momenta P, k and k’ of the target (proton), initial 
electron and the scattered electron are given by 

P=(M,0), k=(E,k) 

ki = (F',k’^). 


Neglecting the mass of the lepton, we have 


0 
@ = (k—k’)? = -2EE'(1 — cos 0) = —4E F' sin” 5 


k-k’ = EE’ cos (14. 1a) 
We define another invariant v: 
Mv=P-4q. (14.1b) 
In the lab. frame 
v = q =(E-E’). (14.1c) 


We also define the invariant mass: 


s = PẸ = (q+ P? = @ + M° +2Mv. (14.1d) 
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Note that 2Mv + q? > 0; for elastic scattering 2Mv = —q’. 
The elastic scattering of electrons on spinless proton can be written in 
terms of the Mott cross section: 


da do 2 
ma (in), PO (14:2) 
M 
where 
do a? cos? $ 
(Z) ~ 4E? sin? 8 (1:2b) 


The structure of the proton manifests itself in terms of the form factor 
F(q’). In elastic scattering proton recoils as a whole and the scattering is 
coherent. The form factor F(q?) measures the charge distribution of the 
proton, viz 


= J oa dQ (14.3a) 
If we expand F(q?) in powers of q?, we get 


F(0) = [nate =1 


1 


= -2r | r4p(r)ar (cos? 0) = e (r?°). (14.3b) 


q?=0 


(r?) is called the mean square charge radius. 
It is convenient to write the Mott cross section in the form 


do 4ra? \ E) 0 
q 5) = q E COS 5) 
a] uM q 
4ra? 7 q? P q? 
q! ' ImE ` 4E? 


II 


(14.4) 


This is the scattering cross section for the scattering of electrons on spin- 
less (structureless) particles of mass m. The scattering cross section for 
the scattering of electrons on structureless spin 1/2 particles of mass m 
and charge ee, (called parton) can be calculated using the standard trace 
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techniques and is given by [Q? = —q?] (see Appendix A.7.2) 
do _4na*e, BE’ 20 | Q tan? i 


aQ Qt E a| T amme 9 


do Q? 0 
— p2 | 2 
~ 4 foe h 2m? ae 1 


4ra? e? f Q? Q? Q! | 


Qt 2ME 4E2 ` &8m2E? 


ira? 2 2 
Bey Te ag (14.5a) 
GO? fe Qt 2mE AE? 
For the longitudinally polarized parton 
d^o _ 4ra Q? 3 


dQ? = Qs ImE2 a 


(E + E’ cos 8) (14.5b) 


14.2 Deep-Inelastic Lepton-Nucleon Scattering 


We now consider the inelastic scattering of electrons on nucleons (see Fig. 
14.1). For this case the matrix elements are 


Fig. 14.1 Inelastic charged lepton-proton scattering. 


fav) 
N 
— 


m 
LE e Telk yuuelk) (X |j”, |P 14.6a 
The cross-section is given by [cf. Chap. 2] 
1 dk d?Px ef m2 
do = In)*6(Px + k' —k-— P)—2L,,W"", (14.6b 
= m Om? (Ome hom) OF pple eee) 
where [see Appendix A.7] 


Ik] 
E 


1 ; 
ing = ome [ky kt, — guvk k' + ky kj, + iMeEwroG nN] —_(14.6c) 
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and n? is the polarization of the electron beam, with n’n, = —1, nk, = 0 
P; . w 
W (q, p, S) = (21) FF 2 (27)48 (PHP) (P, 5 litm] X) (X lIénl P, 3). 


(14.6d) 
Here S denotes the spin of the target and 5°, denotes the sum over all 
the quantum numbers of state X and integration over d?Px. Then the 
differential cross-section is given by 


d?o ai 12 ay? PA EP me 
e 


dQdE! a g EE! ” 


Assuming invariance under C, P and T and conservation of the electro- 
magnetic current 0” jg™ = 0, the Lorentz structure of W#” is 


MW” ng 
=( ge ) Ae») 


1 P-q P 
PH Hy) ( py — F. 
i (P-e) (Pike) en 


f ; S 
a -eHre da Sagi (v, q) + ts (s = Tn) g2(v, q’). 
(14.7) 


(14.6e) 


Here 9? = StS „ = —1, S” P, = 0 and F; and F> are spin averaged struc- 
ture functions: MW, = F, and vW2 = Fə while the remaining two are spin 
dependent structure functions. In Fig. 14.2, we show the plot of Q?(= —q°) 
versus 2Mv where we have defined the variables: 


Q? v E-P 
=M ITE E 
0<y<1. (14.8a) 
Now 
(P +q} > M?, 
so that 
2P-q- Q >00r0<r<1. (14.8b) 


If hadron masses are not important, F’s dependance on Q? is unim- 
portant, one might expect that scale invariance holds in the asymptotic 
(Bjorken) limit Q?, v — oo with x fixed. In the “naive” quark model 
(where the virtual photon interacts with point like constituents), in the 
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LN 


2 
Q f Sesenanes 
Q?=2M7 ~ 


Elastic 
scattering 


Fig. 14.2 Plot of momentum transfer Q? versus energy transfer v = E — E’ in charged 
lepton-proton scattering, showing various kinematic regions. 


limit of quark masses — 0, there are no dimensions and this suggests that 
in the asymptotic limit the structure functions scale: 


MW (v, Q?) = Fim, Q?) > F,(z) 
vWz(v, Q?) = Fo(v, Q?) > F(x) 


gi2(¥, Q’) > g1,2(2). (14.9) 
In QCD, however, this scaling is broken but only by logarithms of 
Q?/Nocp- 
From Eqs. (14.6) and (14.7), the spin averaged cross-section is given by 
do do 2 20 2 
—— = | — 2t = . (14.1 
r ~ (Gu), [Wal o + 2t0n? im g]. (14.100) 


It is instructive to write this cross-section in the form 


a d 0 
a = ean val Q?) + 2 tan? 5M a) . (14.10b) 


We now define right and left polarized cross-sections as 


OR, LSO T Ao, 
where d?o /dQ? dv is given in Eq. (14.10) and 
d? Ao Ara? ( Q? 


) cos ef [E + E’ cos 6] g1(v, Q?) 


dQ? dv E2Q4 \2Mv 
(Se B' cost) — (E + E' cos) nie} (14.11) 


where 8 is the angle between k and the spin quantization direction S. It 
is instructive to compare Eq. (14.10b) with cos @ = 1, which corresponds 
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to longitudinally polarized target, with the expressions (14.5a) and (14.5b) 
for structureless spin 4 parton of mass m and charge ee,, showing that the 
structure of the target is reflected in terms of the form factors W1, W2, gi, 
and g2. In terms of the variables x, y and K = (1 ek \[=1 au 
the scaling limit and is a measure of how close one is to the limit Q? — ox], 
we have 

do = Ara? 

drdy Qt 


lin 


ME jae? (a y) 4 w(K D) r (14.12) 


and polarized asymmetry Ao = (or — oy) /2 is given by 


dAo 4ra? 
drdy Qt 


2 
ME fevcosø {2 (1 5 5 + T(K = D) n+y(K Da} . 

(14.13) 
At high energies y — 0 and Fs and gı dominate. It may be noted that gə 
has never been measured. 

The presence of the structure functions in Eq. (14.10) indicates that 
proton is not a point particle. The structure of the proton can be probed 
in two ways, one by elastic lepton-nucleon scattering and second by deep 
inelastic lepton-nucleon scattering. First we discuss the elastic scattering 
for which v = Q?/2M. For this case the structure functions are given by 


Wo = [F2(Q2) + 1F2(Q?)] 6 (-» + S) 
W: = 7 [F?(Q?) + F3(Q?)] (-v+ s) (14.14) 


where T = Q?/2M. Thus from Eq. (14.10), we have 


do do 2/2 2/2 20 2 23]? 
IG? = (5). fri (Q) + TF; (Q )] + 27 tan 5 [Fi(Q ae 


The form factors for the proton are normalized to FP(0) = 1, F2(0) = Kk, 
and for the neutron F/’(0) = 0, F3'(0) = kn where «kp = 1.792 and kn = 
—1.913 are anomalous magnetic moments of the proton and the neutron 
respectively. Experimental data is analyzed in terms of Sachs form factors 


Gr(Q?) = F(Q’) — TPQ’) 
Gu(Q?) = F(Q’) + P(Q’) (14.16) 


These form factors are normalized as follows: G%,(0) = 1, G4,(0) = Hp = 
2.792, G%.(0) = 0 and G4,,(0) = un. In terms of Gg and Gm, the elastic 
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scattering cross-section is given by 


do a] pron reio + 2r tan? G3 (Q?) 
M 


age ~ \a@ 14r 
(14.17) 
The experimental data is fitted remarkably well by a single form factor 
G? 2 Gr 2 1 
GQ?) = m(Q*) _ mQ’) _ 5 
Hp Hn [1 + Q?/m?] 
Gpl) =0, (14.18) 
where m?, = 0.71 GeV’. From Eq. (14.15), we get [cf. Eq. (14.3b)] 
(rz) = © — 0.66 im? (ri), =0 (14.19) 
E p me, . > E/n . . 


Now Eqs. (14.14) and (14.15) clearly show that IOP > (i) as Q? > 
oo, i.e. cross section rapidly falls as Q? become large, clearly showing that 
the nucleon has a “diffused” structure in the elastic region. 

But the behavior of the structure functions Wo and W, is quite different 


in the deep inelastic region. The experimental data in this region indicate 
d 

ae? ) M 
teristics of a point particle. This clearly indicates that in this region the 
scattering is incoherent and is what one would expect if a nucleon consists 


that the cross section stays large and is of the order of ( , charac- 


of non-interacting or weakly interacting point like constituents called par- 
tons (quarks). This scattering region thus gives us information about the 
elementary constituents of nucleon, i.e. about their charges, spin and flavor. 
Moreover, the structure functions vW and M/W, show Bjorken scaling, i.e. 
vW and MW, = Fz(x£) and Fı (x) as Q?, v — œœ where z = ane is fixed. 
This is clearly indicated in Fig. 14.3 where F2(a) is plotted against Q? for 
various values of x. The above characteristics lead to parton model of deep 
inelastic scattering which we now discuss. 


14.3 Parton Model 


Partons are quarks (spin 1/2), antiquarks (spin 1/2) and gluons (spin 1). 
Gluons do not contribute here since they carry no electric charge. Thus we 
shall deal with spin 1/2 partons. If the target is a free quark of flavor i, of 
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Fig. 14.3 The structure function Fo (a) proton (b) nucleon in deuterium [18]. 


mass m and charge e;, we have from Eqs. (14.5a) and (14.5b) 


do; 2ra?e? 2,1 J 
dAc; 4ra? e? Y A 
P vli HIE Dy (14.20) 


with y=v/E, K = (1 - = 
v 
Further from Eq. (14.6d) 


mW” m Do dp 
i = 2 6 2 4 n 
27 an ( T) m [\ 7) (2r)? 


x XO (p, s ital Pn) (Pr lJéml P, 8) 64(p +q — Pn) 


dpn _ Mm+pn p 
me? f morn a = Beavers a4 She) 
no 


2m 
(14.21a) 


Now a = d*pn6|[p?, — m?] and we obtain from Eq. (14.21a) 
nO 


EWE = me;(ps)y" [b+ 4+ m] y’u(p, s)ô(2p:q- Q’).  (14.21b) 
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To proceed further, we make use of the following identities of Dirac matrices 
algebra [see Appendix A.2], 
SG ier 
WI Sg Se Ne eg ONE E No 
u(p, 8)y57"u(p, s) = =s" 
2 p” 
u(p, s)y"u(p, s) = — 
m 
u(p, sjio””u(p, s) = —— PO a (14.22) 


Then Eq. (14.21b) becomes 


WE = Gilp- q- Q?) 
2m 
x [+g p: q +2p"p” + gp” + pig’ + ime” P qasp]. 
(14.23a) 
Thus the comparison with Eq. (14.7) gives 
1 
Fii = zô p= 1)e?, Fo; = O(a ad 1)e? 
1 
ni = 30C —1)e?, ga: = 0. (14.23b) 


Hence from Eqs. (14.12) and (14.13) for a spin 4 parton i, 


= emE h +(1—y)?4 su (K o] 6(a—1)  (14.24a) 


: 2 2 
= dk (ospy 1-84 


(K — | 5(e—1) (14.24b) 
which are the same as Eq. (14.20) if we integrate over x. The comparison of 
Eq. (14.23) with Eqs. (14.12) and (14.13) clearly shows that if we replace 
6(1 — x) in Eq. (14.23) by some distribution functions F(a) and g(a) we 
get Eqs. (14.12) and (14.13). Hence it follows that in the scaling region, 
the nucleon is behaving as if it consists of point-like constituents and the 
structure function F2;(x) or F\;(x) or gi;(@) gives us the z-distribution of 
point-like constituents inside the nucleon. The point-like constituents have 
been assumed to be free, i.e. interaction between them can be neglected in 
the scaling region. This is compatible with QCD, as QCD is asymptotically 
free. More accurately one can write F> and F; as Fo(x, Q?), Fi(x, Q?); but 
the dependence on Q? is very weak (logarithmic). The following physical 
picture emerges. In the deep inelastic region, the virtual photon interacts in 
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an incoherent manner and probes roughly the instantaneous construction 
of proton. In the center-of-mass frame of electron and proton, we can write 
(neglecting lepton mass): 


M? 
k = (P, 0, 0, P), P = |(M?2 + P?) ~ P (1 + 5) „0, 0, -P| 


_ 2Mv— Q? 

qo = Ap 
Let us assume that the target (proton) has point-like constituents called 
partons of flavor, i. Neglecting any parton momentum transverse to the 
target, let us assume that the longitudinal momentum of a parton is given 


by p= xP. The time of interaction of photon is given by 
1 4P 2P 


go 2Mv—Q2  Mv(i—z) 


2 2 
The energy of a parton = yp? + p? + m? = xP (1 + repr |) so that the 
lifetime of virtual parton states is 


T = 


= SEST few ae 
For x not going to 0 or 1, 7 < T in the deep inelastic region so that one can 
consider the partons contained in the proton as free during the interaction. 
Hence in the deep inelastic region the photon interacts with the constituents 
of proton as depicted in Fig. 14.4. 


P 


f hadrons 


xP 


Fig. 14.4 The parton model. 


If the target is built from partons of type i and the probability for a 
parton 7 to have momentum fraction x’ to a’ + da’ is fi(x), then p-q = 
xz'P -q = Mvr, 


pq _ M , 
Yparton = — = — VT, 
m m 
1 
6(Q? — 2 = 6(Q? — 2Mv2') = ——d5(a2 — a! 
(Q? — 2p- q) = 6(Q? — 2Mva') = zzz 5(x — 2") 
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and Eq. (14.23a) becomes 


1 1, $ 
Pwe = e? |g E + rÊ? PHP” 4... itb ga 5g ] Sle a’). 
Mv 2v 


2r ’ 2 
(14.24) 


Since Se x W#”, we should write 
dWwHy 1 
= > | W hl’) da’, 
dv dvparton P 
or, on using Eq. (14.24), 


MW" dv | n 
= -M x D fila’) dx 


(14.25) 
Using then the expression (14.7) for MW” /2r, it follows that in the parton 


model: 
S ee file) 


i, spin 
= Sy ex (fit (@) + fi (z)) 


= 2rF,(z), (14.26) 
while [cf. Eqs. (14.24) and (14.7)] 


g(x) = yy eix (fit (x) — fiy(2)). 


go(x) = 0, (14.27) 


where 7 and | denote respectively parton spin parallel and antiparallel to 
proton spin S. 

The relation F(a”) = 2xF; (x), which is a consequence of parton having 
Z, is well satisfied experimentally. For the proton target [denoting 
fi(x) conveniently by q(x) + q(x), e; > eq and with spin sum understood], 
we have from Eq. (14.20) 


k= 5 ze? (q(x) + g(x)]- (14.28a) 
q=u, d, = 


F(x) 


II 


spin 


In other words, 


rP =a (u(x) } ti(x)) } (d(x) } d(x)) Fee. (14.28b) 
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Applying isospin conservation so that the u(d) flavored parton distribution 
in the proton is the same as d(u) flavored parton distribution in the neutron, 
whilst the s and c---, distributions remain unchanged being isoscalar, the 
neutron structure function becomes: 


(d(x) + d(x)) + = (u(x) + u(x)) +--+]. (14.28c) 


Fy" =g 


In the above equations u(x), d(x), ---, are the probabilities that parton 
(antiparton) of flavor u, d, ---, carries a fraction x of the momentum of the 
proton or the neutron. 

For an isosinglet target N, we get 


e 1 e. en 
FZ" (x)= 5 (F2 (2) + F3” (2)) 
5 A 1 
=2 { ie [u(x) + u(x) + d(x) + d(x)] + = [s(x) + 3(x)] + \ 
(14.284) 
Here --- means the contributions of other quarks like c, b, t. Note that É 


is just the average squared charge of the u, d quarks. 
We have thus seen that the parton model leads to the Bjorken scaling 
of the structure functions in the deep inelastic scattering. 
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Let us consider the processes 
+N >l ++X 
Ve N L~ X 


The matrix elements are given by 


G 1 MmeMy _,,7 , m 
T = — ee pH yalt- Volk) (X |J" NCP) (14.298) 


T = -epn Bp Eu =u) (X [| NCP), 
(14.29b) 


where J! = V” — A“. Then we have to replace in Eq. (14.6b) e*/q* by 
G3- /2 and Luv by 
z 2 

pera [kuk — guk - k'kyk!, + iepvapk®k’”] , (14.29c) 


MeMy 


14.4. Deep Inelastic Neutrino-Nucleon Scattering 437 


while W,,, now contains for the spin averaged case three structure functions 
Wı, W2 and W3. The third function W3 arises due to V — A interference 
term and appears in Eq. (14.7) as arr H” Ê Paqo F», with vW3 = F3. The 
cross-section is given by 
d?o” _ Gz. 1 E’ 
dQ? dv 2 TE 


p 0 p 0 

Wy” (v, Q’) cos” at 2W7” (v, Q?) sin? 5 

_E+E' 
© M 

In order to discuss the scaling, we again express the cross-sections in terms 


of the variables x and y. The structure functions show the following scaling 
behavior in the deep inelastic region: 


vW” (v, Q?) > Fy" (2) 
MWY” (v, Q?) > FY” (2) 
vW” (v, Q?) => FE" (x) (14.31) 


, 0 
W3” (v, Q?) sin? ale (14.30) 


The cross section can be written 
or" GME M 
ae ee 


dx dy T 


For the basic processes 
D +u — l +d, +d —>t +u 


wtd->l +u, n+ū—l +d, (14.33) 


we have (see problem (13.2)) in the high energy limit, for the first two 
processes in the first and second line of Eq. (14.33) 
do?” G}11 
dQ? ~ On 522 
and similar expression for the other two precesses. They give 


[(s? +u?) F (s? — u?)] (14.34) 


p G} G2, Gia 
a a = 14. 
F mE, o = mE, eT (14.35a) 
where m, ~ mq = m. Now 
u2 BE? 
(14 5)=(4 a-y) (14.35b) 


so that 
do?” Gi 1+(1-y)?_1-(1-y) 
dQ? 2r 2 2 


438 Deep Inelastic Scattering 


Hence we have for large E (E >> m) for the two processes in the first and 
second line of Eq. (14.33) 


do?” _ GpmE IFES) _1-(-y) 
dx dy T 2 2 
Thus corresponding to Eq. (14.23b), we have for parton i 


x| d(1—2) (14.35d) 


1 1 
Fi; = zê = 1) = — Foi 


2 
Fa; = ô(£ — 1) (14.36) 
Thus the relation for F} corresponding to the relation (14.28a) is 
F3(x) = 25° (a(x) - a(2)]. (14.37) 
q 


In view of Eq. (14.33) [note that the role of e2 in Eq. (14.28a) is taken over 
by the isospin raising and lowering operators, namely I+], we get 
Fo(x) = 22 F (x) 

Fy? = 2x [u(x) + d(x) + e(x) + 5(x) + t(x) + b(x)] 

F3” = 2 [u(x) — d(x) + c(x) — 5(x) + t(x) — b(x)],  (14.38a) 

Fy? = 2a [d(x) + u(x) + s(x) + E(x) + d(x) + t(x)] 

Fy? = 2[d(x) — u(x) + s(x) — (x) + W(x) — t(x)] (14.38b) 
The factor 2 is due to the fact that for weak decays we have both vector and 
axial vector currents. The corresponding values for neutron are obtained 


by replacing u © d, ū © d on the grounds of isospin invariance. Hence for 
an isosinglet target N, we get (suppressing x) 


FN =2e| Sut a) + 5d d) +s +0404 
FN =2 [Fu a) +5(d-d)+s+b~< i 


FEN = 20 | (uta) +5 (dtd tetta] 


1 
2 
If we assume that in a nucleon, the probability of having q and q (q = 


(u— 4%) 4 za d)+c+t-5 i}. (14.39) 


arca 


s, c, b, t) is the same or we neglect s, 5, ---, then we can write 
FYN =X rjlq+g = F3” 
q 
sFy™ =X cja- q] = sF”. (14.40) 
q 
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We observe from Eq. (14.28d), neglecting the sea quark contribution of 
heavy quarks, and Eq. (14.40) that [@ = e or u] 
FIN | 3 s+53 

55l +a) 

This ratio has been experimentally tested as the left-hand side is 1.007 + 


0.063. This also shows that the strange quark sea contribution is very small. 


It verifies the charges of u and d valence quarks as their mean square is Ż. 


(14.41) 


5 puN 
īst? 


14.5 Sum Rules 


One can write a number of sum rules. First the momentum conservation 
gives 


1 
J dx b a(q+q)| =1-6 (14.42) 
0 

q 

where € is the fraction of the momentum carried by the gluon constituents. 


Hence we get the sum rule 


T 
J FYN de = 1—€ (14.43) 
0 


Experimentally, the left-hand side is 0.52+0.03 giving the momentum frac- 
tion carried by the quarks. Thus the remaining momentum fraction, which 
is about 50%, is attributed to the gluon constituents. 

Since the nucleon has quantum numbers S (strangeness) = 0, C (charm) 
= 0, B (bottom) = 0 and T (top) = 0, we have 


ja f è waaa (14.44) 


for q = s, c, b and t. On the other hand, the charges of proton and neutron 


= f æfa ii) sa a). 
= [ æ ka ð Su o). (14.45) 


We can combine them, so that we get 


give 


1= a dz |(d— d) + (u — &)], (14.46) 
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so that from Eqs. (14.38), (14.44) and (14.46), we have 


re [F — Fy?] Bee 2, (14.47) 
0 x 
and 

i FIN (x) dz = f dx [(u— ü) + (d—d)] = 3. (14.48) 


If we use Eq. (14.38b) and the corresponding equation for the neutron, we 
get the sum rule (14.44) in the form 


1 
i [Fyn — per) E a, (14.49) 
0 T 


This is known as the Adler sum rule. It is an exact sum rule obtained 
from quark structure of electromagnetic and weak hadronic currents and 
is protected by conservation laws implied by Eqs. (14.44) and (14.45). It 
is difficult at present to verify it experimentally with good precision as it 
requires good low x data. On the other hand, the sum rule (14.48), known 
as the Gross-Llewellyn Smith sum rule, is modified by QCD corrections in 
the leading order to, 


[ FYN (2) dx = 3 (1 = L) ; (14.50) 


The right-hand side of (14.50) for a,(Q? ~ 3 GeV”) = 0.35 + 0.05 is 2.66 + 
0.05 while experimentally the left-hand side is 2.50+0.018+0.078, verifying 
the sum rule. 

Another sum rule which follows from Eqs. (14.28b) and (14.28c) is 


sd en) de _ 1 u(x) + u(x) — d(x) — d(x 
[ rp -rE = 5 f de lule) + ale) - dle) - ale) 
1 R 


+ A dx [u(x) — d(x)] , (14.51) 


on using Eq. (14.46). This is known as the Gottfried sum rule. Experi- 
mentally the left-hand side is 0.258 + 0.017 implying that the second term 
on the right-hand side is not zero. Its non-vanishing does not contradict 
any known principle. 
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There are two sum rules which involve the spin-dependent structure 
function gı(x). We note from Eq. (14.27) that 


1 
1 
| gi(a)dx = 5 > eq, (14.52a) 
0 
q 


where we have defined (for a nucleon target) 


aq= f {lay (@) + & (a)] — [ay (x) + q, (£)]} dz. (14.52b) 


Here Aq is the quark contribution to the first moment of the structure 
function gı(x). There is also gluon contribution to it, this is due to the 
short-range interaction of photons with polarized gluons via the quark box 
diagram, shown in Fig. 14.5. To include this we replace Aq by 


Aj=Ag= SAG. (14.53) 


+ crossed graphs 


Fig. 14.5 The photon-gluon scattering graph. 


This separation is not unambiguous but has been found useful. For the 
proton target Aq has been shown to be related to the matrix elements of 
the axial vector current qyp Yy54 


(plusa p) =A S,), q= u, d, s (14.54) 


where S¥ = WyH75W is the spin of the proton, Y being the proton spinor. 
For the first moment of g? (x), the gluon contribution in relation (14.53) is 
related to the triangle axial anomaly [cf. Eq. (11.96)] in the divergence of 
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the singlet current 0" Ao, : 


pld" Angl x) = y 2222 (p rr (ceG,,)|p) 


+2 (P| [muttiysu + madiysd + ms3i755] | p 


2 3a s 
= We e (—AG) , 2mp Vigs Y 


Re (p | [mutiysu + mgdiysd + mMs5i755] | py 14.55) 


Note that the second term on the right-hand side is not an SU(3) singlet. 
The first term on the right-hand side also contains a non-singlet part (that 
is why we have put a subscript q on AG in Eq. (14.52)). For the proton 
target, Eq. (14.49) gives the sum rule 


1/4 De 
p T ay | 
| see 5 [pans gad 


Lass] 


= 5 { (aa Ad) 4 t (Aa tAd- 243) 


+$ (Aŭ+ A+ As) te) (14.56) 


where --- denotes isospin singlet sea contribution of heavy quarks and sec- 
ond and third terms are isospin singlets. Therefore, for the neutron target, 
only (aŭ — Ad) changes sign and we get in the isospin conservation limit 


i Po- of(2)] de = + (Aa-Ad)= 29, (1457) 


since from Eq. (14.54), it is clear that 


Aŭ- Ad 


2 (Su) T (p |Asu| P) g2=0 


1 
= 5 9A(Sy)- (14.58) 
Here ga is the axial vector coupling constant determined from (-decay of 
the neutron. The sum rule (14.57) is known as the Bjorken sum rule. If 


the leading order QCD corrections are included, it then becomes 


re -rn = T [oP (a) — g? (2)] dz 


1 


= 594 (1 = =) (14.59) 
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Eliis-Jaffe Sum Rule 
p 
Ty 


Neutron 


0.1 
Deuteron 


Bjorken Sum Rule 


Fig. 14.6 Plot of I’? versus r. The predictions of the Bjorken and Ellis-Jaffe sum rules 
are shown on the diagonal band from the lower left to the upper right of the figure. While 
the data and the Bjorken sum rule overlap within one sigma, the Ellis-Jaffe prediction 
is roughly two sigma away from the overlap region in the data [16]. 


This sum rule obtained from quark structure of electromagnetic and weak 
hadronic currents, is regarded as a fundamental prediction of QCD. For 
ga = 1.270 + 0.003, a, = 0.35 + 0.05 one finds for the right hand side of 
Eq. (14.59), the value 0.187 + 0.01. The experimental situation is best 
summarized in the r}, T? plane, Fig. 14.6 which illustrates that Ellis-Jaffe 
sum rule [see below] is violated by the experimental data whereas Bjorken 
sum rule is compatible with the data. 

One can obtain another sum rule involving only g? if one assumes exact 
SU(3) flavor symmetry for semi-leptonic decays of baryon octet, so that 


(Aa 4+ Ad— 2A3) (Sp) 
= 2V3 (p |Ag,.| P) g2=0 
= g4 (94) = (BF — D)(Sy) (14.60) 
where gą , F and D have been defined in Chap. 11, namely 
g® = Aŭ — Ad = ga = 1.270 + 0.003, 
g® = 0.58 + 0.03, 
F = 0.463 + 0.028, 
D = 0.803 + 0.040. (14.61) 
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Thus neglecting the sea contribution of heavy quarks, one obtains from Eq. 
(14.56) 


l Tf aay hrern aio 
r= f gt (2) dx = + By i i 594. (14.62) 
where 
gJg® = At + Ad+ AZ = AS (14.63) 


If we take the value of oe given above, then the inclusive gı data with 


Q? > 1GeV, gives 


g® = 0.33 + 0.03(stat) + 0.05(syst) (14.64) 


considerably smaller than g® given above. Further this implies 


rae 
Ag = OU — g®)) = —0.08 + 0.01 (stat) + 0.02(syst), 


i.e. strange quark is polarized in the opposite direction to the spin of the 
particle. If one assumes as is done in naive quark model [OZI rule] 


(p [57u58] p) = 9, (14.65) 


one has 
9g, = 9 = BF — D) (14.66) 


which is obviously violated. Nevertheless, if one uses it, then the sum rule 
(14.62) becomes 


t 1 53F/D-1 
P — p = | 
=f H(t) = 75 h p ot (14.67) 


This is known as the Ellis-Jaffe sum rule. With g4 and F/D given in Eq. 
(14.61), the right-hand side of Eq. (14.67) is 0.187 + 0.003 in disagreement 
with the SMC (Q? = 10 GeV?) data which gives 


T? = 0.139 + 0.01 (14.68) 


In view of the above disagreement the assumption (14.65) has been ques- 
tioned. If one relaxes it, one does not have any prediction. However, one 
can use the sum rule (14.56), [neglecting ---] together with (14.68) to de- 
termine 


Aŭ -+ wad: was = 0.139 + 0.01. (14.69) 
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This together with the values given in Eqs. (14.60) and (14.61) give 
At = 0.78 + 0.07 
Ad = —0.48 + 0.08 
Ag = —0.14 + 0.07. (14.70) 


Again As is not zero as would be the case in naive quark model but is 
consistent with As given in Eq. (14.70) so that 

305 
27 
where AX = Au + Ad + As is the quark contribution to the spin of the 
proton and AG is the singlet part of AG. Again the above value of gh is 
consistent with the one given in (14.64). Various estimates of AX indicate 
that AX ~ 0, which implies that 2 (—AG) = 0.05 + 0.07 which is con- 
sistent with present measurements which suggest (— 302 AG) < 0.06, this 
gives AG < 0.4 with a, œ% 0.3. Thus one faces with the issue of physical 
interpretation of gù and possible SU(3) breaking in the estimation of F and 


g = AÈ = AD — —2AG = 0.16 £0.22, (14.71a) 


D and of g® from hyperon decays which may change the value of g). Now 
as is clear from Eq. (14.55) there is the gluonic contribution to gù through 
the QCD axial anomaly and we have 


9? = (sas = ae ač) (14.71b) 
q parton 


where (Ac) is the amount of spin carried by polarized gluons in the 
parton 


polarized parton and (Aq) 
antiquarks. 

To conclude there is a need to understand the underlying dynamics 
which seems to suppress the gO relative to the OZI prediction g® ~ g®, 
and the sum rule for the longitudinal spin structure of the proton. 

1 1 
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partons MEANS the spin carried by the quarks and 


S Aq + AG + Lat La (14.72) 
q 


where L, and Lg denote the orbital angular momentum contributions. It 
is important to measure both gù and F$(0) [the SU(3) singlet anomalous 
magnetic moment of the proton] experimentally in order to determine the 
flavor and spin content of the proton, i.e. to disentangle the different con- 
tributions in the above sum rule as well as in (14.71b). There is presently 
a vigorous experimental program for this [see in particular [17] for the dis- 
cussion regarding the sum rule for T? and what follows]. 
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14.6 Deep-Inelastic Scattering Involving Neutral Weak 
Currents 


For neutral weak currents mediated by Z-boson (see Chap. 13), the relevant 
Lagrangian for the processes 


(Djv +N > (Dv +X 

is given in Eq. (13.107) [see also Table 13.1]. For neutrino-parton scatering 
(D) + qi —> (D)v + qi 

we have [cf. problem (13.4)] 


da” GR 
dQ? = ae [Covi + gai)” s? + (gvi F gai) u?] 
Gt 2 ie 2 2 
= Tr [ovi SE gai) + (gvi PIE gai) (1 = y) (14.73) 
Viv Gh 2 1 2 
o” = z PE (gvi £ gai) + 5 (Ivi F gai) (14.74) 
T 3 
do” “Ge 
dey 7 TE mEzr [(ovi + gai)” + (gvi F gai) (1 - y)?| 6(1— 2) 
(14.75) 
Hence 
doi” ( D) 4 (v, 0) +X) = Ch ME D filz) 
kdy v, v) +p V, V) 7 = Yn OE 


x (gv: + gai) + (gvi F gai) (-— y)?] (14.76) 


Finally, from Eq. (14.76), for the proton target we have 


Viv G? : 1 
ee seme | S lx fi(a)dx ov x= gai)” +z (gvi F ga - (14.77) 
T 0 i 3 


In parton model 


C 
oyy 1 
= +N == 14.78 
i ogy 3 ( ) 
1 

Ry = 9} + 39% — IL t TIR (14.79) 

ag 1 g2 
Rosea = Onto) at (14.80) 


TOUN 
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which were used in Chap. 13 [cf. Eq. (13.107)]. Finally from Eqs. (14.77), 
(13.75) and Table 13.1, for the proton target we have 


Ret dy - oer d(e)—d(x)|$. (14.81) 


Ea = RAS 


Thus from the experimental data on deep inelastic scattering, we can de- 
termine ez(u), eL(d), cr(u) and er(d). This information has been used in 
Chap. 13. In writing Eqs. (14.81), we have neglected the contribution 
of strange and heavy quarks. For neutron, we can obtain the structure 
function by replacing u(x) > d(x) and u(x) > d(x). 

We end this chapter by the remarks that the quark-parton model is 
simple and quite successful. A closer examination of Fig. 14.3 reveals 
a systematic deviation from exact Bjorken scaling, the structure function 
increases with increasing Q? at small x whereas it has opposite behavior for 
large x. The attempts to understand such deviations from the quark-parton 
model in terms of QCD are beyond the scope of this book. 


14.7 Problems 


(1) 
3 g 
(P nlo) =f (E) a [ar - kora u) 
q=p -p 
(a) Express 
(P nlp) ~ a) [UF + ra- FE PA) lp) 
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express 
(P [Ien p) 
a vpo 
“Toa alp’) Gn(Q*)P* + mlM) °° Podv¥o7%s| Up) 
where 


o 1 jal 
p= 5% Pp =54 
Po=P Y= 
Show that 
Gg(0)=1 
i ES Gul). 
1/2q |Jem| — 1/2q) = 
(1/24 enl = 1/20) = ema | Ho x al u 
Magnetic Moment : 
1 
p= [Sox Dir 
Show that 
Gu 
1/2q |u| — 1/2q) = 3(q)——ul 
(1/24 | — 1/24) = =a) rou 
Gu (0) 
3 M F 
>o (a)r XIX 


Gm(0) = up, Gm(0) = Hn 
(2) Show that the scattering cross section for elastic scattering of electrons 
on nucleon is given by (Rosenbluth formula) 


d d 1 
a ( = ) z [rG H cGy] 
M 


dQ? dQ? 1+7) 
do ma? 1 na? 2% (1+7) 
dQ?),, E®Q?tan?0/2 4M?E?r 1-e 


where (for elastic scattering) 
- 1 B 1 
<= IF2 (F/Q?) tan? 0/2 1+2(01+r)tan?0/2 
It is clear that Gwm can be extracted at € = 0, while Gg is extracted 
from the e-dependence. e can be varied at fixed photon energy and 
momentum by varying electron energy and scattering angle. 
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(3) The structure functions W; and W2 are related to the absorptive part 
for the forward scattering for virtual photon as can be easily seen. 
Optical theorem gives 


v? Wo OL 
14 t= =R 
( 5) WwW, OT 


where oz and or are the longitudinal and transverse total Compton 
scattering cross-section respectively 


(a) Show that for the elastic scattering 


OL Gi 


or TG, 


(b) Show that the cross-section ae can be expressed as 


do (do 2tan? 0/2 i 
d@2dv — (or). foe AER 
_(do\ (K-DA, | 

= Ee MK- A 
do _ f de 2MaF\ (x) l 
dzdy o C-K) [epek] 


4) (a) Express the cross-section LA? in the following form 
dQ2dv 8 


d2? A? do 2 1 
pa ies Aen) (rid 9/2 
dQ?dv (aos), e Paty 


E+E 
x ta + go) (E + F' cos 0) — g2 


2 


(E — E' cos n| 


(b) Show that for elastic scattering of longitudinal polarized electrons 
on polarized protons : 


gı +92 2 Q? 

2Mv = g Cee ( OME 
g 2 yry 1 Q? 
2Mv M (a) Ta uOe Gu) (v T 


2 do _ 9 (l-«6)Gu eee Mt) | 
dQ?’ dQ? (1+) (rG?, + G2) | -r (2Gp — (1-7) Gm) 
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Chapter 15 


Weak Decays of Heavy Flavors 


In the standard model, three generations of matter replicate themselves 
with increasing mass scale. We have already discussed the first and second 
generation leptons (e, Ve), (44, Va). In this chapter, we first discuss the weak 
decays of 7 lepton (the third generation lepton). Later we study the heavy 
flavors viz decays of D and B mesons. 

The study of heavy flavors provides us an opportunity to discover any 
deviation from the standard model. However, we will find that the standard 
model works quite well for heavy flavors. We begin with 7-decays. The mass 
of T lepton is 1776.82 +0.16 MeV and its mean life is (290.6 + 1.0) x 10715 
s. The upper limit on the mass of v, is 24 MeV. 


15.1 Leptonic Decays of r Lepton 


In the standard model, the third generation leptons (T, v+) behave exactly 
in the same manner as (u, ,,). Because T lepton mass is 1777 MeV, T 
can decay into light mesons (m’s and K’s). As far as the decay 77 — 
Vr + e` + De is concerned, in the standard model it should have exactly 
the same structure as that for the decay p~ — vy, +e +7Ve. Nowe and 
Ve are common in both these decays. The e~ and De enter in the effective 
Lagrangian for muon decay in the form € y,,(1 — ys) ve, it should occur in 
this form in the effective Lagrangian for 7-decay. Hence the most general 
form for the T-matrix is given by: 


_ Gr 1 MrMeMyrMvpe 1/2 
na V2 (2r) ( P10Pp20k10k20 ) 
x [U(p2)7 (1 — €7°)u(pr)] Ekal — 95)v(ka)) (15.1) 
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where p1, p2, ki, and k2, are four momenta of T, v+, e and respectively. 
In the standard model, € = +1. Thus any deviation from the standard 
model should manifest itself with a value of e different from 1. 

Using the standard techniques, we can easily calculate the electron en- 
ergy spectrum 

2 nd 
= N CEM g? [(1 + €)? (3 — 2x) + 6(1 — €)?(1 — x)| . (15.2) 

In deriving the above expression, we have taken neutrinos to be massless 
and have put Mme/m, ~% 0 and x = 2E./m,. It is convenient to put Eq. 
(15.2) in the form 


1 dv 4 
~— x 4r? |3(1 — 2p(—x—1 15. 
aap © 40” [80 —2) + 2p(Ga-], (15.3) 
where 
G} m2 (1+ €?) 
N 7 15.4 
19273 2 ( ) 
and 
3 (1+ €)? 
Oe ET (15.5) 


Equation (15.4) gives the decay rate for the decay T~ — e7 + vr + Te. 
Equation (15.5) gives the Michel parameter p. In the standard model [V — A 
theory ] € = +1, p = 3, The experimental value for p is 0.742 + 0.027 in 
agreement with the theoretical value of 0.75. This reinforces our assumption 
that (T, v) are sequential leptons. 
Using € = 1, we get from Eq. (15.4) 
I(t > v PEE Ue) - m3 (1+ rad) (15.6) 
Tu Vu e Ve) mp, (1 Tv rad) 
Since (1+ 67,,)/(1+ É 4) = 1, one can write for the branching ratio 


rad rad 


BR(t > v, +e +Te) = (=) (22) BRU >n +e+P (15.7a) 


My 
Using the experimental values for the masses and decay rates, 
BR(T —> v, + e + Te) = (17.82 £ 0.09)% (15.7b) 
to be compared with the experimental average (17.85 + 0.05)%. 
If we neglect m,,/m, , we get for the decay T + vr + e + P,, the same 
expressions as in Eqs. (15.2)-(15.6). However, taking into account the finite 
value of m,,/m, we get 


2 and 2 
T(7 v: +u+T7,) = Gp nh (=). (15.8) 
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where 
K(y) = 1 — 8y + 8y? — yf — 124° lny. (15.9) 
Using the experimental values of m, and m, , Eqs. (15.8) and (15.4) give 


BR(t > v, +p+0,) ~ (0.9726 + 0.0001)BR(7r —> v, + e + Te) 
= (17.33 + 0.09)% (15.10) 


to be compared with the experimental average (17.36 +0.5)%. Thus we see 
that e — u — T universality is satisfied to an excellent degree of accuracy. 


15.2 Semi-Hadronic Decays of r Lepton 


We consider a general decay 
T(k) > X (px) + v:(k’), 


where X is any number of hadrons allowed by energy conservation. The 
T-matrix is given by 


G' 1 mrm 
T=- WIX) Tk) (1 — 75) ulk T Yr 15.11 
The decay rate is given by 
a Ra 
s fa ox fo ki, p -IFI ô(p PX —k— k’) (15.12) 
where 
2 G? 3 Ww wi HÀ 
FP = ZC px) (0X) (x| |) L>. (15.13) 


Note that G” is the effective decay constant, Lpa is the leptonic part given 
by 
2 Lpy E 1 ; P plo 
nse [kika F ky ky — gua k'k — i£napo k’ k ] (15.14) 


MrMy, 2 


The weak current ae = vy — AW Since the interference term V” A, 
does not contribute, we can separately consider the vector and axial vector 
parts. Using the Lorentz invariance and CVC (the spin over final hadrons 
is summed), we can write quite generally (q = k — k’): 


(2m? f (olv x) (x| vto) @Bpx6 (px — a) 


= 0 (qo) (8 gua + auga) Pv (a) - (15.15) 
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Similarly we can write 


(27 rp EES, (x Ay] 0) d°px5 (px —4) 
= 0 (qo) [(—47 gua + quaa) pa (Ê) + guaca (P) 


2 
In writing Eq. (15.16), we have not used the conservation of axial vector 


(15.16) 
current. The form factor 7 4(q°) arises due to non-conservation of A,,. From 
Eqs. (15.12)-(15.16), we get 


G!2 m3 
Tly=—-—2 


m2 2 
T 8 s 
— 1 14 ds, 
re Ca) (+ ae) orton 
12 3 2 
meee m? 


(15.17) 
m 2 
7 s 2s 
2 8r (: - wz) (tra) 
3 \2 
+ (1 — =) zato) ds (15.18) 
where 
s=Q@a=(k+k'y (15.19) 
15.2.1 Special Cases 
(1) T 3 + 
Here 
pa(s) = pv(s)=0, oals) = fz ls — mz), (15.20) 
G? = G4, cos? ĝe. fr is the pion decay constant and is defined by the 
matrix element 
1 
0|A”| a) =if, ——> q (15.21) 
(0 Auil (2r)? Vo 
Hence from Eq. (15.18), we get 


_ GE m2 2 
a = Tez 008 26, f2m mi (1 - Zz) : 
(2) 2 


(15.22) 
a 6 
Here 
p(s) = f25(s — ms), (15.23) 
where f, is defined by 
E 
o |V| o his, 
(O A) = PA ag 


(15.24) 
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Hence from Eq. (15.17), 


2 
G2 m? 2m? 
P= 73, 08 aa (: “| (: ae (15.25) 
T P 
(3) T >a; +, 
Here 
pa(s) = fa 5(s— ma, ): (15.26) 
Hence from Eq. (15.18), 
G2 29, 2\2 2m2 
para TE OR an h1- ma) (1+ me). (15.27) 


Let us compare these results with their experimental values. From Eqs. 
(15.22), (15.25) and (15.27), we have 


Tle = (127°) (45 fz 5) cos? 6, (1 — ay (15.28) 


2 2\? 2 
_ 2 p 2 Mp ™p 
T,/Te = (12r ) (4) cos A. ( = | (: + 2%) 3 (15.29) 
2 2\2 2 
2 a 2 Ma Ma 
Ta,/Te = (127 ) (4) cos A. (1 = me) (1 + 2m) . (15.30) 


Using fr = 182 MeV, cose = 0.97 and the experimental values for 


masses, 

BR(r~ —> vT”) ~ (0.605) (Ey Be (10.91 + 0.07)% 

(15.31a) 
f 2 

BR(rt~ — v,p—) = (0.557) (4) Be (25.51 + 0.09)% 

(15.31b) 
f 2 

BR(t~ — v, +47) = (0.329) (4) Be (9.32 + 0.07)% 

(15.31c) 


Using the experimental values given in parenthesis and Be = (17.85 + 
0.05)%, we get 


fr = 132.7MeV, fp = 211MeV and fa, = 166MeV (15.31d) 
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Let us compare the above values of the decay constants fr and fp with 
those determined from light flavor physics. The experimental value of 
fr is (130.41 + 0.03 + 0.20)MeV and that of f, is (221 + 1)MeV. The 
latter value is obtained from the experimental value of decay width 
Tee = (7.04 + 0.06) keV, using the formula 


JANE ra Ana? f A 1 
T (pete) = 3 Ze (3) (15.32) 
Thus the values of decay constants fr and fp extracted from t-decays 
are consistent with those from light flavor physics showing the inner 
consistency of the standard model. Now the Kawarabayashi-Suzuki- 
Riazuddin-Fayyazuddin (KSRF) relation and the Weinberg sum rule 
give respectively 


fo = V2fr, fa, = fp = 0.61f = 135 MeV (15.33) 
May, 


The KSRF value agrees with the experimental value within 16%. The 
value of fa,, in Eq (15.31d), agrees with fa, obtained from the r-decay 
within 23%. 


One can improve the theoretical predictions for T(r — pv, —> 


Tn’) and I(T > a7 v, > T~ p®°v,) by taking into account finite decay 


widths of p and a; mesons (see problems 1 and 2). However, for hadronic 
decays (T7 — fT +v,) which proceed through the vector current only, one 
can use CVC to relate [(r~ — fT + v) to the scattering cross section for 
the process: 


eet oy f. 


The cross section for this process is given by Eq. (A.87) 


1673.0? 
oss) = : p(s). (15.34) 
Using CVC, we get 
2s of(s) 
p(s) = 2p,(s) = Tea (15.35) 
Hence we have 
Gi, cos? 3 


N v a mi 


m2 2 
T s 2s 
x | (1 5) (1 | 25) sayl) ds. (15.36) 
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Let us apply this to the decay 
TT a rn + Vr 
> nnrir? + n. (15.37) 
Then we get from Eq. (15.36) 


T (77 = m1 nn v,) +r Ge => nOn mt nv) 


_ Gh cos? 0e Ji TEE 2 ta Qs 
~ T28r4a2 "7 m2 m2 
X8|On-n-ntat (8) + Or-7r+7070(8)] ds. (15.38) 


Since the decay proceeds via J = 1 weak currents, one also obtains an 
additional relation 


G2. cos? 0 mz s \? 2s 
= = 0 F E | 
T (T >n 3r vr) = grla mè f (1 z) (1 =) 


ša Eemo] A (15.39) 


We have discussed above the dominant decay modes of 7~ viz T~ —> 
Vr € Ve, T > Vrh Vp, T > h20), TT > (3r) andr —> v, (4r). 
The other small decay modes can also be estimated. All these decay rates 
occur at the expected rates. The agreement between the theoretical and 
experimental values is good for each exclusive decay mode. 

Finally if we add the decay rates for all exclusive channels for 1 prong 
events [r7 —> v, (particle)~ neutrals (> 0)], we get the value (84.72 + 
0.08)% to be compared with direct inclusive one prong branching ratio 
Bı = (85.36 + 0.14)%. Thus there is no discrepancy between the two 
branching ratios. T-decays are well understood in the standard model. 


15.3 Weak Decays of Heavy Flavors 


In the standard model, the hadronic charged weak current can be written 
as (see Chap. 13) 


d 
JW = (uct) wA- y)V |s], (15.40) 
b 
where 
Vua Vus Vub 
V= | Vea Ves Va |, VVi=1 (15.41) 


Via Vis Veo 
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is the Cabibbo-Kobayashi-Maskawa (CKM) matrix. As we have discussed 
in Chap. 13, the matrix V has only four real parameters [see Eq. (13.140)]. 

The weak decays of heavy hadrons are governed by the basic processes 
(Fig. 15.1). It follows that one has the following selection rules in the 


> 
Vel, [Mea Meal Vasl 
Fig. 15.1 Tree level quark diagram. 


standard model for the weak decays of heavy hadrons: 
AQ =AC=AS=-1, |Ve5|, dominant (15.42a 
AQ = AC = -1, AS =0, |Vea| ~ A, suppressed (15.42b 
AQ = —AC, and (15.42c 
AQ = AC = —AS, are strictly forbidden (15.42d 
Thus we expect D mesons (cu, cd) to decay predominantly into states 
with strangeness S = —1 (K - K’ +anything) and Ds meson (cs) to de- 
cay predominantly into states with strangeness S = 0 (¢(ms)*,D, —> 
K*tK, KK", (ms)*). 


) 
) 
) 
) 


Similarly 
AQ = AB = AC = -1, |V.4| ~ à?, dominant (15.43a) 
AQ = AB=-1, AC=0, |Vius| ~ A3 \/p? + n2, suppressed 
(15.43b) 
AQ = —AB, and (15.43¢) 
AQ = AB = —AS, are strictly forbidden (15.43d) 


Thus we expect B mesons (ub, db) to decay predominantly into states with 
C = —1 and B, meson (sb) to decay predominantly into states with S = 
C=-1. 


15.3.1 Leptonic Decays of D and B Mesons 


The decay constants fp, fp., fe, fe, can in principle be determined 
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from the leptonic decays of D and B mesons. Thus for example, using Eq. 
(15.40), we can write 
T(Dt > ytyy) _ £3 Weal” mn Pb 
T(rt— utv) fÈ Vua? MD Pa’ 


1 m? 1 m? 
PD = 3 mp (: = “| ) Pr = z Mr (: Æ “| ; (15.44b) 
D T 


In order to determine fp, we need |Vya\ and |Veq|” . Now |Vual? can be 
determined with a great degree of accuracy from nuclear 8-decay. Its value 
is given by [see Chap. 10]. 


(15.44a) 


where 


|Vua] = 0.97425 (22). (15.45a) 


Recent analysis of the decays in [13] gives 


\Vus| = 0.2246(12) (15.45b) 
Vea] = 0.2245(12). (15.45c) 
fp+ = (206.7 + 8.5 + 2.5)MeV (15.46) 
\Ves] = 0.97345 (22) (15.47) 
fp+ = (257.5 + 6.1)MeV (15.48) 


15.3.2 Semileptonic Decays of D and B Mesons 


The prototype of these decays is Ke3 decay (K- >n? tem + De). In fact 
from this decay and hyperon decays, |V,,,| has been determined: 


|Vus| = 0.2205 + 0.0018 (15.49) 


It is theoretically simplest to begin with semileptonic decays of heavy fla- 
vors. We start with the decay 
D- > X}? +e + De: p= pyx + kı + k2 
where X° is any number of hadrons consistent with energy conservation 
and allowed by the selection rules. The T-matrix for this decay is given by 
Gr Ves 


1 Me M 
I D) — | = 
V2 (XI ap kio k20 


x [ū (kı) 4” (L— 7°) v (kə)]. (15.50) 


I 
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Since experimentally, one observes only charged leptons, we sum over 
hadrons. Thus for the inclusive semileptonic decays, the decay rate is given 
by: 
G3 Ves? f È kid k 
pa E L | 12? (me My) EP Apa (15.51a) 
2 (27)? 2pọJ kio k20 


where [see Appendix A] 


2 f o 
La =~ [Kip kax + kia kop — gpa ki: k2 — i€papo ki k3], (15.51b) 


An = o px &(p-q-— px) (D| |px) (px JY | D) 


= fe zee (oe. 0) 


1 1 
= GaP [EP Pa 2k fa (Q) — ox 2-H (G) 
0 
1 hy a 
~ Fh eras P qÊ 27 fs (v, Q’) +- | . (15.51c) 
D 


Here 
q= ky + kə, @ = 2E: E, (1 — cos 0) 


pst a AE (15.52) 
mp 


In writing Eq. (15.51c), those form factors which give contribution propor- 
tional to lepton mass (me) are neglected. In Eq. (15.52), we have also put 
Me = M, = 0, and kio = Ee and kag = E,. Thus Eqs. (15.51a) and (15.52) 
give 
dI 
dE. dv dQ 

_ Gh Wel 8 pope 

(2r) 2mp ° ” 


I (1 +cos0) fz (v,q?) + ; (1—cos@) fi (v,q7) 


e 


1 1 
+ EF (Ee — Ep) 5 (1—cos@) fs (v,q7)] . (15.53) 


This is a general expression for the semileptonic decay rate of D meson. 
But this expression is not useful since we do not know the form factors fi, 
f2 and f3. In order to determine these form factors one has to use some 
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Fig. 15.2 Dominant (spectator) diagram for Cabibbo favored semileptonic decays of D 
mesons. 


models. The simplest model is the spectator quark model. According to 
this model the decay proceeds as shown in Fig. 15.2. It is assumed in this 
model that the quarks in the final states fragment into hadrons with unit 
probability. In this model, one can easily calculate the tensor A,,, using 
the usual trace techniques. Noting that P = xp, P’ = P — q, one obtains 


4 
Aur = 22m) e (2zp: q- me +m; — °) 
(27)° ©Po 
x [207 py pa + Gan (=m? + zp- q) 
— x tpra8 D“ qf]. (15.54) 


Thus comparing it with Eqs. (15.51): 
fo (v,a?) = 8r mh 6 (2xp- q- Mm +m? — q’) 
fie) = =< (=m? + zp- q) 6 (2ap-q—m2 +m- q@) 
fa (v, @) = -8 m$ ô (2p: q- m +m? —¢@). (15.55) 
Hence from Eq. (15.53) and noting here that z = mp/Me 7% 1, 
d _ Gh esl” 5 9 Uaa 


dy — 1678 EH (1-—y) 

G2 m 2 m 

T= Ve F(=), 15.56 
19273 [Ves| (=) ( ) 

where 

2 Ee m2 

y= ’ Ye 2 
Me m2 
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Equation (15.56) is exactly the same as one gets (see problem 11.1 with 
G2 replaced by G2, |Ves|" ) for the decay 


C>5t+e +R (costet+K). 


Similarly for the (inclusive) semileptonic decay of B mesons viz 


Br X°+et+y (B= > X) +e +e), 


the basic process is 


bsét+et Ve (b cte + De), 


and we get (see problem 11.1 with G% replaced by GZ Væl). 
T Gh Vol ps (vey) E ny) + Aw) B=y) 


dy ey senior (ee (1—y) 
G2m> |\Væl _ (m 
ee N E 15.58 
19273 (=) f ( ) 
where 

2 E. 2 
y=, p=- Z, (15.59) 

Mp Mm, 


Note that the difference between Eqs. (15.56) and (15.58) which is due to 
the fact that V - A interference term [the third term in Eq. (15.53)] has 
opposite sign in the two cases. We conclude this section with the remarks 
that according to this picture 

T (De —> X°ety, ) 


(D° >X eve ) 
T (B* > eres: ) ? 


(B° > X~ety, ). (15.60) 


= 
=L 
For the decay 


Dit > X°+et+y, 


we get for gE and I exactly the same expressions as those given in Eq. 
(15.56). Similar remarks are applicable to the decay B}? > X~ + et + ve. 
Hence the quark model predicts 


T (Dt > X°ety, ) =T (D° > X-ety, ) =T (D} > X°etve), (15.61) 


T (Bt > X%ety, ) =T (B° > X-etv, ) =T (B? > X~ ety). (15.62) 
The experimental branching ratios for these decays are: 
(D+), = BR(Dt — X°ety, ) = (16.07 £0.30) % 
(D°) 5, = BR(D° — X-ety, ) = (6.49 + 0.11) % 
> X°ety, ) = (6.5 + 0.4)% (15.63) 


(DF) og, = BR(D} 


15.3. Weak Decays of Heavy Flavors 463 


For B mesons the experimental values are 


(Bt), = BR(Bt = X°ety, ) = (10.99 + 0.28) % 


(B°), = BR(B° > X- ety, ) = (10.33 +0.28)% (15.64) 


The experimental values for Tp+, Tpo, Tp+, Tg+ and Tgo are respec- 
tively (1040+ 7) x 1071s, (410.1 + 1.5) x 1071s, (500 +7) x 1071s, 
(1.638 + 0.011) x 1071s, and (1.525 + 0.009) x 1071?s. Now 


I (B° > X~et ) (BY) sr 
T (Bt > X°%ety, ) (rasiri) (Bt), 


al 


’ 


on using Eq. (15.64) and the experimental value Tg+ /Tgo = 1. Comparing it 
with Eq. (15.60), we conclude that the spectator quark model for inclusive 
semileptonic decays for B mesons is compatible with the experiment. 

However for D-mesons Tpo ~% Tp+ Æ Tp+, Tp+ © 2.5 Tpo, i.e. isospin is 
badly broken for D+ and D°. 


T (Dt > X°ety, ) (Dt) gy To 

D(D®— X-etve) (Dar Tox 

2.48 + 0.06 
2.5 


T (Dy — X%etp, ) _ (Dt) gz TD° 


T (D? = X-ety, ) (D°) sp Tp+ 


_ 1.00 + 0.06 
~ 1.22 + 0.02 
x 0.82 + 0.05 


where the numerical values have been obtained using the experimental val- 
ues for branching ratios given in Eq. (15.63). Hence except for inclusive 
semileptonic decays of Df which is about 18% less than the prediction of 
spectator quark model given in Eq. (15.61), the spectator quark model for 
inclusive semileptonic decays of D-mesons is compatible with experiment. 

In the end, it may be noted that one can get an estimate of |V-s|, using 
the BR(D — Xeve) from the experiment if we know the quark masses ms 
and me. 
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15.3.3 (Exclusive) Semileptonic Decays of D and B 
Mesons 


The formulation developed in Chap. 9 can be used to calculate the decay 
rate for semileptonic decays of the type 
P(p)=M(p')+1l4+v 


where P = D or B. M is a pseudoscalar meson P’ or a vector meson V . 
In order to discuss these decays, we first define the form factors 


(P' (p) |G yw QIP (p)) 


1 1 i ; 
= Go Vig OOP +E OP- (15.65a) 
= 1 eh mp — mp 
= Gn tay [eters (MPG a) 1 (0+ (0) 
where 
t=@=(p-p’)’, 
qu = (p= p), 
fol) =f 0+ gt- O (15.65b) 


Here mp is the mass of P and mp: is that of P’. For the vector meson V, 
the form factors are defined: 


(V (p',€) [g Yl — 95) QIP (p)) 


| 1 (mp — my) 


(mp + my) 
t 


ty] ee Aa lt) 


wea] M O 


Euvro ec povo} 
(15.66) 


However for the transition B —> D or B — D*, q = c, Q = B, it is 
convenient to write form factors in the following form, which is suitable for 
taking the HQET limit 


fa () E hy (u) (15.67) 
fot = BTD _ il+ w] how) (15.68) 
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mB + Mp« 


t) = —————— h 15. 
Ve) = RERE hy (u) (15.69) 
Ays A T eu hay w) 
mp + mp» 
MB TMD» 
Ap (t) = —————h 
mpg + mp 
Ao (t) = ——— h 15.70 
0) = RER ay (u) (15.70) 
Note that 
t=m} + mõ — 2mgMmpe v: v’ 
= mb + mie — 2mgmpe w (15.71) 
where 
w=v-v' (15.72) 
Atw=1, t= (mpg + mp)’ = tmax, the form factor € (w) is normalized as 
E (1) = 1, E (trax) =1 (15.73) 
In HQET limit, the form factors are given by [cf. Eqs. (9.58) and (9.59)] 
= 1 
(D? (v') [E Jub] B7 (0)) = =—— [E w] 08.78 
4 Vo Vo 
1 


(D? (v',€*) |@ y(1 — 75)b| Bo (v)) = ia (w) 


4 vo vh 
x [ieuvao * vv? + (1+ we, — v.e*v!,] (15.75) 
Hence in heavy quark limit, we have from Eqs. (15.67)-(15.70) and (15.73)- 
(15.74) 
hy (w) = ho (w) = hy (w) = ha, (w) (15.76) 
= ha, (w) = ha, (w) = £ (w) (15.77) 
Having defined the matrix elements and form factors, the following table 
summarize the exclusive semileptonic decays, being considered: 


Q q Current Vaal Decay 
3 D — Klv 

€ s §% (l-ys)c |Ves| = 1.023 + 0.036 + ely 
7 D —> mlv 

c d dy (1-7s)c \Vea| = 0.230 0.011 a 
_ Ds, > niv 

c 8$ Eyup (l-ys)c |Ves| = 1.023 + 0.036 ae 
= > B — Dlv 

b c Ey (l-y)b  |Vælļ= (40.6 £1.3) x10 ` pey 
Borlv 


b u &%y (1—4s5)b [Vas] = (3.89 + 0.441) x 1078 


— plv 


466 Weak Decays of Heavy Flavors 


Now for the semileptonic decay P — M lv, since the meson M is on the 
mass shell, we can integrate our master equation (15.53) over v using the 
delta function ô (2mpv — mz — t + mĉ;), to obtain 


ee Ce { [VR +E e-t] HO 


dt dE, (2r)? 8m?, 


+2t fi (t) + + [2E. - VK? + t] fa (t) \ (15.78) 


where K is the momentum of meson M in the rest frame of P, t = q? and 
G=Gp|Vqq|. Integrating Eq. (15.78) over the lepton energy Ee 
dT G 1 f2 
= K? fo(t)+2tK fi (t 15.79 
T= Goring [FR ROtAKAW) 879 
Note that in Eqs. (15.78) and (15.79), those form factors which give con- 
tribution proportional to lepton mass mı, have been neglected. 


First we consider the case when M is a pseudoscalar meson, i.e. M = P’. 
In this case from Eqs. (15.65a) and (15.51c) 


fo(t)=4m2 |f- (OP, f(t) =0 (15.80) 
Hence 
dT G? 2 
ar Ife (15.81) 


For the vector case, i.e. M = V, Eqs. (15.66) and (15.51c) after straight- 
forward but some what lengthy calculation give 


dT G? ira ae 2 2 
x G — 1) 


T2 (t) 


1+4 my (my — mpw) 5 
(my + mp) 


where we have used 


Ky = my w2 — 1, Ey =my w 
t = mb + mẹ, —2mpmy w (15.83) 
Ag (t Vit 
ro (t) = 2(t) ry (t) = W (15.84) 


A, (t)’ 
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For the transition B — D*, it is convenient to define 


7 t V (t) 
Rı (t) = i me FMT AO 
7 t Ag (t) 
Rə (t) = i A HETO (15.85) 


Note that in the heavy quark symmetry limit Rı (t) = Rə (t) = 1. Using 
Eqs. (15.84) and (15.85), Eq. (15.82) with mp > mg, my —> mp», gives 
dT _ Gf Væl? 


3 2 2 (3,2 
aa e w? —1(wt+ 1) {|m (w —1) 


ne pS =D E =e (| 


(mz + mp.» — 2mgmp-) (1+ ~)| R? (t) Je (w) (15.86) 


In the symmetry limit, Ri (t) = Rə (t) = 1, 


ar. GÈ |Val 
dw A Mb Vu? - 1 w? —1(w +1)? 4 (mg — mp)" 
4 + mp. —2 á 
pna a A Jew (15.87) 
w+1 


For B — D transition, Eqs. (15.81) and (15.68) give 
dT Gh Væl? 
dw 48r? 

In the heavy quark symmetry limit 

G (w) = F (w) = £ (w) (15.89) 

For B > D, D* transitions, the heavy quark spin symmetry gives Rı (t) = 


Rə (t) = 1; but it does not give the form factors F (w) and G (w) at any 
w except at w = 1. Lattice calculation including the finite quark mssses 


(me + mp)? m3, (w? —1)°? g? (w) (15.88) 


corrections gives 


F (1) = 0.927 + 0.024 


G (1) = 1.074 0.018 0.016 (15.90) 
A more refined analysis of symmetry breaking gives 
das (Me) A 
x14 
ma 3T 2Me 
A 
Rog x1- (15.91) 


2Me 
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Using, &s (me) ~ 0.34, A ~ 0.41 GeV, [ef. Eq. (9.75b)] me © 1.5 GeV 
we obtain R, ~ 1.3, Ro ~ 0.9. The data is fitted using Caprini-Lellauch- 
Neubert (CLN)[7] parametrization for the form factors F (w) and G (w) 
based on analyticity, unitarity and conformal mapping with variable z = 


(J/w+1—V2)/(/w +14 v2): 
F (w) = F (1) [1 — 8p?z + (53p? — 15)z? — (231p? — 91)z*] (15.92) 
G (w) = G (1) [1 — 8p?z + (51p? — 10)2? — (252p” — 84)z*] (15.93) 


Note that p° is the slope of the form factor at w = 1. For B > D*lv, the 
fit gives [11] 


p = 1.191 + 0.048 + 0.028 

R,(1) = 1.429 + 0.061 + 0.044 

Ro(1) = 0.827 + 0.038 + 0.022 
F(1)Vep = (34.4 + 0.3 41.1) x 107% (15.94) 


The fit also gives [9] 
ha, (Wax) = 0.52 + 0.03 (15.95) 
The decay B > D*+x7-, using factorization for the tree graph gives [13] 
NAo(Winax) = 0.52 + 0.03 (15.96) 


Hence from Eqs. (15.90), (15.104) and (15.105), we conclude that HQET 
is a good effective theory for heavy to heavy transitions. 
For B > Div, the fit gives [10] 


G(1)Væ = (43.4 4 1.9 + 1.4) x 107° 
p? = 1.20 + 0.09 + 0.04 


Let us now consider the semileptonic decays of D-mesons. The experimental 
results on the form factors are as follows [14]: 


Dt + Kt: fẹ (0) |Ves| = 0.707 + 0.013 (15.97) 


Dt — Kw: V(0)=1.00.3 


A, (0) = 0.55 + 0.03 
Ag (0) = 0.40 + 0.08 
rə (0) = 0.84 +0.11 
ry (0) = 1.80 + 0.08 (15.98) 
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D} > lve: V(0)=09+03 


A; (0) = 0.62 + 0.06 

A» (0) = 1.0£0.3 

rə (0) = 0.84 + 0.11 

ry (0) = 1.80 + 0.08 (15.99) 


These form factors are of importance for two-body nonleptonic decays of 
D-mesons in the factorization ansatz (see the next section). 

There is no model independent way to determine these form factors. 
First we note that the form factors for various decays are related by the 
SU(3) as follows 


-V2 f} (Dt = T°) ae (D° = nm) 
=f, (Dt > K?) 
=f, (DY) 
= —/3/2 f+ (Df > ns) 
=f, (Df > K°) (15.100) 


For D — V transitions, we have similar relations with 7 — p and K — K* 
and since the nonet symmetry holds for vector mesons, we have 


V (D°> p-) =v (Dt >R") 
=V (D° = K”) 
=v (D} +k”) 
=-V (D; > ¢) 
and 
V (Df > w) =0 (15.101) 


Needless to say that similar relations hold for axial vector form factors A, 
and Ao. 

Most of the models agree that the form factors f+ and V are dominated 
by vector bosons D* and D*. Hence for the Cabbibo favored decays D} — 
K-¢tv, K* Ltv and Dž — ġł*v, the vector mesons dominance shown in 
Fig. 15.3 gives 

fox Mp* 


D?>K 
fy (t) = 9p; pK TT (15.102) 
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D? D’* fm, 


Fig. 15.3 Vector meson dominance for two body decays of D°. 


Pid * Ip*D* fp: mD» 

yE Ga (= tmk )2 na (15.103) 

2 Mp. —t 

Dia Ip:p.¢4D:™p: 
Vs (t) = —(mp + mg) —= 5 z (15.104) 

MD: —t 
Now SU(3) gives 

9ID*D°K- = Ip*+ Don- = ID*0D+nt (15.105) 


The coupling constant gp»+po„- can be obtained from the experimental 
value of the decay width of the D*+ — D°r* and is given by [cf. Eq. 
(8.8)] 


Ip«+pomt =92 (15.106) 
Heavy quark spin symmetry gives 
fps+ = fp+ = (257.5 £6.1)MeV (15.107) 
Thus 
£4 (0) = 9pe+ pox Zee (15.108) 
3 Mpa 
= 1.10+0.25 (15.109) 
(on using SU(3)), to be compared with the experimental value 
f+(0) |Ves| = 0.707 + 0.013 (15.110) 
From heavy quark spin symmetry and SU(3), one obtains 
ID* Dp 7 n ID*Dr (15.111) 
ID* Doo 7 — sop = stops (15.112) 
2 


ID*DK* = ID; DK (15.113) 
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Using these relations, one gets 


0_g*- mp+mg» 2 
AO 2m, SDK ID; (15.114) 
~ 1.43 + 0.33 (15.115) 
VPs-¢ (0) = 1.15 + 0.26 (15.116) 


We conclude that single pole approximation for the form factors given in 
Eqs. (15.102)-(15.104) is only qualitatively valid. However if we take the 
mass of vector meson mp» slightly larger than its actual value in the pole 
(mp+2 — t), the agreement between the values of the form factors at t = 0, 
with their experimental values will be improved. 


15.3.4 Weak Hadronic Decays of B Mesons 


At tree level, the AB = 1 weak hadronic decays are described by a single 
W-exchange as shown in the Fig. 15.4, which represents the decay b — 
pt+qd+G (p=uorc q=uorc q =dors). The effective Lagrangian 


Fig. 15.4 Decay of b — p + q' + q through W-exchange. 


for this decay is given by 


Leff = al SVs 7° 7" (1 — 45) aa] pul 


q=u,c 

(15.117) 
where a and @ are color indices. Since quarks carry color, the QCD cor- 
rections must be taken into account [see Fig. 15.5]. With QCD corrections 
up to first order 


Lest = -D , (C10? + C208) (15.118) 


V2 fe 
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Fig. 15.5 QCD corrections to the Fig. 15.4. 


where C; are Wilson Coefficients evaluated at the renormalization scale p; 
the current-current operators OÌ are 


OP = (749) y_4 P°ba)y—a (15.119) 

Of = Fas) y_a (Pda) y_a (15.120) 
Note that strong interaction due to hard gluon corrections have been taken 
into account in the Wilson Coefficients C4 (u) and C2 (pu); without these 
corrections C = 1 and C2 = 0. The long range QCD effects are taken into 
account by the matrix elements of operators O1,2 between hadronic states. 
They manifest themselves in the form factors. To the leading logarithmic 
approximation (LLA), the Wilson Coefficients C4 = C1 + C2 are given by 


As w | 
C+ Sa 15.121a 
+ (u) | A (15.121a) 
where 
2s : =-2 C? C_=1 (15.121b) 
ae wae eee y= Y+: he Se à 


and nf is the number of active flavors (in the region between u and mw). 
At u = m, = 4.9 GeV we get from Eqs. (15.121a), taking a, (my) 0.12, 
ny = 5 and a, (mp) = 0.22, as (Me) = 0.34, 


Cy (my) = 1.11, Co (my) = —0.26 (15.122) 


The operators OP» after Fierz reordering are given by 


Of = (7° aa) y_ a D° ba)y—a 

under Fierz reordering > (D°qa)y_4 (T ba) y_ 4 (15.123) 
OF = (“a)y a (P’ba)y ZA 

under Fierz reordering > (pga) y_ “day p (15.124) 


15.3. Weak Decays of Heavy Flavors 473 


Now 
2a y Tg-a nae 
P% qB = (B° Ge — 388P" dy) + 308P dy (15.125) 
Sae aussi“ Ne ee 
octet singlet 
Thus 
T 7 alee. ih 
(p 98)v—A (Gee) coy aut 3 (P'ay)y_a (7 be)y_A 
Lop 
= 302 (15.126) 
Similarly 


Fa Z 1 

(g qe)y—A (P baly E =g ce eae ae” b a)y —A 
3 
1 


= 301 (15.127) 


Hence with QCD corrections to first order 


C1 + 402) (7 Dba 
V2 ré +(C2 E 501) (p° 96) ya (Q ba)y_a 
(15.128) 
Usually one writes 
1 
Cy + 302 =: Tree Diagram T (15.129) 
1 
C2 + 30} =a): Color suppressed (15.130) 
Tree Diagram C 
In particular for p = c, q! = d or s 
T'a)y—a (€)v—a a 
Leff = Va V; X $ 15.131 
u= E E Vava (EAN EN 


v2 £ U,Cc 
For p= u, qg’=dor s 


les = aw oe! “iV ae @ Tava y- 7) (15.132) 


a2 (ug) y_ A (g b)y A 


V 


For the decays governed by the above Lagrangian, penguin diagrams do 
not contribute, only tree diagrams are allowed (Fig. 15.6). 
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al 
al 
al 

eal 


Fig. 15.6 Tree level diagrams (a) color favored (b) color suppressed. 


Thus for example 
B? >r D+ (K-DH):T 
B? —>rD? (K’D):C 
B? > Drt (D-Kt):T 
B >D? (D K^):C 
B’ => DHD] :T 
B? > JYK :C (15.133) 


We now discuss the case where both tree and penguin diagrams contribute 
to Figs. 15.7 and 15.8. 


Gory 


al 
Al 
al 
fel 


Fig. 15.7 QCD and electromagnetic penguin. 


In this case the general effective Lagrangian is given by 


G 10,77,89 

F 

Leff = as ee (cots c,0h+ X co (15.134) 
p=u,c 4=3 
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where 
MN =V,, V, boptf+7 (15.135) 
—p os 
OF = (f Pe)v—A (p ba)y—A 
Ob = (Ff ba)v—a (Dba) i 


7°48) y_a (F Pa)v—As (Was)v_a (F'ba)v—a} 
Byun Paya (Ede) pas (F’ba)v—a} 


q 
O78 = “4 {aas V+A (F Pa)v-4, (Fda) v4 (F’ba)v—a} 


z (T a) 
ee gÉ Ta zQ -zê 
Os10 = 5" (4°99) ya F ba)v—ay (F4)v_4 (F ba)v—a} 
Ory,89 =~ go fo" [eFuv, 9Gh,Ta] (1 + 75)6 
8a 


O7, arise from the diagram shown in Fig. 15.8. 


Fig. 15.8 Electromagnetic penguin. 


Then following the same arguments discussed above for the tree graphs, 
the effective Lagrangian (leaving Os, and O7,3; which can be ignored) for 
p = u is given by 

Less (d) = a1(du)y—a((ub)yv—a) + a2(tu)v—a((db)v—a) 
[(wu +dd+ 3s)v—a(db)v_a] 
[(du) v—a((tb)v—a) + (dd) y—a((db)y—a) 


+ (ds)y—a((3b)v—a)] + ag (Fm 3 dd 5) raa (db)y—a 


+ a3 
+ a4 


+ a10 [5 v-a- — =(dd)y_a(db)v_a 


ji 


- 5(d5)v-a(3v—a| (15.136) 
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tu + dd + 38)v—a(sb)v—a] 
5u)v—a((ub)v—a) + (8d)v—a((db)v—a) + (88) v—a((5b)v—a)] 


2 t- 1 
+ ag -uu — -dd — 5) (Sb)v_aA 
G A es i 


( 
+a | 


+a4 


2 1 = 
+ ano [5 Cuv- ava ~ $(8dv—a(TD)v—4 
1 
— Ev- )v-a] (15.137) 
where a’s are given by 
=C Lo =C lo 
A E ol ET Ta es 
1 1 
a3 = C3 ae zl% ag = C4 g 303 (15.138) 
1 1 
ag = Cy + z300 aio = Cio + 309 (15.139) 
Here C(u) with u = my = 4.9GeV [14] are 
SD =r ayy 1.03 
Cı = 1.121 C2 = —0.275 aT 
as -3 
Cs = 0.013 Gaco: Sete (15.140) 


a4 = —24 x 1073 
ag ~ —8.5 x 1073 


= 1.2 = 0.32 
Cg /a 80 Cio/a 0.328 aio S —7.1 x 10-4 


We denote: 
Dominant penguin amplitude: P: a4 
Color suppressed penguin amplitude: PĪ: a3 
Dominant electroweak penguin amplitude: Pry: ag 
Non-dominant electroweak penguin amplitude: Pw: aio 


15.3.5 Inclusive Hadronic B Decays 


From the Lagrangian (15.128) and Fig. 15.6, it is simple to write the 
B — hadrons in the spectator quark model for CKM favored decays 


T(Ba > Xaa) = T[Ba(bd) > d(b > c+ d+) (15.141) 


m GF 5 2 la 2 2 
T(b c+d4 T) = i99n2 BC + 2C),C2 + 302) Il Vel Vaal F(m./m,)] 
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Now using the branching ratio 
B(Ba = X zs) 


B(Ba Kou) 
we have 
(Ba > Xs) =T (b > e+8+2) 
=0.12T(b>ce+d+7) 
Thus 


T(Ba > Xe) = 1.12 (b> c+d +T) 
Taking into account 
B(b — X T7,) 
B(b — X e Te) 
we get from Eqs. (15.62) and above equations 


= 0.24 
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(B°)sı = (Bo) sz : 


= (Bs) sz 7X 16.5% 


Experimentally [14], 


Finally 
rB’ > Xua) =T(b—> u s u) 
TA 
1927? 
[Vas]? [Vua [F (ma/me) = 1] 

Thus form Eqs. (15.141), (15.146) and (15.151) one gets 

T(B > Xa) [Vae]? 
rE Ox) Val Fon /m) +025 


1 
mý (3C? + 201C + 302) x 


* ora OCC? PIC CsPaCe) 6.06 


(15.147) 


(15.148) 


(15.149) 


(15.150) 


(15.151) 


(15.152) 


Hence, using the inclusive branching ratios, we can determine both |V|? 


and (Vip: 


The spectator quark model predictions CB Ney = (B~)s1, T/T B- = 
1 are in agreement with the experiments. However, the branching ratios 
are larger than experimental values by about a factor 1.5. Thus we con- 
clude that the spectator quark model is qualitatively valid although it needs 


corrections due to the bound state structure. 
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15.3.6 Radiative Decays of Bz Mesons 


We consider the decays 


By >V +7, q=d, 3, © 
p=p +k, V = K*, Dš (15.153) 
These decays are described by the effective Hamiltonian 
GF 3 
Hw = Va VåCr |-= — ee so! (1 +7 5)bF u] (15.154) 
The T-matrix for these decays is given by 
—1 1 GF Mpe 
T= -F= Va VŠC (- mee) V |50” (1 + 75)b| By) 
rf veom ~~ fa" VOC (gaz) Y | 
1 —1 
key — ky 15.155 
X Jaig Mate T Feee ( ) 


Now 


(V |50” (1 +75)b| By) = In f] (15.156) 


where most general f*”” is given by 
fr = iH Pko F' (k?) + ie”? PF (hk?) 
+ (gò K” — gò” RG" (k?) + (gò™ P” — gò™ PH)G(K7) (15.157) 
€„ is the polarization vector of y and 7) is the polarization vector of V, 


k=p-—p' and P = p + p'. It is clear that when f*”” is contracted with 
(kyév — kvé,), the first and the third terms will give zero. Hence we have 


1 —1 
FSF 
~ (an) Vv 4p0Po 
x fie", F(R?) + (g PY — g PGR) 
(15.158) 
The radiative ee is determined by the two form factors F(k?) and G(k?). 


Now with (s = cE Vin VECry (3 =") ) 


(V [Bot ( 1+7° )b| Ba) 


F = gli"? PF (k?) + na (gò P” — gò PP)G(R?)| (kuen — kv eu) 
= 2gji® Pny P kuen F(k?) + (k.nP.e — 9-€P.k)G(k?)] (15.159) 
In the rest frame of B 
p=0, p=(me,0) (15.160) 
p'=-k, mg =p) + ko, ko =|kl (15.161) 
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HYP ny P kuey = 2mpn.(k x €) (15.162) 
k.nP.e — n.eP.k = 2mp (n.e) |k| (15.163) 
Thus in the rest frame of B 
F = = 4gmp |k| [F(k?)in.(n x €) + G(k?)(7.6)] 


(15.164) 
IMP? = X [FP = 329m3 Ik}? [| F(R)” + |G(?)|?] (15.165) 
pol 
_1kl aye 
T= Sane Ml 
g? 
= L ki? [|E + [oy] (15.166) 


The decay width is determined by two form factors. For the decay of the 
type B > Dj7y, HQET can be used to express these two form factors in 
terms of only one form factor. The experimental results for the radiative 
decays B — Vy provide a good framework to test the various models used 
to calculate these form factors. 


15.4 Inclusive Hadronic Decays of D-Mesons 


Corresponding to the Lagrangian (15.128) for the B, the Lagrangian for 
the D mesons is 


Gr ( (Ci + 3C2) (uq) (3c) ) 
Lest = Ja Ves Vu ae ae 15.167 
ERT a (HC + 4C1) (SQ)y_a (Tey _4 ( ) 
Thus in the spectator quark model for Cabibbo favored decays (q = d): 
T[D (cg (co s+utd)| 
=I(c>stutd) 
Gi m> 2 2 Ms 2 1 s 
= T927? [ive [Vaal F (=)] bc? 4+2C01C2 + 362 |(05.168) 


Hence from Eqs. (15.61), (15.168) and (15.62) 
1 


D? = Dt = = Dt 
( Jor ( Jer F (302 +201 Co 4 4C3) ( s Jar 
1 
x — 218 15.1 
55 % (15.169a) 
I 
D’ L 1, where we have used (15.169b) 
Tp+ 


Ci(m2) © 1.24, Co(m?) ~% —0.48 (15.169c) 
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Let us first discuss (D),5,, while Eq. (15.169a) is consistent with the ex- 
perimental value for (D*) gz, but it is about a factor of 2.8 greater than the 
experimental value for (D°) SL° Also we note that the experimental values, 
namely 


Dt 
Dss = 2.48 + 0.06 (15.170) 
(D) 5, 
IT po TD+ 
= zx 2.54 15.171 
T p+ Tpo ( ) 


are in disagreement with the predications of spectator quark model given 
in Eqs. (15.169a). 


15.4.1 Scattering and Annihilation Diagrams 


There are two kinds of mechanism for the hadronic decays of heavy mesons 
which we have not considered. They are depicted for Cabibbo favored 
decays of D? and D, mesons in Figs. 15.9 and 15.10. 


Fig. 15.10 W-annihilation quark level diagram for hadronic DÌ decay. 


The basic processes depicted in these figures are respectively c+u > s+d 
and c+ 5 — u+d where for the second process, the analogue of Eq. (15.118) 
gives the effective Lagrangian 


G A 5 
Leff = ae [or (5% ca)y_a (a? da)y_4 


+ C2 (3° ca)y_, (w ae (15.172) 
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where € = |Ves| |Vual while for the first process the effective Lagrangian 
is obtained by Fierz rearrangement. Thus the T-matrix for the process 
c+u- Ga ae by 


Texch © Ee 3 DGS bap + C2600 Be) [u (pj) als (1 = 7°) u (p;)] 


x [=0 (pi) Yu (1-5) v (p) 
=- 6 (01 +830) (a(n) 7 1-7) wea] 
2 
x [u (p4) Yu (1 +75) u(p:)] (15.173a) 
where we expressed the v-spinor in terms of u-spinor by the relation v = 
Ca’. Similarly for the annihilation diagram (Fig. 15.10), Eq. (15.172) 
gives the T- o 


Tani i wae 3 Gib 688 ae C26, aß bap) [v (pi) ae (1 z 35) u (p;)] 
x [u (Pi) ya (1-75) v (p;)] 
G 
= -7 € (3C, + C2) [āū (pP;) 4” (1-7°) u(p;)] 
x [6 (pi) Y -= 75) v (pi) (15.173b) 


where we have used Fierz rearrangement in going from the first line to 
the second line. Thus we conclude that both diagrams give the same re- 
sults apart from the color factors. In taking the nonrelativistic limit it 
is convenient to express v-spinor in terms of u-spinor and use the rela- 


tion oT; v = e; u T; ù, with e = +1, T; = y, 775. We note that 
m;, mj = m (the mass of u and d quark), m; = Mme > M, Mj = Ms or 
ma; E; = E; = E, m. + Ej = 2E, where in the nonrelativistic limit, we 
have put E; = Mme and we also put Ms = Mma. Using Pauli representation 
of Dirac matrices, it is a straightforward but long calculation to obtain the 
cross section o for the scattering or annihilation processes shown in Figs. 
15.9 and 15.10. Suppressing the color factor, we get for the singlet and 


triplet scattering cross sections respectively 


_ gs 8m? : 15.174 
os = = -Gh (8m’) —, (15.174a) 
2 
8 1 
or = 1 G2, (5r?) 7 (15.174b) 


where v is the incoming velocity in the initial state. Now defining the decay 
width as 


TP =v |Y, (0)? o, (15.175) 
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we get for the triplet state 


1 8 
T (3S; > ud) = ae Ge 5 mõ. |W (0)|?, (15.176) 


where we have put m3. = (me + ms)? © m2. For the singlet state, we get 
1 

I (tSo > ud) = = G2. € 8 m? |W, (0). (15.177) 
T 


Note the important fact that the decay width for the singlet state (D) is pro- 
portional to the square of the light quark masses whereas in the spectator 
quark model it is proportional to m2. This is called the helicity suppression. 
Inserting back the color factors we have finally 
G2 
r? „= = |Ves|? Vaal? (8 m?) |W, (0)? (C1 +3C2)°, (15.178) 
T 


exch 


ann 


2 
aS Cr |Ves|” [Vual” (8 m?) |W. (0)|? (301 + C2)? (15.179) 


It is clear from Eqs. (15.178) and (15.179), that both the exchange and 
annihilation diagrams are helicity suppressed, but Perch is color suppressed 
as well while Pann is color enhanced. 

It is interesting to see that for the annihilation diagram, one can get 
the same result just by writing the T-matrix for the Ds — hadrons in the 
form 

— GF baa 

J2° V3 
where J x t and JWE are color singlet currents with appropriate quantum 
numbers. Then 


ri, = Ie? Gn)" f dox ip- px) 


spin 


(a+: zc) (X |J] o0) (0 | Ds) (15.180) 


x |0 [I8] Da? KX I7] o0). (15.181) 
Now from Lorentz invariance 


ie 
(0 [I2] Ds) 


P =e a ms fd. Pus (15.182) 


while 


> [vx ô (px —p){O| FN" | X) (X |J”*| 0) 
spin 


= -i (po) [(—P* gua + Pu pa) p (p°) 


(27) 
+p, pa o (p°)]. (15.183) 
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Hence 


G? 2 
Ee ofa sea fb, Mp, o (mp) - (15.184) 


Now from dimensional consideration 


2m? 
o (mb) = B (15.185) 
Thus 
D Gi 2 2 92 n (801 + C2)" 
Pinn =z in [Ves] |Vual fD, mD, (m e 3 (15.186) 


One gets exactly the same results if in Eq. (15.180) one replaces |X) by 
|u d) (see problem 15.6). Comparing Eq. (15.186) with Eq. (15.179), one 
obtains 

> _ 12h, (0)? 


15.1 
fb, = (15.187) 
From Eqs. (15.168), (15.177) and (15.178) and (15.186), we get 
Ds 2 £2 2 
Fannh — 16r? i Ip, Mp. (30i ©?) E ISR) 
re m3 F (ms/me) (3C? + 2C, C2 + $C?) 
D? 2 2 2 2 
pi m2 F(ms/me) (3C? +2C1C2 + 3CF) 


Using C1 = 1.24, C2 = —0.48, me © 1.50 GeV, F (ms/me) © 0.47, fp = 
207 MeV and fp, = 257 MeV, we get from Eq. (15.188). 


E 
TOF x 0.72 (15.190) 
Sp. 
while [2° , /T?° is negligible. The annihilation diagram gives negligible 
exch/~ sp. gug 


contribution to Dt decays. Taking into account Eq. (15.190) 


T (D, > hadrons) = (1.7) Tsp. (15.191) 
where Tsp. is given in Eq. (15.168) and from Eq. (15.169a) 
1 
Dt = zx 12% 15.192 
(PS) sp 24+ 1.7 [3C? + 2C, C2 + 402] me i ) 


(6.5+0.4)% Experimental 


Tp} _ 2+ (30? +201 C2 + 302) 
Tpo 241.7 [3C} +201 C2 + 103] 
(1.22 + 0.02) Experimental 


~ 0.69 (15.193) 
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Both these predictions are not in agreement with their experimental values 
especially the first one which is by a factor of 2 larger than the experimental 
value. 

We conclude that the contribution of the annihilation diagram is al- 
though helicity suppressed, but enhancement by a factor of 1927? due to 
phase space and that due to color factor more than compensate the helicity 
suppression. However, there are still problems between the predictions of 
spectator quark model and the experimental values. We conclude that the 
spectator quark model is not adequate for the inclusive D decays. 

Finally the annihilation diagram for B decays are Cabibbo suppressed 
and they may be neglected. 


15.5 Problems 


(1) Taking into account finite width for p meson and using Eq. (15.17), 
show that 


G2. cos? A. mi 
T (r= > p v > m1 Uy) =o ee ENAA må f |Fr (s)|? 
2 


38473 . m2 
2 3/2 
2 4 mŽ 
Soils Sa )/ (14 | (1-4) ds, (15.194) 
m2 m2 s 
where 
F, (s) = Sonn fo 
[(s— mp) +i mp T] 
Hint: 
2m, T 
2rô (s - m? P : 
| ( p) iie 
Considering the process 
+ + 


ee'—>7y7e'e , 


show that the cross-section is given by (s >> 4m?) 


vate (8) = Fa? [F(t (1 


where F, (s) is the electromagnetic form factor of pion: 
(atr |J<™|0) x F (q?) (p1 = pa) 
s = Q = (pı + pa)’. 
Using Eq. (15.36), show that we get back Eq. (15.194). From Eq. 
(15.194), find the decay rate for T~ — n77? v, through p-resonance. 
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(2) Taking into account finite width of a; meson, and Eq. (15.18), show 
that (taking Mmr = 0) 
T com >a, UT p? vr) 


=T (r7 => 7° p vr) 


G3 cos? be 3 [™7 2 s \’? 25 o8 
= Fros fe me a 49 Foe OP (1 Se) (14+ Se) (bt eae 
4 


where 


N fa F Qipr 
For (s) a [(s = m2, ) i Ma, T] . 


The aj), couplings are defined by the decay amplitude T: 


T X 2 Ma, Rees. e+ oeo] 


where nu, €, are polarization vectors of a; and p, q and k are their 
four momenta and r is the ratio of D to S waves couplings. In order 
to derive (15.195), first show that 


T (a > p7) 


2 2 aX 2 
= (Foro) m [i= my a ma, Mp 
6r + m2, m2 m2. 
2 
m2 
2r ( 2 ) 1 a 
me, 


Using the experimental numbers for T(r —— 77 p vr) and 
T (a; > p T), determine Fy,,, and r, using f2, = f = 2 f2. 
(3) Show that for the decays 


B = a?r? : Aoo = 
Bosna >A, =(T+P) 


Bo or 7: Ap= 
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Hence show that 


i = E 
— AÁ,- — Apo = A 
vat 00 0 


Derive the above relation also from the isospin analysis, noting that 
Bose statistics exclude J = 1; as the two pions in the final state are in 
s-state(l = 0): I = 0, I = 2. 


(4) Neglecting P° and PS, show that for 
ES E 
B — K r” : Aù = a OPEREN] 
Bs Krt: A =(T+P) 
= 1 
B- > Kr: Ao = --(T+C+P+P 
0 on BW) 
B- > Kn : Åo- = (15.196) 
(5) For decays 
B >K 
B > Kw 
B” + K'¢,q 


show that 


(Rp? |Hy(s)| B°) = 5(C — P + Pew) 


(Kw |Aw(s)|B’) = “(C+ P+ T Pew) 


(K"$|Hw(s)|B°) = (CP + 1 Pew) 


Assuming factorization for the electroweak penguin, show that 


= 1 _ 2 = 
fo FPOK (m) — = fro PPK (m) — Sfo FPE (m) = 0 


1 2 
> fo- aie leo 


giving a sum rule, with excellent agreement with experimental values 
for (cf. Problem 8.6) 


fp = 221, MeV fy =194, MeV fy = 228 MeV 
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(6) Using Eqs. (15.180) and (15.181) and writing 
(X | Jp" |0) = (ud |33 | 0) 
1 m? 


~ (2 m)? \ Pio p20 [u (p1) Ya (1—75) v (p2)] 


fe px 6(p—px) fa pı @ p ô (p — pi — pa), 

show that 
2 
T (D, > ud) = (B01 + C2)" = C2) 


(7) Writing 


G2 
i |Ves|* \Vual” fÈ. MD, (m°), 


(0 JE | D3) ~ fo; En 
where £, is the polarization of Dž, show that 


2 
roia = Soe > a 


Comparing it with Eq. (15.187) when multiplied by the color factor 
(3C1 + C2)”, show that 
fB: = 12 |W, (0)|? mp». 


Gir 2 21 i» 
IF |Ves|" |Vual 3D: mops. 


Hence show that 


fp: == (mp, Mp.) fp,- 
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Chapter 16 


Particle Mixing and C’P-Violation 


16.1 Introduction 


Symmetries have played an important role in particle physics. In quantum 
mechanics a symmetry is associated with a group of transformations under 
which a Lagrangian remains invariant. Symmetries limit the possible terms 
in a Lagrangian and are associated with conservation laws. Here we will be 
concerned with the role of discrete symmetries: Space Reflection (Parity) P: 
x — —x, Time Reversal T: t — —t and Charge Conjugation C: particle —> 
antiparticle. 

Quantum Electrodynamics (QED) and Quantum Chromodynamics 
(QCD) respect all these symmetries. Also, all Lorentz invariant local quan- 
tum field theories are CPT invariant. However, in weak interactions C and 
P are maximally violated separately but what about CP? This is the main 
topic of this chapter. 

First indication of parity violation was revealed in the decay of a particle 
with spin parity J? = 07, called K-meson into two modes K? —> ntr 
(parity violating), and K? — ntn 1°(parity conserving). 

Lee and Yang in 1956, suggested that there is no experimental evidence 
for parity conservation in weak interaction. They suggested a number of 
experiments to test the validity of space reflection invariance in weak decays. 
One way to test this is to measure the helicity of outgoing muon in the 
decay: 


mts pt +v 


The helicity of muon comes out to be negative, showing that parity con- 
servation does not hold in this decay. In the rest frame of the pion, since 
pt comes out with negative helicity, the neutrino must also come out with 
negative helicity because of the spin conservation, confirming the fact that 
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neutrino is left-handed. Thus 
nt pt(-)4y, 
Under charge conjugation, 


HC ba sh Gomes C 
Tt 30 >u Vy © Dy 


Helicity H = T under C and P transforms as, 


HSH, HŻ-H 
Invariance under C gives, 


Prt>ut(-)vy = Fru (o, 


Experimentally, 
Partout (yyy, >> Ta-po, 
showing that C' is also violated in weak interactions. However, under CP, 
Dei > Traito 
which is seen experimentally. Thus, C'P conservation holds for this decay. 
Let us now consider K? — K? complex, which as mentioned above gave 
the first hint of parity violation and again it is here that CP violation was 
first discovered experimentally. In hadronic and electromagnetic interac- 
tions, the hypercharge Y is conserved so that K°(Y = 1) — K°(Y = —1) 
transitions are not possible. In a production process involving hadronic (or 
electromagnetic) interaction, K° and K? appear as two distinctly different 
particles. In the presence of weak interaction, Y is no longer conserved and 
transitions between K? and K? can occur, for example. 


K? > ata = K°,|AY|=2 


weak 

Thus if we write H = Hy + Hw, where Ho = Hnaa + Hem, K? and 
K°, which are eigenstates of Ho, are no longer eigenstates of H. A linear 
combination of K? and K? will be eigenstates of H. Such states cannot be 
eigenstates of C or P since neither is conserved in weak interaction; CP is 
a better choice. Choosing the CP phase 

CP |K°) =—|K°) 
so that 

CP |K?) =—|K°), (16.1) 
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it is easy to see that 


1 _ 
K? 3) = || F |K? 16.2 
iama IE (16.2) 
are eigenstates of CP with eigenvalues +1. Further if CP is conserved so 
that [H, CP] = 0, then 
(K3 |H| K?) 


II 


(K9 |(CP)*H CP| K?) 
= - (K3 |H| K?) (16.3) 

so that (K} |H| K?) = 0 = (K?|H| K2), showing that H is diagonal in the 
basis provided by |K?) and | K9). Thus eigenstates of H can be chosen to 
be eigenstates of CP. 

Now K° is the antiparticle of K?; they should have the same mass. But 
K? is not the antiparticle of KÌ and so they can have different properties. 
In fact due to weak interaction, K? and K$ should have slightly different 
rest energies; experimentally (mg, — mx,) /mg ~ 10714 and it is remark- 
able that such a small quantity is measured. What about their life times? 
Energetically kaons can decay into two or three pions. Consider 27 final 
state. As seen in Sec. 4.4, C parity of 27 state is (—1) where £ is the 
relative orbital angular of 27 system. Thus 


CP |x T) = (—1)*(—1)?(—1)* |r T) 
= (-1)¥ |rt) = |x +a) 
Similarly 
CP |2°n°) = | 97°) (16.4) 
Thus only K? can decay into 27 if CP is conserved in weak interaction and 
Kə — 2r is forbidden. K9 will have other modes, e.g. three pionic which 
can have CP = —1. Now decay energy available for 27 mode is about 220 
MeV and for 3 pionic model it is about 90 MeV. Thus the phase space 
available for decay into three pions is considerably smaller than that for 
two pions, implying 
T =1(K?) < (K) =r 
Experimentally T(K?) = 0.893 x 1071? sec. and T(K9) = 0.517 x 1077 sec. 
so that 7/72 = 1/580. 

As seen above, if CP is conserved, KÌ — ntr” is forbidden. But 
Kə — n*m” occurs, showing that CP is not conserved. Numerically it is 
not a big effect. 

A(K$ — r` 
A(k? > ri 


T) L 2.269 x 10-3 (16.5) 
FTT) 
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As such it is harder to understand in contrast to separate P and C violation 
in weak interaction, which is maximal. This is built into V-A interaction 
since as is well known, vector and axial vector currents transform oppositely 
under P and C separately. This is not so for CP and in fact vector and 
axial vector currents transform in the same way under CP. What then is 
the cause of CP violation? This question is answered in the next section. 


16.2 CPT and CP Invariance 


It is instructive to discuss the restrictions imposed by C'PT invariance. 
CPT invariance implies, 


out (F ILI XY = out q kerr corr] x) 
= nk nb m (Fep ct (cP) |X) 


= nX*nh (x KOBE (CP)| f) (16.6) 


in 


where 


T|X?) = —nk |X°) 


Gaal Sle 


and ~ means momentum and spin of the states are reversed. Since we are 


nf (16.7) 


in the rest frame of X, T will reverse only the magnetic quantum number 
and so we can drop ~. Further, we may choose the C’P phase such that 


CP|X)=-|X) (16.8) 
CPI} =ni] P (16.9) 
Thus we have 
out (f |L| X) = Nf (XLI Pa (16.10) 
where 
ns =nbpnrnt* (16.11) 
Hence on using 
Ifdin = Sf lf)out = exP(220 5) If) in (16.12) 


we get from Eq. (16.6) 


out (SILI X) = ng ee? (X LF). (16.13) 
Spe out PIER (16.14) 
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where dy is the strong interaction phase for the state |f}. Hence finally we 
have 


Aj = nje” A} (16.15) 
If C-P-invariance holds, then 
out (f LX) = nb'p out (FIL|X) (16.16) 
implying 
Aj = —nbpAy. (16.17) 


We now discuss the implication of CPT constraint with respect to CP 
violation of weak decays. The weak amplitude is in general complex; it 
contains the final state strong phase df and in addition it may also contain 
a weak phase ¢. Taking out both these phases, 


Ay = etet Ap] (16.18) 
CPT |Eq. (16.15)] gives, 
A;= ners As = ne et |Ag| (16.19) 
while CP invariance [Eq. (16.17)] gives 
Az = -népet et |Ay| (16.20) 


Thus for CP violation, at least two amplitudes with different weak phases 
are required 


Af = Af + Aor (16.21) 
CPT gives 
Aj = eu Ae + es Ade 
Aif = etti eis Ajf| 
where (61, 62), (1, 62) are strong final state phases and the weak phases 
respectively. Thus the CP violation asymmetry is given by 


RAS f-rX-f) 
Acp = ==>—> 

BM > f) +r(X > f) 

|As + [Afl + 2 |As] [Azz cos 6 cos 6 
where ôs = ĝ2f — ôif, 6 = 1 — bg. Hence the necessary condition for 
non-zero CP violation is d¢ #0 and ¢ # 0. As we shall see, the weak phase 
is a consequence of phases in CKM matrix. Four parameters |Aj,|, |A2fl, 
@ and ôs have been introduced here. Can these parameters be determined 


from the decay rates? The answer is in general positive as we see in the 


subsequent sections. 
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16.3 CP-Violation in the Standard Model 


The current in the standard model is of the form, U;y"(1 — 7°)W;. Under 
CP and time reversal it transforms as [see Appendix A] 


Win Vr = Vint (l-y)v; 


CP = 

> =n (u) Tj” (1 — 7°) Vs 

tf ee 

> n (u) Tig” (1 = 7ë)Y;, (16.23) 


CP 
Wye > nwWi 
where 
+1, if p=0 


(16.24) 
-1, if p=1,2,3 


n (u) = mn} = l 


Note that under CP, W;y""(1— 7°); goes over to its hermitian conjugate. 
Thus if a Lagrangian £ has a structure 


£L=a0+a*0! 

where O is an operator of type U;7“(1 — 7°) Wj, then using Eq. (16.24) 
LZ aot+ato 

Hence CP violation requires a* Æ a. 


The charged current interaction Lagrangian which is flavor changing 
given in Eq. (13.64) is 


Prg -glut Wit +T Wz )Vjr (16.25) 
where V;, = (a), is doublet under weak isospin subgroup. It can be 
rewritten in more convenient form 

g = 1 
Lee = ——= iry qd W, + h.c. 16.26 
cc ava > (7 qW ) (16.26) 
qedist 


Before symmetry breaking all masses are zero and Lec given in Eq. (16.26) 
seems to be CP invariant in view of Eq. (16.23). However due to sponta- 
neous symmetry breaking of the weak isospin, there arises a miss alignment 
between the weak isospin subgroup and quark mass matrix, expressed by 


tnd = Vigit WIL (16.27) 
Thus the charged current interaction Lagrangian (16.26) becomes 


Las -zW 5 Vigit nan + WH" 5 ValL niL} (16.28) 
iq iq 
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Then using Eqs. (16.23) and (16.26), we obtain 


CPLee(CP)-! = -3 WHY Vigd ruiz + W" Y Viki yas 
iq 


t 
q 


(16.29) 
where phase 7(W) 7(q) ņn* (i) can be chosen to be +1. This is identical with 
(16.28) except that 


Vig = Vig (16.30) 
On the other hand 
(CP)£Lyc(CP)"! = Lyc (16.31) 


where Lyc is the neutral current interaction Lagrangian, involving only 
diagonal couplings, 


-Q(q) sin? Ow RYpaR} (16.32) 
Thus the neutral current in the interaction Lagrangian is necessarily CP 
invariant. On the other hand from Eqs. (16.28) and (16.29), it is clear that 


(CPWLeel CP) = Lec (16.33) 


if and only if V is real [Viq = Vý] or can be made real. Thus the standard 
model of electroweak interaction is capable of C P-violation. 

Suppose we have N generations so that V is an N x N matrix and 
as such has N? complex elements or 2N? real parameters. But since V 
has to be unitary, it has N? real parameters. Then there is freedom to 
define any quark field by a phase, for example, d > e’d, W"Viaitydt > 
W"Viair yule dr) = W” (Viae?) (iLYyudL) and et? can be absorbed in the 
redefinition of Vijq without changing physics. Thus phase of any individual 
CKM matrix has no physical meaning [what counts is the relative phase]. 
Hence the number of phases which have no physical meaning [remember 
there are 2N fields] are (2N — 1). Therefore, number of independent pa- 
rameters in VyxN are 


N? — (2N — 1) 


I 
= 
| 


N=1 
N=2 (16.34) 
N=3 
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One way of choosing the parameters is mixing angles and complex phases. 


Now if Vynxn were orthogonal matrix, then the number of independent 
Nn AND _ NW) 
2 = 2 


parameters would be N? , which give the number 


of mixing angles. Then the number of phases are 


pap Ones) 
0 N=1 

=} 0 N=2 (16.35) 
1 N=3 


Thus the standard model of electroweak interaction is capable of CP vio- 
lation provided that V is at least 3 x 3, i.e. three mixing angles and one 
phase. In other words CP violation can be accommodated if the number 
of generations is at least three. This observation was made before the third 
generation was discovered. 

It is convenient to express the CKM matrix, as parameterized in the 
the Maiani-Wolfenstien way 


Vua Vus Vub 
V = | Vea Ves Veo 
Via Vis Veo 
1—4)? à Ad (p— in) 
~ —À 1-4)? AX +0 (A4) (16.36) 
Ad (1 —p—in) —4A)? 1 


where A œ sin@. œ 0.2253 + 0.0007, is the Cabibbo angle and |A| = 
0.808+)-672 is determined from semileptonic B-decays. 1 4 0 if CP is 
not conserved. The unitarity of V, VV! = 1, gives 


ViiaVub + Vep Vea + Via Ve = 0 (16.37a) 
To leading order in A, this relation can be written using Eq. (16.36) as 
VV 40 (16.37b) 


U 


The relations (16.37a) and (16.37b) can be represented by a triangle in the 
complex plane (Fig. 16.1) 

Vub = [Vul e 

Va = Ad? (16.38) 


Via = |Vial e7? 
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(P,n) 


(0,0) (1,0) 


Fig. 16.1 The CKM-unitarity triangle in the Wolfenstein parametrization. 


where, 
non 7 
tany=-=-, tang= —, 16.39a 
a 1-3 ( ) 
_ Ae A? 
p=pl- >), Sn- y) (16.39b) 
with p = 0.132+9:922, 7 = 0.341 0.013. (16.39c) 


The weak phases y and 8 play a leading role in CP violation. However, 
these weak phases are in Vi, and Vig, which connect the first generation 
with the third generation. Hence the role of @ and y in K and D decays 
is peripheral as both K and D are bound states of the first and second 
generation quarks. 


16.4 Particle Mixing 


As seen in Sec 16.1, K? and K? can mix. We now develop a general 
formalism for particle mixing. Let X° and X° be two pseudoscalar particles 
(X = K,B or D; X being the antiparticle of X). Let |W(t)) be a state at 
time t. It is a coherent mixture of |X°) and |X°) 


|W (t)) = a(t) |X°) + a(t) |X°) (16.40) 


where ¢ is measured in the rest system of the particle X°. Then the time 
evolution of the state 


is given by 


i— =mv (16.41) 
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where m is a 2 x 2 matrix in the space spanned by X° and X° states and 
since the particles X° and X° decay, m is not hermitian and has the form 


Mara = Mwa — 5 DA (16.42) 
with a, a’ = X°, X? (1,2). Note that T and M are hermitian 
It =T, Mİ? =M 


Tt = Pwa, Mey = Mwa (16.43) 


If one now assumes CPT invariance, then Eq. (16.12) gives 
(X° |m| X°) = (X° |m] X°) (16.44) 


where we have used the fact that for a single particle state |f} = |x Ce j 
ôs = 0, np = —1 according to the choice of phase (16.7). Thus Eq. (16.44) 
gives M11 = M22 Or 


Mi = Mo2, Fi = P22 (16.45) 


that is particle-antiparticle have identical mass and the same total width. 
Note that if we take f = X° in Eq. (16.10), we get an identity so that with 
CPT invariance alone mi2 and mg are not related. However, if we assume 
CP invariance, then Eq. (16.15) for f = X?’ [ně p = —1] gives 

(X°|m|X°) = (X°|m|X°) ; 


and thus CP invariance implies 


moi = M12 (16.46) 
We have the result that in the X° — X° space m is a 2 x 2 matrix of the 
form 
Ta Tis 
m= ae = o Éa irk ) (16.47) 
where CPT invariance alone (which we now assume) requires 
A=Al (16.48) 
or 
Mi = Moo Ty, = T22 


But hermiticity of the matrices M and I [see Eqs. (16.43)] gives 
Miz = M31, Tiz = T31 
My = Mġ, Tu =T%, (16.49) 
Mzz = M2, P22 = T32 
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Then the diagonalization of the matrix (16.47) gives the eigenvalues 


N2=AFVBC=AF pq 


where 


a 
p= B= Mr- gi 12 


i ” Tg 
g = C = Ma — 5ľ21 = Mh - SV te 
2 2 
and using Eq. (16.48) 


a i 
A= My — r11 = Me — -T 
11 5+ 22 — 5} 22 


Then the corresponding eigenstates are 
1 0 
[p|x°) 
v lpl? + lal? 


Hence we have the result [cf. Eq. (16.50)] 


X+) = + 4|X°)] 


i i 
Mi, — -r11 — pq = 71 = — -T 
11 z pq = Jı 5 Mı z l 
1 a 
My — 5011+ pg = V2 = M2 — =P 2 
2 2 
so that taking real and imaginary parts 
mı = My, — Rpg 
mz = Mıı + Rpg 
Ty = Ti + 2Spq 
T2 = T11 — 2Spq 
Thus finally we have 


Am = m — mı = 2Rpq 
E N 
AT =T -T; = —4Spq 


1 
r= zT: +12) =D 


aca ee a Mh = liz 
l+e Pp B Maiz — 5112 


Let us define 


(16.50) 


(16.51) 


(16.52) 


(16.53) 


(16.54) 


(16.55) 


(16.56) 
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If CP is conserved, then B = C, q = p(e = 0) so that the mass eigenstates 
given in Eq. (16.52) become 


1 = 
X12) = — [|X°) F |X? 16.57 
Als a EA] (16.57) 
which are now also the eigenstates of C P: 
CP|X) =|X1) 
CP|X2) = — |X) (16.58) 
It follows that C'P-violation is determined by the parameter 
a A. (16.59) 
pig 


Since the particles X? and X° are unstable, it is the particles X4 = X_ 
and X2 = X} defined in Eq. (16.52) which have definite masses mı and 
mg and decay widths Tı and [2 respectively. Let |Y (t)} be a state at time 
t. In the Xı and Xə basis, we can write 


| (E)) = a(t) |X1) + bC) |X2) (16.60) 
is ee Gre K ) |W (¢)). (16.61) 


i 
mM — 52 


a(t) = a(0) exp |i (Gm = Sr) 
b(t = (0) exp |-i (ma sha) (16.62) 
( 


Suppose we start with X°, viz |U(0)) = |X°), then from Eq. (16.52), we 


get 
[p2 2 
a(0) = b(0) = e TLG (16.63) 
p 
Hence from Eqs. (16.60), (16.62) and (16.63) 


pep = WOR Ta (mae Bev) 


2p 


The solution is 


1 
t exp ( mat stot) Xa) 


1 1 1 
= -—< |exp | —im,t — -Tt | + exp | —imet — -Tat |x°) 
2 2 2 
q : 1 : 1 -0 
exp imt Tit exp Mot Tot |X ) 
p 2 2 


(16.64) 
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Equation (16.64) clearly shows the particle mixing. Similarly if we start 
with |X?) we get after time t 


wo) = 542 lex ( imit shit) exp ( imot sot) | bcos 


lex ( imt shit) exp ( imot stat) | xy (16.65) 


From Eqs. (16.64) and (16.65), we can determine X° and X? mixing. It is 
clear that if we start with X°, then at time t, the probability of finding the 
particles X? or X° is given by [using Eq. (16.64)] 

1 


| (X°|a(t)) |’ = [en +e Pat 4 2eTt cos Amt] (16.66) 
0 iise ita os Tat -Tt 
KX’ lult PP = AES [et +e 12? 2e** cos Amt| (16.67) 
We define the mixing parameter r as 
i (Xv) dt 
r= (16.68) 
JEWO at 


where T is a sufficiently long time. In the limit T — oo, using Eqs. (16.66) 
and (16.67), we get 


l= e|? ee y? 
= 1 . 
i lie 24 4? — y? 1809) 
where x = am and y = . If we start with X°, we can use Eq. (16.65) 
then 
Tiyo 
X dt 
E TK ly) Ji eee r? +y? 
r= (16.70) 
T l—e| 2+22-y? 
Tg )P ae“ 
When C'P-violation effects are neglected, then 
es r +y? 
r=r= ZF ry? (16.71) 
The asymmetry parameter a 
T — 4 
E ar is (16.72) 


TER E 
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is a measure of C'P-violation. We define another parameter x which is also 
a measure of particle mixing. Let x be the probability for X? — X°, then 


T 
x= f (XW)? ae 
0 


Thus 
x r 
= Se i 16. 
pe ee 1l+r (e773) 
Similarly, we get 
= i r 
= —_, xX = ——— 16.74 
a ra er ( ) 
We note from definitions, « = Am/T, y = AT/2T 
0 < z? <œ 
0<y <1 
Obviously 
O0<r<l 


We now discuss how the mixing parameter r can be measured experi- 
mentally. Suppose that X° and X° are produced in the reaction 


eet XOX": 
Taking into account the particle mixing, we have four possible final states 
X? X°, XO X?, XO X?, XOX’. Experimentally X°X° and X°X° are indis- 
tinguishable. We can define a parameter 


_ N(X°X°) + N(X? X?) 
R= NOORI) + N(XOX0) (16.75) 


which can be measured experimentally. N(X°X°) can be identified by 
some convenient final states (e.g. two charged leptons 1717). If XX? pair 
is produced incoherently (for example not through a resonance of definite 
spin and parity and C-parity), then 

= XL =x) el =X) 


B= GR) PX a, 
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Neglecting C'P-violation effects, i.e. using X = x, we get 


2 = 
pa —2xd=x) 
aa +x 
2r 


Now suppose that X°X° are produced through a resonance with JPO = 
177, for example 
eet — T > BoB", 
For this case we have to consider a state with C = —1 viz 
UE) EH) —|¥O)1¥O)]. 
If the two decays take place at tı and t2, then neglecting C’P-violation, we 
have from Eqs. (16.64) and (16.65): 


|W (t1)) [E (t2)) — [T (t1)) E (t2)) 

= (g+ (t1)g- (t2) — g- (t1)g+ (t2)) |X° X°) 

+ (g-(t1)g- (t2) — g+ (t1)9+ (ta) | X° X°) 

+ (g+ (t1)g+ (t2) — g- (t1)g9-(t2)) |X°X°) 
+ (g-(t1)g+ (t2) — g4 (t1)g-(t2)) |X°X°) (16.78) 

where 
g+(t) = jee exp (-; it) +e ?™* exp (-3m=)| 

=e '™* exp (=r) [epams exp(ŽAT%) 

4 exp( = Ami) exp (- zare)| (16.79) 


Hence we have 


ozo) J= d fo dilga l)o) = srth)gs tta 
= af dta T dta e7T tt) fev (Fare - n)) 
+ exp (-5arte = n)) + 2R exp (—iAmt(ty — n) 


2 2 
=4 E = TAT)? t7 fi aera (16.80) 
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Noting from Eq. (16.78) that N(X°X°) = N (X°X°) and N(X°X®) = 
N(X°X°), we get [cf. Eq. (16.69) with e = 0] 
N(X°X°) (Am)? + 4(AT 


R= = i 
N(X°X°) 2? + (Am)? — FAT)? 


=r (16.81) 


16.5 K? — K? Complex and CP-Violation in K-Decay 


We now apply the general formalism developed in Sec. 16.4 to the K°K° 
system. Here we denote Kı and Kg as Kg and Kz. First we discuss 
hypercharge oscillations. Suppose that at t = 0, K° (Y = 1) is produced 
by the reaction mp — K°A°. The initial state is then pure Y = 1. It is 
clear from Eq. (16.64) [with X = K] that a kaon beam which has been 
produced in a pure Y = 1 state has changed into one containing both the 
parts with Y = 1 and Y = —1. Experimentally K? can be verified through 
the observation of hadronic signature such as K? p — m+ A? since + A? 
can only be produced by K? and not by K°. The probability of finding 
Y = —1 component at time t in the kaon produced at t = 0 ina pure Y = 1 
state is given by Eq. (16.67) [|e] << 1]. 


P(K? > R°, t) = (RWA? ~ ! {exp ( =) exp ( =) 
PEs el ue 


where Am = my — mg since Ty = (5.17 + 0.14)1078s is much larger than 
Ts = (0.8935 + 0.0008) 10~1°s, 


= 1 
P(K® > K®,t) ~ = (1 + e™t/7s — Qe~ 34/78 cos (Am) t) 


4 
(16.83) 
If kaons were stable (TŁ, Ts — oo), then, 
= 1 
P(K° > K°,t) = z [1 — cos (Am) t] (16.84) 
which showed that a state produced as pure Y = 1 state at t = 0 continu- 
ously oscillates between Y = 1 and Y = —1 state with frequency w = an 
and period of oscillation, 
2m 
T (Am/h) (16.85) 


Kaons, however, decay and their oscillations are damped. 
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By measuring the period of oscillation, Am can be determined: 


Am = my — mg = (3.489 + 0.008) x 107}? MeV. (16.86a) 


Such a small number is measured as a consequence of quantum mechanical 
phenomena of interferometry. On the other hand 


We now discuss CP violation in K? — K? mixing. As seen in Sec. 16.1, 
experimentally it was found that long lived K9 does decay to 7+ m~ showing 
that CP is not conserved; but the probability is quite small [cf. Eq. (16.5)]. 
Small CP non-conservation can be taken into account by defining, 

|Ks) = |K?) + €|K2) 
|Kr) = |KQ) + e|K?) (16.87) 


where e is a small number. Thus CP non-conservation manifests itself by 
the ratio: 


A(Kr > nrt) 
a 16. 
TE A(Ks — m+ 77) RER 
Now CP non-conservation implies, 
Miz # Mio, Pio # Tio (16.89) 


Since CP violation is a small effect, therefore, 
Myo < KM ST 12 < RT qo. (16.90) 
Now from Eq. (16.51) 


2 2 1 iS Mı2 + ST 42 
Ê ~ ( RM — Klis) tee Tna 16.91 
P q ( 12~ 5 2) | RM — TR 12 ( ) 
Hence from Eq. (16.59) 
2 iS Miı2 + İST 
cae: ce Be ai (16.92) 
l+e p RM. — 5k 12 


Now we get from Eqs. (16.55) and (16.91), on using the approximation Eq. 
(16.90) 
Am = mz — ms = 2Rpq = 2RMj2 
AT =T; -Ts =—48pq = 289 1p (16.93) 
Hence we get 
iS M2 + 3ST 12 


«=~ "AM —iAT/2 Pead 
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The parameter € determines CP-violation due to K? — K? mixing. It is 
important to detect the C P-violation, if any, in the decay amplitudes 


A(K° > rn(1)) = Are’! (16.95) 
and 

A (T° > nT (1)) = Ate: (16.96) 
where we have used the relation (16.19) obtained from CPT invariance. 
Due to Bose statistics J = 0 or 2. CP violation is detected by looking for a 


difference between C P-violation for the final 797° state and that for ata-. 
Using Clebsch-Gordon (CG) coefficients, 


1 , , 
A (K° — ata) = V3 [v240e% + Age] 
1 ! , 
A (K? > 19x?) = [ Ave’ — v2A2e®] (16.97) 


and the corresponding ones for K° obtained from (16.96). The dominant 
decay amplitude is Ag due to AJ = 1/2 rule, |A2/Ao| ~ 1/22. Neglecting 
terms of order R ; eg 


° and eRe , and ignoring the over all phase factor 


f Ao 
e'0 we get, 
ny- = pp- e+- wet ef 
noo = [mool t ~ € — 2e’ (16.98) 
where, 
SA 
t= Stig. (16.99) 
1 Í Qi(62—60)(MA2) (SA2 _ SAo 16.100 
IR (RAo (RA, Ad ee) 


The quantities SAg, SA and Se depend on the choice of phase convention. 
The choice SAp = 0 called the Wu-Yang phase convention, gives € = e. The 
value of ¢’ is independent of phase convention. It follows from Eq. (16.94) 
and (16.86b) 


tang. = —2Am/AT ~ i (16.101) 


where we have used that S(T12/AT) is negligible. Experimentally e is 
determined to be 


pe = (43.5 £0.7)° (16.102) 
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Clearly €’ measures the C P-violation in the decay amplitude, since CP- 
invariance implies Ag to be tcl This is referred to as direct CP violation. 


The measured quantit re is very close to unity so that one can write 
q y = y y 


f € — 2e 
a | = » ee 
Nt e+e’ 
3 
~ kaž ~ 1—6Re(é'/e) 
€ 


After 35 years of experiments at Fermilab and CERN, results have con- 


verged on a definitive non-zero result for €’, 
1- R 


R(e'/e) = S (16.103 


) 

(1.65 + 0.26) x 1073. (16.104) 

sin(do0 — $+—) = 3R(€'/e) tan(Qe — pe ) (16.105) 
) 

t 


II 


The measurement of R provides a test for CP violation since in case R(e'/e 
is not zero, CP violation must occur in a decay amplitude and its presen 
value is an evidence for it. Further we note from Eq. (16.100), 


ee feed eee S ~ 42.3 + 1.5° (16.106) 


where numerical value is based on an analysis of 7 scattering. The exper- 
imental values of C'P-violation parameters are as follows 


|e| = (2.228 + 0.011) x 1078 
In+-| = (2.233 + 0.010) x 107? 
Inoo| = (2.222 + 0.010) x 107? (16.107) 


b4— = (43.4 4 0.7)° 
doo — $+- = (0.2 + 0.4)° (16.108) 


Finally [¢99 — d+] can be used to test CPT symmetry, which gives the 
relation (16.105). Using Eqs. (16.102), (16.104) and (16.106), one can 
limit the right-hand side of Eq. (16.108) to be under 0.02° showing the 
experimental value for the phase Ad in Eq. (16.108) to be consistent with 
CPT, although further accuracy will be desired. 

Finally what are theoretical expectations for the ratio e'/e. First we 
note that in the standard model, the tree level diagrams shown in Fig. 
16.3 involve CKM elements Au = V,*, Vus and A* so that A(Kr —> ntr) 
involves (Au - AX) = S Ay = 0 [cf. Eq. (16.36)]. Thus € arises from the 
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al 


d Va GUC, t Ve 


Fig. 16.2 Box diagrams for |AS| = 2 transition. 


ratio of so called “penguin” diagram shown in Fig. 16.4 to the box diagram 
shown in Fig. 16.2. 

The CP-violation is determined by $X; S A; = S Az, [cf. Eq. (16.36)] 
where à; = Via Vž, i = u,c,t. This involves t quark which belongs to 
the third generation and which has very small mixing with the first and 
the second generation. This also explains why C'P—violation is so small in 
kaon decays. The theoretical prediction for R (e’/e) is not precise [for mų 
> mw] but most theoretical calculations give 


1 
R (£) <3 x107 (16.109) 


since this ratio depends on various parameters which are not as yet well 
determined. This is consistent with its experimental value given in Eq. 
(16.104). 

We now discuss the C'P-asymmetry in leptonic decays of kaon. Let us 
define the decay amplitudes (l = e, u) 


K? > m titi: f mo 
The CPT invariance gives 
K’ >rt +l +7; A 
Similarly for 
K? > nt +1 +T: g* 
K >r +I” DS dei (16.110) 


ti: 9g AQ 
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Al 


a 
ò 
4, 
Al 
ò 
al 


Fig. 16.3 Tree level diagrams for K — 27 decays. 
w d 


sS 


Fig. 16.4 Penguin diagrams for K — 2r decays. 
Hence using Eqs. (16.52) and (16.59) [X4 = Kz, X- = Ks] 


A(K? >n +it 


n= z+ +0-9 (16110 


A(K? > r+ +17 2) = allt eg" + (1-6) fx] 


The CP-asymmetry parameter 6; can be written as 


5 = T(K} > mitn) -T(K} > rth) 
oe T(K}? > miltu) +1 (Ko > rtin) 
2 2 
Soe ee LAL = lol (16.112) 
If + lol + (fo* + fg) + Ole) 
In the standard model RS = —1 transitions are not allowed, thus g = 0. 
Hence 
5 ~ Mee = (3.32 + 0.06)10~3[Expt. value] (16.113) 
Now 


2Ree = 2 |e] cos ġe 
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which, on using experimental values for |e| and ¢ given in Eqs. (16.102) 
and (16.107) 
2Re = (3.45 + 0.05) x 107? (16.114) 
consistent with the experimental value for ô, given in Eq. (16.113). The 
experimental value of 6; shows the internal consistency of the standard 
model and the CPT invariance. 
Finally we discuss C'P-asymmetries for K — 37 decays. The decays 
Kt > ata a, ntn n 


K? 5 nnan’, nnr? 


are parity conserving decays, i.e. the parity of the final state is —1. Now 
the C-parity of 7? and (ntr )y are given by 
O(n) =1, C(rtn7) = (-1)" 
and G-parity of pion is —1. Thus 
CP|r nn? > = —|n°n°n® > 
CP\rtaon® > = (—1) t rtr 9 > 
Hence C’P-conservation implies 
K} — 1°n°x® allowed. 
K? — 1°n°x® is forbidden. 
K? — nrn’ allowed if I’ is odd. 
K} — nrn’ allowed if I’ is even. (16.115) 
+ 0. 


Now G-parity of three pions 127 7 
G= C(-1)! =(-1)'t+! = -1 

Hence 

l = even, I(odd); I = 1,3 

I’ = odd, I(even); I = 0,2 (16.116) 
Only I’ = 0 decays are favored as the decays for l’ > 0 are highly suppressed 
due to centrifugal barrier. Hence K} — ntra n’ is highly suppressed. Thus 
we have to take into account J = 1,3 amplitudes viz a; and a3. I = 3 
contribution is expected to be suppressed as it requires AJ = 3 transition. 

Hence CP-asymmetries of K° — 3r decays are given by 
A(Ks > n°n°n) (a, — aï) + elai +aï) [Sa + Ra] 


1000 = AR; > nnn) (ar Fat) elar ai) Rar + iea 


+ Sat 
Etta 
Raı 
A(Ks > mtr 7°) Sar 
o= ~e4 = 16.117 
+—0 A(K, > ntn n?) E Rar 1000 ( ) 
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16.6 B° — B° Complex 


Here the general formalism developed in Sec. 16.5 is applied to B° — B° 
complex. For B$ (q = d or s) we show below that both mi2 and T12 have 
the same phase. This follows from the following consideration. We can 


write 
Miz — Ty. = (B? | HR? B9) (16.118) 
H ae induces particle-antiparticle transition. For Am 2, H; ie arises 


from the box diagram as shown in Fig. 16.2 with s replaced by b, where 
the dominant contribution comes out from the t-quark. Thus, 


Mia & (Væ)? Vi m? (16.119) 
Now 
Tyo « X (B° |Aw| f) (f |Hw| B°) (16.120) 
r 


where the sum is over all the final states which contribute to both B° and 
B° decays. The common final states for the BY and BY decays are shown 
in Fig. 16.5 while for B? and B® can be obtained by changing d to s. 


B° 


b c b c 
= —~ =w 
d a d u 


Fig. 16.5 Diagrams showing the common final states for the B° and B°? decays. 


Thus, 
Typ (Va Vi + VaVe) m (16.121) 


Hence we have the result that, 
[Ti2| ms 
aoe 16.122 
[M2] m? l ) 
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Now for B} — B? transition, using Eq. (16.36) 
(Vie)? (Vea)? = AAS [0 — p)? tn?) e” 
= [AX (1 — p + in)? = (Va Vg, + Vas Vč)” (16.123) 
Hence Mj. >> T12 and both Mı2 and F12 have the same phase 


Miz = |My e?*”, Tie = [Pia] e”, om =- (16.124) 
On the other hand, for B? > B? transition: 

(Viv)? (VE)? = [Ves]? = AAt (16.125) 

Miz = |Mi2], Tyo = |Pi2| (16.126) 

ou =0 (16.127) 


Also we have, 
Ame, a |Mi2|, = 1 


= = E ~ 34E (16.128) 
Amg, |Mizia X2 la-a? +7] 


where € is SU (3) breaking parameter. The numerical value is obtained 
using the experimental values \ = 0.225, p = 0.132, 7 = 0.341. Now using 
Eqs. (16.51), (16.122) and (16.124) we get for B} — BY system 


i i We 
n= (oe) (0-25) 


= |Mi9| — 5 IT12| 
q/p=e 7"? (16.129) 
From Eqs. (16.55) and (16.129) 
Am = Amg, = 2 |M] 
AT = 2 |L] (16.130) 
Hence 
AT/Ampg, << 1 


Now from Eqs. (16.51), (16.52), (16.124) and that |L 12| << |Mj2| the mass 
eigenstates B? and BY, can be written as: 


|B}) = 5 [| B°) — e7”® | BP)] (16.131) 
|B) = : [|B°) + e7”® |B°)] (16.132) 


al 


2 
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In this case, CP violation occurs due to phase factor e~?’? in the mass 
matrix. 


One gets (from Eq. (16.64)), using Eqs. (16.130), (16.131) and (16.132), 


A A = 
|B? (t)) = a ae feos (=) |B°) — ie~ 7? sin (=) 12°) 
(16.133) 
Similarly we get, 


_ i A _ l A 
|B° (t)) = —e7 mte- zT" {eos (=) | B°) — ie?" sin (=) 2) 
(16.134) 
Suppose we start with B° viz |B°(0)) = |B°), the probabilities of finding 
B? and B° at time t are given by, 


P (B? > B°,t) = |(B°|B° 0)? 
= E (1 — cos(Am) t) 
P (B? > B’, t) = (B° |B? (|? 
= so (1 + cos(Am) t) (16.135) 


These are equations of a damped harmonic oscillator, the angular frequency 
of which is, 


From this by measuring the frequency of the oscillation one can determine 
Am. Now the mixing parameter, 


Wie _ fo \(B°1B° e 
1—x fo |(B9|B° (t)? dt 
T> T? (Am/T)? 


= 16.136 
2+a? 2+ (Am/T)* l l 


where we have used Eq. (16.69) and have neglected (AT /Amp)?, in view 
of Eq. (16.130). 
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Experimentally, for BY and B9, 
Ampo = (0.507 + 0.005) x 107s" * = (3.337 + 0.033) x 107!°MeV 


Tpo = (1.525 + 0.009) x 107"*s (16.137a) 
Ampo = (117 + 0.8) x 107s! = (1.17 4 0.01) x 107'°MeV 
Tgo = (1.472+9:0026) 10s (16.137b) 
Ampo 
ra= 4 ) = 0.77 + 0.008 (16.137c) 
I Bo 
A 
£s = (F2) = 26.02 + 0.5 (16.137d) 
To 
We also note from Eq. (16.119) that in the framework of standard model 
Ampo _ MB, +2 | Vts $ 


16.138 
Va ( ) 


where € is an SU(3) flavor symmetry breaking factor, extracted from Lat- 


tice QCD to be € = 1.20+9:32. From the above relation H 
determined. Non zero values of xq and x, clearly show mixing between Bq, 
By(q = s, d). The large value of the x, compared to xq is in conformity 
with Eq. (16.128). 

From Eqs. (16.133) and (16.134), the decay amplitudes for B° (t) —> f 
and B® (t) > f 


Ampo mpa 


can be 


A; (t) = (f |Hw| B? (t)) (16.139) 
are given by, 


A A 
Af (t) = ew imt art {eos (55) Af — je72*8 sin (=) 


z = ; A 
A; (i) = ea aes feos (=) A; — iet”? sin (> 


i} (16.140) 


N—_” SS) 
D 
SI 
ee) 


These equations give the decay rates, 


1 1 = 
T(t) = eT {5 (4s? + |Ar|") +5 (4s? ae |As|’) cos Amt 
= (2iSe7 7" A4 Ap) sin Amt) (16.142) 
: mfl 1 
D p(t) = e" {zll + |A;| *) - 5 (l4; Ap?) cos Amt 


+ . (218 cP ATA; ) sin Ame} (16.143) 
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For T F and I; change f > f and f > f in Ty and TF respectively. 
As a simple application of the above equations, consider the semi- 
leptonic decays of B®, 
B? + ItvX~:f for example X~ = D7 
B? + 1-vX*:f for example X+ = Dt 
In the standard model, B° decay into 1+yX~ and B? decay into I7 7Xt+ 
are forbidden. Thus, Ay = 0, A 2 = 0 and we have 


Tit) =e -rel 5 lAl (1 + cos Amt) 


T(t) = pi |Aj|" (1 — cos Amt) (16.144) 
And since |A; = |Ap| because of CPT invariance [cf. Eq. (16.19)] we have 


S T( t)dt x 
b= TET g(t Dae d- =ra (16.145) 
T'p(t)dt +24 


Non-zero value of 6 would indicate mixing. If, however, Ar # 0 and A FO 
due to some exotic mechanism, then 6 Æ 0 even without mixing. Now 
T (a X+) o ra 
T (u+*X-)+T(u7X+*) 1+ra 
= 0.172 + 0.010 (Expt value) 


= x4 (16.146) 


which gives, 
£a = 0.723 + 0.032 (16.147) 
in agreement with xq given in Eq. (16.136c). 


16.7 CP-Violation in B-Decays 


In this section, we discuss the C P-violation for B > f, f when f and f are 
eigenstates of CP 
If) = CP|f) = néal f) 
Nip = +1 (16.148) 
For this case we a from — (16.142) and (16.143), 


Ar O = BeeT T (0 Omo (lar? = LAr?) 
—isin (Amt) (ots) } / (4s? + |As") 


II 


cos (Amt) Cy + Nap sin (Amt) Sf (16.149) 
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where, 
5 |\2 2 = 
staa an iu ai 16.150 
_ EHZ DT 2 f— A ( A ) 
1+ As) /|Ash 1+ Agi f 
This is the direct CP violation and, 
2X =2ib ye 
E a (16.151) 


1+ JAg]? 
is the mixing induced C P-violation. 

If the amplitude with one CKM phase dominates, then Eq. (16.18) and 
CPT relation (16.19) (f = f) give, 


AS As e(-4+45) 


= e”? (16.152) 


where 2¢ is the weak phase difference between the decays B° — f and 
B>B > f. Hence from Eqs. (16.149) and (16.152), we obtain, Cy = 0 
and 


A;(t) = nép sin (Amt) sin (—2 + 2¢) (16.153) 


In particular for the decay, B° —> J/y Ks, np = 1 and in the standard 
model from the transition b — cés, it is easy to see that @ = 0 since the 
CKM elements involved are V Ves which do not involve any CKM phases 
[cf. Eq. (16.36)]. Thus Sp = — sin 28 and from Eq. (16.149) 


_ Se’ [F's © -Tp ©] dt 


Ayk, = 7x = 
fo [Es (t) +T; (t)] dt 
: (Am/T) 
A = —sin (26) —————_,, 16.154 
YK; UNS + (Amr) ( ) 
Ayx, has been experimentally measured. It gives, 
sin 26 = 0.673 + 0.023 (16.155) 


Theoretically this is the cleanest way of obtaining sin 23. One may remark 
that final states in decays B° > dK, and B? — n’K, are also eigenstates of 
the CP and as such they also provide sin 2 measurements. This is because 
although these decays are penguin dominated, they have the same phase 
(namely ¢ = 0 in the standard model) as that for the b — cés at the tree 
level decays, since V;iVis = —V,Ves(1 + O(A?)) [ef. Eq. (16.36)]. Thus 
such modes may provide a way to look for new physics which contribute 
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to the amplitude a different weak phase which makes Sy # —sin2@ and 
Cs #0. Experimentally 


Sy, = 0.6 + 0.07 (16.156) 


We now discuss the direct CP-violation in B decays. As discussed in Sec. 
16.2, this would require two contributions with different CKM phases. Con- 
sider for example B? — aa decay where final states are CP eigenstates with 
ncp = 1 and involve b — utd decay [see Fig. 16.6]. At the tree level CKM 
elements involved are V% Vus which contain phase y [cf. Eq. (16.36)] so 
that from, Eqs. (16.151) and (16.152) are 


Sz+r- = —sin(—26 — 27) = sin 2a 


Al 


Fig. 16.6 Quark level diagrams for B — n+ (pt)n™ decays. 


However, there is a sizable contribution of b-d penguin amplitudes, 
which have different CKM phase than b > utd tree amplitudes in B° > rr 
decays. Thus $,+,- does not measure sin 2a, but 


Sr+tr- = 4/1 — C2,- sin(2a — ô+) 


where 6,_ is the phase difference between e7*7A,+,- and A,+,-. 
An isospin analysis gives a sum rule [see problem 15.3] 


1 
yaar = Áron + År+ro (16.157) 


similar to the one for K — 2m decays. The sum rule (16.157) follows from 
the fact that B° — mz decay are s-wave (orbital A.M = 0) and Bose 
statistics require J = 0,2 and A,+,0 gets contribution from J = 2 only. A 
global isospin analysis, using the branching fraction of all these modes give 


Crta- = 0.38 + 0.06, S,+,- = —0.65 + 0.07 
C40 = 0.43933 (16.158) 
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The analysis however puts on a loose constraint on a. 

Finally we discuss B — pr, which is an example where final state is, 
e.g. B? — ptr” is not a CP eigenstate, but this decay proceeds via the 
same quark level ras [see Fig. 16.6] as B? — rtr and likewise B° 
and B° decay to pta~ and thus involve the CKM phase a. These are for 
amplitudes B? — p*+r* and B > p*a= with decay rates given in Eqs. 
(16.142) and (16.143). The analysis of these decays allows the extraction 


of a with a single discrete ambiguity a —> a+ 7. a is constrained to 
a = 89.0443 (16.159) 
Finally, since [see unitarity triangle, Fig. 16.1] 


( et] 
y= — arg | — P 
Vea Va 
it does not involve CKM elements involving top quark and as such it can 
be measured in tree level B decays. This implies that it is unlikely the 


measurements of y would be affected by physics beyond the standard model. 
Experimentally y is constrained as 


y = 73122 (16.160) 


To conclude we have discussed only typical modes of B to illustrate how 
various CP violating parameters can be extracted. There are many other 
modes, for which the reader is referred to the literature, some of which are 
listed at the end of this chapter. [See in particular Secs. 11 and 12 of Ref. 
[27] on which this section is mainly based.] 


16.8 CP-Violation in Hadronic Weak Decays of Baryons 


So far we have discussed the CP violation in K? — K”, Be By systems. 
There is a need to study CP violation outside these systems. The hadronic 
weak decays of baryons and antibaryons provide another framework to 
study CP violation. 
The hadronic weak decay 
N(p) > N(p') + x(q) 

is described by the amplitude [n = p’/|p’|] 

Ms = U(p’)[A — 75B]u(p) ~ x' |as + apo-n]x (16.161) 
(Note here we have designated a baryon by N, not to confuse with a B- 
meson and 7 is any pseudoscalar meson.) The relationships between A(B) 
and as(ap) are given in Sec. 11.2.4. 
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Under charge conjugation (C): 
u(p) + Cd" (p), C= i7? 
Under space reflection (P): 
ul) (p) > u(—p) = Pulp) 
Under time reversal (T): 
u(p) + uP (—p) = Bu(p), B= y 
Thus, under these transformations 


Mp 4 —0(p)[A + sB]o(p') = MF ~ x! (~as +apo.n)  (16.162a) 
My > U(p')[A* — ysB*lu(p) (16.162b) 


M; “S" —u(p)[A* + 5B" ]u(p') = M7 (16.162c) 


When final state interactions are taken into account, the partial wave ampli- 
SS SP 

tudes as and ap acquire strong final state phases eti and ef respectively. 

Thus with final state interactions 


ver FIHB) FIHIB) =e") T IHIBY (16.163) 
Hence under CPT 
Me CEE -olp e2} A* — 2ið? px 
f > —vp)le ye"! B*Ju(p) 
= MF ~ yt [-e a} + eFa*o.n]x (16.164) 


Hence from Eq. (16.162a) and the definition of decay rate I, asymmetry 
parameter a, the transverse polarization of final baryon (@ and the longitu- 
dinal polarization of the final baryon y given in Sec. 10.2.4, we conclude 
that CP symmetry gives 


T=l, a@=-a, 6=-8 (16.165) 
Again from the definition of these parameters and Eq. (16.164), we note 
that both CP and CPT invariance give the same result given in Eq. 


(16.165), unless the S-wave amplitude A and P-wave amplitude B have 
different weak phases. Hence to leading order, C’'P-odd observables are 


l = r-r 
r+T 
ôa = ue 
a—-a 
66 = PEP (16.166) 
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Such asymmetries can be measured in the proposed Super-Lear accelerator 
in 
pp > AA > pyr Pert (16.167) 
where one studies the asymmetry 
+ — + - 
“ts Nz N; +N -M 
Ntotal 


Here Nọ is the number of protons with (p; xpa): py greater than or less 
than zero. P, denotes the polarization of A. Similarly in the reaction 


= Prada, (16.168) 


pp— EE 
> Ar~ Ant 
> ppm nt Pr ntr? (16.169) 
the relevant asymmetry is 


J+- N- LNH- Nr 
B= Nz -N +N -M 


= KENEAN + ôßz) (16.170) 


where NF denotes number of events with Pz - (pf Xpa) greater than or 
less than zero. 
We now discuss the isospin analysis. First we note that assuming CPT 
only, Eq. (16.163) gives 
lI) = (fei |Hw|B) = ny O (JE Hw BY’ 
= np ee Da; (I) (16.171) 
where dy (I) are strong phases. Selecting the phase nr as (—1)**1, Eq. 
(16.163) gives 
ag(I) = (—1)*+ 16?) ae (T) (16.172) 
Denoting by ¢¢(1) CP odd phases, we define 
as = 5 etste) S7 


I 
dp = Y etta) Py (16.173) 
I 
Then from Eq. (16.164) 
G; =— DO eil5s- #3) S7 
I 
Tp = X 07t) P; (16.174) 


I 
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To leading order, we obtain 


or = VIS sin (58 — 88) sin (428-8) 


S11 
= 0, for =, (16.175) 
since there is only one isospin final state in = decay and neglecting a and 
Bs, which are very small (~ Æ) if AJ = 4 rule dominates, 
õa = — tan (5? — ôf) tan (4? — 43) 
ôb = cot (ô? — 67) tan (¢7 — $4) (16.176) 


Thus in order to get non-vanishing ôI, da and 6, the following conditions 
must be satisfied: (i) the amplitudes must have CP violating phases, (ii) 
there must be final state phases, (iii) there must be two or more decay 
channels, (iv) the CP phases and final state phases must be different in 
different channels. The expectations in the standard model are 


or da ôb 
A—pr™ 107 1074 3x107 
Z—>pm 0 1074 1078 
These estimates have considerable uncertainty and are model dependent. 
The above observables can also be used to study the effects of extensions 
of the standard model. 

The decays of B(B) mesons to baryon-antibaryon pair Nı Nə (Ni No) 
and subsequent decays of N2, Na or (N1, N1) to a lighter hyperon (antihy- 
peron) plus a meson provide a means to study C'P-odd observables as for 
example in the process, 


eet B,B Ni Nə Ni N37, Ni Nə — Ni Nin 
The decay B — Nı N2 (f) is described by the matrix element, 
My = Fye"® [u(pi)(Ag + 75.By)0(P2)] (16.177) 


whereas B — N,No(f) is described by the matrix elements 


M'; = F',e* [atp + 45B';)u(p1) (16.178) 


where F} is a constant containing CKM factor, ¢ is the weak phase. The 
amplitude Ay and By are in general complex in the sense that they incor- 
porate the final state phases of and ôf and they may also contain weak 
phases ¢, and p. Note that Aş is the parity violating amplitude (p-wave) 
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whereas By is parity conserving amplitude (s-wave). The CPT invariance 
gives the matrix elements for the decay B > N,No(f) : 

Mz = Fye~** |a(pe)(—Aze" + ys Bye u(p1) (16.179) 
if the decays are described by a single matrix element Mp. If s = 0 = dp 
then CPT and CP invariance give the same predictions viz 


T=}, ap=—af, Bp = —By, IFEN (16.180) 

In order to test these predictions, consider for example the decay 
B? > pA, > ppK° (16.181) 
By — pAt > ppK” (16.182) 


By analyzing the final states ppK®, PpK” one may test @ = —a for the 
chamed hyperon (antihyperon) decays. 
16.9 Problems 


(1) For the decay 
B? = Krt : A_4=(04+P) cf. problem 15.4 


where 
T = |Vusl|Ves|e~*%e*? |T] 
P = |Væ]| Vesle?” |P] 
A_+ = VaV e Ekr ee] 
[Vuol|Ves| |T] 
EAN E iso 
= RE TA SE 
show that 
—2r sin ysin 64_ 


Acp (B° => ira) 


~ 1+ 2rcosycosd4— +r? 
(2) Using the result of problem 15.5, show that 
C(¢K,)=0, S= -sin28 
Neglecting the electroweak contribution, show that 
C(p°K,) = —C(w°K,). 
(3) The effective weak Lagrangian for the decay By > a+17 is 
Lw = (Vab Vaa) [dy* (1 — 9°) u] [ay (1 — 75) b] 
= (Vab Via) O, 
Show that 
Lw CP (VuVèa) OF 


Lw CPT (Vý Vua) OT. 
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Chapter 17 


Grand Unification, Supersymmetry 
and Strings 


17.1 Grand Unification 


As we have seen all fundamental forces are of gauge nature. Thus they 
may be deduced from some generalized gauge principle. Ingredients of 
gauge models are 


(i) Choice of gauge group 
(ii) Choice of fundamental representations 
(iii) If gauge symmetry is spontaneously broken, choice of Higgs sector gen- 
erates mass parameters. 


Gauge principle restricts the form of interaction. Also gauge model may 
be renormalizable if its fermion content is such that the model is anomaly 
free. At low energies we have a spontaneously broken SU(2) x U(1) gauge 
group for electroweak forces and an exact SU.(3) gauge group for the strong 
quark-gluon forces. Thus the standard model involves 

G, = SU(2) x U(1) x S.U(3) 
92 g Is > 92 > g' 


The fermion content of G, for the first generation is 


e up dẹ a=r,y,b 
L 
(2,3) (1,3) (1,3) 
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Thus we have 15 two-component fermion states per generation. The elec- 
troweak part of Gi is spontaneously broken 


Gi = SU (2); x U(1) x SU.(3) > G2 = Uem(1) x SU.(3). 


Also the experimental data show that 


Er mw S 
aa mz cosb6y ) ~ 


which implies that SUz,(2) x U(1) breaking predominantly occurs only 
through a SU,(2) Higgs doublet or doublets. Despite the fact that the 
above picture is capable of providing a current phenomenological descrip- 
tion of all the observed “low energy physics”, many questions given below 
remain: 


(i) 3 independent coupling constants 
(ii) no charge quatization because of U(1) factor 
(iii) no relation between lepton and quark masses 
) why are 3 generations identical in representation content but vastly 
different in mass ? 


(v) why is the intergeneration mixing small ? 


(iv 


(vi) no principle limiting the number of SU(2) generations — e, H, T, =+ 


Could the situation be improved ? Grand unification of electroweak and 
strong quark—gluon forces answers some of these questions but say nothing 
about the generation problem. The basic hypothesis is that there exists a 
simple group G 


G D Gi = SU_z(2) x U(1) x SU-.(3) 


which is characterized by a single coupling constant and that all interactions 
are generated by G. Quarks and leptons are in general members of the 
same multiplets of the group G. Then at some energy scale, G suffers a 
breakdown to G1: 


G => Gi > G2 = UVem(1) x SU-(3) 
Mx > mw ~ 100 GeV 


The simple groups relevant for grand unification fall into three categories 
(i) The unitary groups SU}4,; = SU(n) (Lis the rank of the group) with 
I(l + 2) parameters or generators. (ii) The orthogonal groups SO; with 
1(21 — 1) generators. (iii) The exceptional groups, in particular Ee with 78 
parameters. 
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The rank l specifies the number of generators (set of Hermitian matri- 
ces) which commute among themselves and can be simultaneously diago- 
nalized. The vector bosons associated with a gauge group belong to the 
adjoint representation of the group with dimensionality equal to number of 
parameters. 

The unitary groups SU(4) and SU(5) of rank 3 and 4 with 15 and 24 
generators have been constructed for grand unification. The orthogonal 
groups SO(4) and SO(6) with 6 and 15 generators are also of interest. 
In fact SO(4) and SO(6) are isomorphic to SU(2) x SU(2) and SU(A4) 
respectively. 

For grand unification, the orthogonal group SO, = SO(4n + 2), for 
n = 2 viz SO(10) is of special interest. 

In the choice of a gauge group, the fermion representation of gauge 
group must be anomaly free. The representation of orthogonal groups (ex- 
cept S'O(6) which is isomorphic to SU(4)) are all anomaly free. Only the 
groups SU(n > 3) and SO(4n + 2 > 10) have complex spinor representa- 
tions. The orthogonal group SO(4n + 2 > 10) have two complex spinor 
representations of dimensions 2°”. Thus for SO(10), the spinor represen- 
tations are 16 and 16. Hence all the two-component 15 fermion states, per 
generation for the standard model plus one right-handed Majorana neu- 
trino are accommodated in the spinor representation 16 of SO(10). The 
following chain of subgroups of SO(10) are of interest. 


(i) 
SO(10) > SU(5) x U(1) 
SU(5) > SU(8) x SU(2) x U(1) 


16 —-54+10+1 
45 => 244+1+10+10 


Hence the representation 5 + 10 of SU(5) is anomaly free 


5 (3,1) TT (1,2) 
10 = (3,2) + (3,1) + (1,1) 
4> B) + EY + 6,2) eh) (1,1) 
6 X’s 6 Y’s 8 Gluons wt, 2°, y 
Q=+4/3 Q=+1/3 Q=0 
e—a aasal 


lepto-quarks 
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Baryon number and lepton number violating processes through ex- 
change of lepto-quarks are generated. However in SU(5); A(B—L) =0 
and as such for proton decay, the allowed and forbidden channels are: 


+ 


p —> etr’, p > vont 


p > e~ + (anything) t, p => Ve + Tt 


Charge operator 


(ii) 
SO(10) D SO(6) x SO(4) 
D SU.(4) x SU, (2) x SUR(2) Pati-Salam group 


SU.(4) x SUL(2) x SUR(2) > SUe(3) x U(1) x SUz(2) x SUR(2) 


The exceptional groups E4 and Ee are isomorphic to SU(5) and SO(10) 
respectively. The exceptional groups Ey and Eg have only real spinor rep- 
resentations. The only relevant group is Eg which has 78 parameters. The 
adjoint representation of Eg has dimensionality 78. The spinor representa- 
tion has dimensionality 27. The following chains are of interest. 


Es > SO(10) x U(1) 
27 > 16+10+1 
78 > 45+16+16+1 


Es D SU(5) 
27 — (5,10) + (5,5) + (1,1) 


Eg > SU.(3) x SU(3) x SU(3) 
OF (13, 304353.) 6 13) 
Leptons quarks antiquarks 
78 — (8°, 1,1) + (1°, 8,1) + (1°, 1,8) + (3°, 3,3) + (3°, 3,3) 
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17.1.1 q? Evolution of Gauge Coupling Constants and the 
Grand Unification Mass Scale 


At presently available energies gs, g2 and g’ are very different. How then 
can we have G with a single coupling constant ? This is possible since due 
to quantum radiative corrections g’s are q? dependent. Thus if we have a 
grand unification theory (GUT), there must be a point q? where gs, g2 and 
g' coincide. To see how this comes about, let us consider the q? evolution 
equation for the effective coupling constant in a general gauge theory [see 
Appendix B for more details]. 


aaa 17.1 
for q? > masses of fermions and gauge bosons but q? < M? and 
1/11 4 
b= Co(G Ty). 17.2 
(Foo $r) (17.2) 


1 
= JÎABNJ, (17.3) 


where ny is the number of quark flavors, known to be six. For SUz(2) in 
the electroweak group, 


Co(G) = 2, Trs = Tr (t,/2 Ts/2) 


1 
xiz number of left-handed doublets} , (17.4a) 
where s comes from the fact that we have only left-handed couplings. Thus 
1. 1 


Here 2n¢ = 12 appears since each generation has one lepton doublet and 3 
quark doublets (one for each color). For U(1) group of electroweak 


1 1,7 
Cz =0, Ty = 32 GY) (17.5a) 
because each fermion has either left-handed or right-handed coupling. Thus 


Lf{ny1f, 1 1 16 4 
T; = : ->+1+14+3-—+3-—-+4 
Vea gt 3 vey eg |} 


II 


A (17.5b) 
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It is convenient to introduce gı = \/5/3g’. Thus for q? > my, m3, m? 


doz} 1 (33 2 
Ha pigs (ieee 17. 
dng” «(3 Sny) >0 (ETE) 
daz" Lf 20. 2 
Spices fee e 0 17.7 
ding tt? AE nr) > (Prea 
da; 1 2 
aga VUA (ns) = oe) 


These renormalization group (RG) equations have the solution 
2 


az (q?) =a;* (m?) + biln Ar (17.9) 
Z 


Hence as q? increases 


(1) a, (q?) decreases 
(2) az (q*) also decreases but less rapidly than as (4°) 
(3) ay (q°) increases 


Thus, since a1 < a2 < a, at available energies, at some q? = MẸ , Qs, a2 
and a, should coincide [see Fig. 17.1] 


C2a, (M3) = C2az (M2) = C2ay (M3) = ae, (17.10) 


where C3,C2 and Cı are group theory numbers (so that the generators 
of the group are properly normalized) and are of order 1. For example 
for SU(5), C$ = CZ = C? = 1. Mx is called the grand unification mass 
scale at which one has only one free coupling constant ag. Since the gauge 
coupling constants are supposed to merge into one in GUT, the value of 
sin? Ow, which measures the relative strengths of a, and ag at q? = mZ , 
namely 


a (m3) 


sin? Ow i 


ai (mz) 


az (mz) 


= > tan? Ow, a2 (mz) = (17.11) 
enters into the determination of ag and My. Whether the three coupling 
constants meet at a single point q? = Mẹ, depends on the gauge group G. 
It may be noted that to include the contribution of Higgs doublet one adds 
— ny in the expression given in Eqs. (17.7) and (17.8), where ny is the 
number of Higgs doublets. 
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17. 


a, (Q?) 


Fig. 17.1 Behavior of as (q?) , a2 (q) and a, (a?) versus q?. 


1.2 General Consequences of GUTS 


The general consequences which one would expect from GUTS are 


(1) 


G being simple, the charge operator will be a generator of the group and 
traceless. So if it acts on any representation of G containing quarks and 
leptons, it would give some relation between quark and lepton charges 
(sum of charges in each multiplet = 0), i.e. we would have charge 
quantization. 

The fact that quarks and leptons share the same representation(s) of 
G, there would be relationship between quark and lepton masses. 
Since quarks and leptons share the same representation(s) of G and 
since gauge theories contain vector bosons linking all particles in a 
multiplet, there would in general be some interaction changing quarks 
into leptons, thereby violating baryon charge (B) and lepton charge 
(L) conservation. At present energy scale E < Egur ~ Mx, we have 
effective B and L conservation but this conservation cannot be exact. 


In general B violating forces will make proton unstable and so one has 


to watch that protons do not decay too quickly, the present experimental 
limit on proton decay is 


Tp > 2.1 x 10° years (independent of modes) 
> 10°! to 5 x 10% years (mode dependent) (17.12) 


Using a3 (mz) and a (mz) in Mg renormalization scheme adopted for the 


definition of the coupling constants: 


a3 (mz) = as (mz) = 0.1214 + 0.0031 
a~' (mz) = 127.88 + 0.09 (17.13) 
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as inputs, one can predict both Mx and sin? 0w (mz) [cf. Eqs.(17.10) 
and (17.11) and RG equations] in GUT models such as SU(5) with no 
extra scales between the electroweak scale and the GUT scale Mx. Typical 


predictions are sin? ôw = 0.215 + 0.003 and Mx œ~ (211) x 10!4 GeV. 
0.7 


This value of Mx in turn gives t(p — etn®) ~ 4 x 1079 1-2 years 
which contradicts the experimental limit t(p — e*n?) > 5 x 108? years. 
Likewise the above predicted value of sin? 9w (mz) differ from the presently 


determined value of sin? 0w (mz). 


sin? Oy (mz) = 0.23124 + 0.00017 (17.14) 


by six standard derivations. The same mismatch between theory (single — 
breaking GUT models) and low energy measurements given in Eqs. (17.13) 
and (17.14) is observed if one uses the three effective coupling constants 
from their measured values to the GUT scale and above. This is shown in 
Fig. 17.2, which shows that the three couplings evolved to the GUT scale 
do not meet at a point. This observation and the others discussed in Sec. 
1.6 perhaps point to the presence of new physics between the electroweak 
scale and the GUT scale. 

A related problem, which also requires new physics, is the so-called 
“hierarchy problem”. The point is that the Higgs mass is subject to large 
quantum radiative loop corrections: 


dma, = O (a/r) A?, 


which is unnatural for m7, < dm#, if the cut-off A used to regularize the 
divergent loop integrals is of the order of Planck scale (10'9 GeV), the only 
natural scale available in nature, unless there is some new physics at a 
scale < Planck scale. Then one can interpret A as a cut-off representing 
the energy scale at which new physics beyond the SM appears. In fact loop 
corrections give 


Gr A 
ôm = J [6miy + 3m} — mz, — 12m], 
where 
Gr TQ 


V2 ~ 2m? sin? Oy 
Putting the masses of W, Z bosons and t quark, 


2 
ém?, = — (S Tv) 200 Gev 
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which implies A < 1 TeV, if my < 200 GeV. Thus it is unnatural to have 
the masses of W and Z bosons at 80 and 90 GeV, respectively, and the 
Higgs boson mass below 200 GeV, unless the standard model is somehow 
“cut-off” and embedded in a richer structure that tames the ultraviolet 
divergence in the Higgs mass at an energy no higher than about 1 TeV. 
One such an alternative is provided by suppersymmetry, where there exists 
a symmetry between fermions and bosons; for any fermion there exists a 
corresponding boson of the same mass and vice versa. As a result there 
is a cancellation of the divergences in the radiative loop corrections since 
fermions and bosons contribute with opposite sign. As a result there is a 
scale associated with it. 

Thus as seen above one consequence of suppersymmetry (see next sec- 
tion) is that bosonic particles are naturally paired with fermionic ones. 
Each minimal pairing is called a supermultiplet. For example: a left-handed 
fermion, its right-handed antiparticle, a complex boson and its conjugate 
form a chiral supermultiplet. On the other hand, a massless vector field 
and a left-handed fermion form a vector super-multiplet — two transversely 
polarized vector boson states, plus the left-handed fermion and its antipar- 
ticle. Thus for V = 1 supersymmetry one has the following helicity states 


chiral: (1/2,0), gauge: (1,1/2), graviton: (2,3/2) 


Thus in the minimal supersymmetric extension of the standard model, we 
have the following particles 


Particle Spin Spartner Spin 
quark: q 1/2 squark: q 0 
lepton: 1 1/2 slepton: 7 0 
photon: y 1 photino: y 1/2 


weak vector boson: W wino: W 1/2 


1 

weak vector boson: Z 1 zino: Z 1/2 
Higgs: H 0 higgsino: H 1/2 
gluon: G 1 gluino: G 1/2 


Due to the presence of supersymmetric particles the RG coefficients b’s 
given in Eqs. (17.6), (17.7) and (17.8) are modified. This modification 
leads to a solution such that the couplings do meet at a point [see Fig. 
17.3]. The unification scale in such extensions is higher than the value of 
Mx discussed above in the context of SU(5) model. This would imply a 
longer life time for the proton, evading the present experimental bound. 
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Supersymmetry is needed from another point of view, which is discussed in 
the next section. 

Before we end this section, we may mention that another popular GUT 
model, SO(10) [rotation group in ten dimensions in internal space with 
spinor representations], when broken in a single decent to SUz (2) x U(1) x 
SUc¢(8) is also in conflict with the limit (17.12). However, in contrast to 
SU(5), SO(10) admits various symmetry breaking patterns, some contain- 
ing new intermediate mass scales. One such chain of symmetry breaking 
is 

SO(10) a SUz(2) x SUR(2) x SUc(4) 
x 

— SUz,(2) x U(1) x SUc(3) 

MR 


—+ Uem(1) x SUc (3) 


where SUc(4) is Pati-Salam group. Here it is possible to avoid the conflict 
with the limit (17.12). However, there is no prediction for sin? Oy; in fact 
its value is used to fix the intermediate mass scale mpr which is of the order 
of 10!3 GeV and being so large has no observable consequences. 

To conclude GUTS have several attractive features mentioned above, 
but their predictive power is limited. However, the idea that quarks and 
leptons can be treated on an equal footing, and that both lepton and baryon 
number violations are possible in such unified theories, is now an integral 
part of GUT models and their extension. 


17.2 Poincaré Group and Supersymmetry 


17.2.1 Introduction 


Even though there is no conclusive evidence at present time that super- 
symmetry is a symmetry of the world, supersymmetry is a favored way 
of reducing some problems in phenomenology beyond the standard model 
such as unification of gauge coupling constants of standard model at GUT 
scale (see last section). Issues such as the fine-tuning problem due to a fun- 
damental Higgs are naturally avoided in the supersymmetric theories since 
the normally large radiative corrections are softened due to the presence of 
the fermionic partner Higgsino. Similarly the hierarchy problem can also 
be resolved in this framework. Supersymmetry is seen as a positive fea- 
ture of string theory since the theory requires it and one does not have to 
introduce it by hand. 
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Fig. 17.2 Running of the three gauge couplings in minimal SU(5) GUT showing dis- 
agreement with a single unification point [5]. 
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Fig. 17.3 Running of the three gauge couplings in minimal supersymmetric extension 
of the standard model [5]. 


Supersymmetry (SUSY) pair the bosons with fermions. But bosons and 
fermions behave very differently. Consider rotating a spin-j particle by an 
angle 0 around an axis, say z-axis. While bosons come back to themselves 
after a rotation by 27 but fermions do not! Pauli’s exclusion principle hold 
for fermions but not for bosons. Because they behave so differently it seems 
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unlikely that a symmetry can exist which convert bosons into fermions and 
vice versa. Also there is no-go theorem due to Coleman and Mandula, 
which forbids conserved charges which are not Lorentz invariant other than 
those belonging to Poincaré’s group (such as momentum). But if a charge 
is Lorentz invariant it cannot change the spin and hence cannot change 
a fermion into a boson. However Coleman-Mandula theorem only talked 
about conserved charges coming from symmetries whose generators satisfy 
commutation relations. In the 1970’s physicists come up with the idea of a 
supersymmetry to unify space-time and internal symmetries, a symmetry in 
which some generators satisfied commutation relations and some satisfied 
anti-commutation relations. 

The simplest example of a supersymmetric system is provided by simple 
harmonic oscillator for which the Hamiltonian is [A= 1, m = 1, w = 1] 


Hp = =(P +°) 


where at and a are creation and annihilation operators which satisfy com- 
mutation relation [a,a'] = 1. The eigenstates of Hpg are |0) g, |1)B, |2)B,°--. 
al0)p =0 
In)e x (a')"|0)p 
1 
Hp = (n+ 5)In)p 
We now introduce the fermionic oscillator, which is defined by the op- 
erators d and d’ satisfying anti-commutaion relation {d,d'} = 1. The 


Hamiltonian is Hp = dtd — $ and eigenstates of Hp are |0) p and d'|0) p so 
that 


d|0) 7 =0 
For the combined system, the total Hamiltonian is 
H = Hg + Hf 
=alat+dd 


and eigenstates are 
l0), |1) = ato) |2} = (a*)?|0) 
11) = d0) |2) = d"|1) 
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Note the degeneracy of states in supersymmetric harmonic oscillator. The 
degeneracy in energy indicates that there is a symmetry. 
Define the operator Q = atd, Q = adt. Q is no longer a pure bosonic 
or fermionic object, and Q and QÏ provide the simplest SUSY algebra 
{Q,Q} = {Q',Q'} =0 
{Q.Q} =H 
[Q, H] = [Q', H] = 0 (17.15) 
These relations, which can be easily derived, explain degeneracy mentioned 
above. The above considerations show that any enlargement of the space- 
time group require generators which anti-commute. A brief review of the 


Poincaré group, whose generators satisfy the commutation relations will be 
of help in introducing the spinor generators, which anti-commute. 


17.2.2 Poincaré Group 

Poincaré transformation is 
x = a” + Abe” 
a” : translation 


AË : Lorentz transformation (17.16) 
The corresponding infinitesimal transformation is 
a! = x” + Ôx" = x” + a" + ae” (17.17) 
Associated with Poincaré transformation is a unitary operator: 
U = et Put ge Mu (17.18) 


As discussed in Chap. 3, the ten generators of the Poincaré group, are 
identified as: 


P, = —i0, generators of translation, energy-momentum 


Mpv = Luv + Suv generators of the Lorentz group 


where 
Lav = il£ py — LO), 
MY = —e* J, = dk JE = Mij = ĉijkJk : generators of the rotation group 


M“ = K’ =—M": generators of the Lorentz boost 
e4” Muy — e iw J—iC-K (17.19) 
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These generators should satisfy the same commutation relations which the 
corresponding differential generators P, and Lpy satisfy. They are 


[Pus P,] = 0 
[Mu P)] = UgvrPu E gpa Po) 
[Mv Map] = UgvaMup — GurxMrp + GupMva — 9vpMux) (17.20) 


Mpv = —Mip 
For a Dirac spinor field y(x): 
[Muv, V(2)| i —(Lu + pv )P(z) (17.21) 
where 
a 
Up = AOZA = Wn) 

= i aT — OVO p, 0 

~ 4 0 Opty — TuTh 

2 es 8 ) (17.22) 

O Ow 

where o,, = (00, —0°), Gy = (00, 0") and ot = —o;. 


We close the section on Poincaré group by introducing the Pauli- 
Lubanski operator 


Wy = — 5 Erato P” (17.23) 

It is a vector and plays the role of covariant spin operator. Under the 
Poincaré transformation W, transforms as 

[Pu,Wa] = 0 (17.24) 

[Myv, Wa] = ilga Wp — gua Wo) (17.25) 


This follows from the fact that W, is a vector under the Lorentz group. It 
is easy to show that 


[Wy, Wi] = i£ pvas WP” (17.26) 
The Lie algebra of the Poincaré group has two invariants 
Po Sere, (17.27) 
W? = W#W, (17.28) 
PW, =0 (17.29) 
which gives 
ES Wee (17.30) 


Po 
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For massless particle 


Ww = àP” (17.31) 
OJP 


emia 
|P| 


(17.32) 


Thus for a massless particle, A is the helicity with eigenvalues +s, where 
for a spinor s = Z and for a vector particle s = 1. 


17.2.3 Two-Component Weyl Spinors 


The Weyl spinors € and 7 or equivalently the Chiral projections of 4- 
component Dirac Spinor w, 


vr = ty (17.33) 
br = tty, (17.34) 


have already been introduced in Chap. 12 and Appendix A, where it is 
shown that 4-component Dirac spinor can be written as 


€ 
= 1 . 
ee (17.35) 
where y = ¿F = —io*n* and n = io2E. 
On the other hand for the Majorana spinor, which is self conjugate 
Ym = vu = Com (17.36) 
=P 
ma = Cop (17.37) 
Here charge conjugation matrix C is 
c 0 
= 1 . 
C T r) (17.38) 
e= io? 


The fundamental spinor representation of the Lorentz group are 


f= Cs C= a (17.39) 


designated as 
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so that 


gives Lorentz vector. 
It is convenient to introduce the following lowering and raising spinor 


metric 
01 r 
aß ar 2 = = aß 
€ io (Si a) € 
0-1 
= — ), 2 = = . 
Eag = —t0 k 0 ) Ewa (17.40) 
Erieg Eyre, 4? (17.41) 
Define 
E= iP, X= io*x* (17.42) 
Hence the Dirac 4-spinor can be expressed in terms of the undotted and 
dotted spinors as 
y= F ) (17.43) 
Xà 


Finally from Eqs. (17.21), (17.22) and (17.43) 
[Mur €°] a —i(Opy)3E° 


[Mav Xa] = ~i(Fw)2X, (17.44) 
where 
(ow) 8 = [nrg — HOY 
Ga = I [(Fu)aalev)9? -u e n] (17.45) 


17.2.4 Spinor Algebra, Supersymmetry 
Introduce two Weyl spinor generators 
Q*, Qa = io?Q** (17.46) 
It follows from Eq. (17.44): 
[Myr Q°] = ~ilo u) 3Q” 
[Mav Qa] = i)i; (17.47) 
[P,,Q°] =0 = [Pa Qa] (17.48) 
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This is not obvious (see problem 17.2). 

Now Q“ and Q, respectively transform as (1/2, 0) and (0, 1/2) under the 
Lorentz group. Thus 19°, Q} transforms as (1/2,1/2) under the Lorentz 
group and P” is the only vector generator of the Poincaré group. Thus to 


close the algebra we require {Q°,Q°} and {Q°,Q,} both of which are to 
be bosons and linear in P, and Mpv: 


{Q°,Q"} = t(o")P, (17.49) 
{Q*, Qa} = s(o"”)g My (17.50) 
Thus, on using Eq. (17.20) 
[Pa, 12%, Qo} = s(o"”)3[Pa, Mu] 
= s(o”)3 (i) (9ra Pa = GurPv) 


[Px {Q%,Q"}] = (o) PIP P,]=0 


Since Q“, Qg, g all commute with P), the left-hand side is zero. Thus 
we have s = 0, but the second equation is identically satisfied and as such 
does not fix t. Hence we have 


{Q*, Qa} =0 
{Qa Qs} =0 = {Qa Q3} (17.51) 


a ae af 
{QQ } = 2(0%) PP, 
= 2(o")P*P, (17.52) 
where we have taken t = 2, as the normalization condition. Equations 
(17.47), (17.48), (17.51) and (17.52) give the supersymmetry algebra. 


Finally for the 4-component Majorana spinor Qm = Q from Eqs. 
(17.21) and (17.22), 


[Pus Qa] = 0 (17.53) 
[Mav Qa] = —(E pr)? (17.54) 
{Qa, Qe} = ue icean (17.55) 


or equivalently 


{Qa QB} = —"C)apPu 
since [cf. Eq. (17.37)] 


Qa E Qi. 
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17.2.5 Supersymmetric Multiplets 


First we note that by taking the trace of Eq. (17.52), where only g? has 
non-zero trace equal to 2. 


Ga +Q? +919" + oe) = 4Py (17.56) 


that is 
2 


4(U|P°| v) = 3 (eo Q*)* + (Q%)*Q™|W) > 0 (17.57) 


implying that the spectrum of H = Py is semi-positive definite. In partic- 
ular for vacuum state |0}, Evac = 0 implies 


(0 |Po5| 0) = 0 = Q*|0) =0 (17.58) 
Thus the vanishing of vacuum energy is a necessary and sufficient condition 


for the existence of a unique vacuum. 
Now the Poincaré group has two invariants 


P? = P,P”, W? =W,W* = —m?J? (17.59) 
and J? has eigenvalues j (j + 1). Now while 
[P,Q] =0 = |P?, @¢] (17.60) 
but 
[wW?,Q*] #0 (17.61) 


Thus the massive irreducible representations of the SUSY algebra will cer- 
tainly contain different spins: j = 1/2 super charge Q® acting on a state 
of spin j results in a state of spin j + 1/2, thereby mixing fermions and 
bosons. 

Since Q“ changes fermion number by one unit, we may write 


(-1)*F Q° = -Q° (-1)** 
where Np is the fermion number operator. 


Now consider a finite dimensional representation R of the super algebra. 
Then since 


Tr j-n T (17.62) 


aig |-@ (-1)"" O° + Q* (-1)"F g”! =0, (17.63) 
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using Eq. (17.49) 
2 (0)? tr [en P, | =0 (17.64) 


For a fixed non-zero P,,, tr [(-1y*| =s (m \(-1)*" 


(—1)’" has value +1 on a bosonic state and —1 on a fermionic state, this 
means that 


m) = 0. Since 


np (R) — np (R) =0 (17.65) 


where ng is the number of bosons in the representation R and np is the 
number of fermions in the representation R. 

We now consider the representations of the SUSY algebra that can be 
realized by one particle states. We start with the massless case, since in 
most of the phenomenologically interesting scenarios the non-zero masses 
of the particles that we observe are generated by SUSY breaking effects. 
As already seen in Sec. 17.2.2 for massless particle 

P, [P] (17.66) 
is the helicity and W° = J - P. Now consider a massless state |p, A) with 
momentum p. Then 


P# |p, X) = p" |p, A) (17.67) 
Pop, à) = Elp, A) (17.68) 
7 Polp,d) = orp, A) = Ed\p, A) (17.69) 
(17.70) 
i.e. 

W° |p, A) = EAlļp, à) (17.71) 

Further we note that 
[Ww°,Q°] = —F(0 -P)gP? (17.72) 
[w°,Q,] = = (o . P)ÊP, (17.73) 

From Eqs. (17.74) and (17.75): 

W°Q* Ip, A) = ABQ" Ip, à) — 5 (0-P)3Q" Ip, A) (17.74) 


Selecting 
Q' |p, à} = 0 = Q? |p, A) 
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it is easy to derive the following result for massless state 
QÊ |p, A) = constant |p, A — 1/2) 
= V4E |p, — 1/2) 
Q? |p, à — 1/2) = V4E |p, à) (17.75) 


Hence there are just two states with helicity À and A — 1/2. The most 
common of them, which we encounter are 


à = 1/2,1,2 


Aà = 1/2 : Chiral supermultiplet: a Weyl spinor with helicity 1/2, and a 
scalar; plus CTP conjugate Weyl fermion of helicity —1/2 and another 
scalar. 

A = 1 : Vector supermultiplet: a massless vector particle, a fermion of 
helicity 1/2 and then CTP conjugate viz A = —1 and \ = —1/2. 

à = 2: graviton supermuliplet (2,3/2) and CPT conjugate A = —2, \ = 
—3/2. 

To conclude: bosonic particles are naturally paired with fermionic ones. 
Each minimal pairing is called supermultiplet. As we have seen above: a 
left-handed fermion (\ = 1/2), its right-handed antiparticle (A = —1/2), a 
complex boson (A = 0) and its conjugate form a supermultiplet. A massless 
vector field (A = 1) and a left-handed fermion form a vector multiplet, 
two transversely polarized vector boson states, plus left-handed and right- 
handed fermion and its antiparticle. Thus for M = 1 supersymmetry one 
has the helicity states, given in Sec. 17.1.2. 


17.3 Supersymmetry and Strings 


17.3.1 Introduction 


One of the main puzzles in quantum theory is how to reconcile General Rel- 
ativity with quantum mechanics. The usual method of taking the classical 
Lagrangian and quantizing it fails because of insurmountable difficulties in 
making sense of the renormalization program, which has been so successful 
in other quantum field theories. 

In most situations the domains in which quantum field theories are 
interesting and the domains in which General Relativity is relevant have 
no overlap. General Relativity is used when dealing with massive bodies of 
interest at large distance scales in astrophysics and cosmology and quantum 
mechanics is used at short distance scales. However, there are situations 
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where both theories become relevant. For instance, close to a black hole 
quantum effects become relevant as evidenced by Hawking radiation. When 
one begins to probe distances of the order of the Planck scale one expects 
that quantum gravitational effects will become important. 

The impasse in the field theoretic approach to gravity can be circum- 
vented by using string theory. String theory is a novel program which 
replaces the plethora of particles that exist by a single string! In this ap- 
proach the vibrational modes of the string correspond to different particles. 
Whereas in field theory it seems virtually impossible to include dynamical 
gravity, in string theory quite the opposite situation prevails: one cannot 
have string theory without gravity! This is because in the spectrum of string 
theory there is always a massless spin 2 field, which is naturally identified 
as the graviton. 

Another feature of string theory is that it requires supersymmetry. Even 
though there is no conclusive evidence at the present time that supersym- 
metry is a symmetry of the world, supersymmetry is a favored way of 
resolving some problems in phenomenology beyond the Standard Model as 
discussed in Sec. 17.2.1. Issues such as the fine-tuning problem due to a 
fundamental Higgs are naturally avoided in supersymmetric theories since 
the normally large radiative corrections due to a fundamental scalar Higgs 
are suppressed due to the presence of its fermionic partner, the Higgsino. 
Similarly the hierarchy problem can also be resolved in this framework. 
Supersymmetry is thus seen by many as a positive feature of string theory 
since the theory requires it and one does not have to introduce it by hand. 


17.3.2 Supersymmetry 


Space-time supersymmetry is a symmetry which generalizes ordinary 
Poincaré symmetry by augmenting the usual generators with fermionic 
generators. They satisfy certain commutation relations with the bosonic 
generators and anti-commutation relations with the remaining fermionic 


ones: 
(Qais Pi] = 0, 
1 
(Qai,; My] = 5 (Eur) 3 Qei, (17.76) 


{Qai QBI} = —9ij(YC)apPu + CapZij + (WsC)apZi;- 


P,, are generators of translations and M,,, are Lorentz generators. Together 
they generate the Poincaré group. The fermionic generators Q are in the 
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Majorana representation and C is the charge conjugation matrix so that: 

On One, (17.77) 
The index 7 runs over the number of supersymmetries 7 = 1,...,M. In the 
simplest case M = 1, the other cases are known as extended supersymme- 
tries. The Z and Z’ are so-called central charges, they are anti-symmetric 
in the indices i, j and commute with everything. They only exist when one 
has extended supersymmetry. 

One of the consequences of supersymmetry is that bosonic particles are 
naturally paired with fermionic ones so that the number of on-shell degrees 
of freedom of fermions and bosons are the same. Each minimal pairing 
consistent with a certain amount of supersymmetry is called a “multiplet”. 
For instance, in four dimensions the smallest amount of supersymmetry has 
four real fermionic generators and is referred to as N = 1 supersymmetry. 
In this case one can have an M = 1 “vector multiplet” which consists of 
a spin 1 gauge boson along with its supersymmetric partner, a Majorana 
fermion. The fermions and bosons both have two on-shell degrees of free- 
dom. In addition to the vector multiplet one can have a “chiral multiplet” 
consisting of a complex scalar and its partner, a Weyl fermion. Again the 
degrees of freedom are the same, i.e. two. One can have upto 16 real 
supersymmetries (usually referred to as M = 4 supersymmetry) without 
introducing anything above spin 1 in four dimensions. Beyond that one has 
to include higher spin degrees of freedom. Another useful limit to remem- 
ber is that if one restricts the highest spin of the fields to 2, corresponding 
to the graviton, the maximum amount of supersymmetry is generated by 
32 real fermionic generators (often referred to as N = 8 supergravity). 
The highest space-time dimension in which a supersymmetric theory can 
be written down with fields with highest spin equal to 2, is 11 dimensions. 
This is why eleven dimensional supergravity plays a distinguished role in 
supersymmetric physics. 

When supersymmetry is an exact symmetry, the bosonic and fermionic 
partners in a multiplet have the same mass. Clearly, this is not seen in na- 
ture. For instance, there is no experimentally observed scalar with the same 
mass as the electron which would qualify as the electron’s supersymmet- 
ric partner. Phenomenological models then have to break supersymmetry. 
The mechanism of supersymmetry breaking is not well understood, how- 
ever, once one assumes that superymmetry is broken at some high energy 
scale, one can incorporate in low energy models the breaking by simply 
introducing terms which break it. The number of such terms can be re- 
stricted to soft-breaking terms which are relevant in the infrared. These 
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terms push the masses of the (as yet) unobserved supersymmetric part- 
ners of the known fields up, to account for their unobserved status while 
carefully avoiding contradictions with well measured data. 

Supersymmetry is a vast area of research which deserves and has re- 
ceived book-length accounts. In the next subsection we will content our- 
selves with a simple example to illustrate the ideas touched on in our ex- 
position. 


17.3.2.1 Supersymmetric Yang-Mills: An Example 


To illustrate the basic ideas of supersymmetry we analyze a toy model: 
N = 1 supersymmetric Yang-Mills theory. As mentioned earlier, in a mini- 
mally supersymmetric model containing a vector field we need to introduce 
fermions with as many on-shell degrees of freedom as the vector field. A 
vector meson in d dimensions has d—2 physical degrees of freedom, whereas 
a fermion field with n components has n/2 on-shell degrees of freedom. In 
four dimensions we need to find a fermion field with 2 on-shell degrees of 
freedom to match the vector field’s physical polarizations. Both Weyl and 
Majorana fermion have 2 real on-shell degrees of freedom. Consider the 
following Lagrangian: 


1 en 
b= =i FP + x y" (Du), (17.78) 


where a sum over repeated indices is implied. a is a group theory index 
and runs over the generators of the gauge group since all fields transform 
in the adjoint representation of the gauge group: 


Fiy = ô Ap — Ov Al, + g f° AP, AS 


(Dup)* = On + gf Po AN pe. (17.79) 
The fermionic field 7 is taken to be a Majorana field: 
a — Ba 
Pa = Caph . (17.80) 


This Lagrangian is invariant under the Poincaré group and local gauge 
transformation, in addition it enjoys a fermionic symmetry: 


a 
ôA, = xem" 
a 1 a V 
oy? = Sgi" €. (17.81) 


See for instance, J. Wess and J. Bagger, “Supersymmetry and Supergravity” Princeton 
University Press (1992). 
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cis an “infinitesimal” spinor which anti-commutes with fermionic fields and 
commutes with bosonic fields. And Yav = top, as defined in Appendix A. 
This fermionic symmetry combined with the Poincaré symmetry is known 
as N = 1 supersymmetry. 

We can derive equal-time (anti-)commutation relations for the fields 7 
and A,,. There is a subtlety which needs to be mentioned here. Since the 
field Ag does not have a conjugate momentum one cannot quantize it in 
the usual way, more sophisticated methods are called for. In the following 
we pick the gauge Ag = 0 and agree to impose the equation of motion of 
the Ao field (Gauss’ law) by hand on all physical states. In this gauge we 
can write down the following equal-time commutation relations: 


{8 (a), b*?(y)} = 6° (x — y) 685% 
[FE (a), Ab(y)] = idit (a — y). ae 


Using these commutation relations and using the Majorana condition, we 
can write down the generators of supersymmetry in terms of the fields: 


1 
Qa = -7 | Pomc yum. (17.88) 


One can easily verify that these generators generate the above supersym- 
metry transformations in the gauge Ag = 0: 


EQ, Y] = E{Q,¥} = -iray me 


[eQ, Aj] a EQ, Aj] = Sey" (17.84) 


N = 1 Super Yang-Mills (SYM) has some properties in common with 
ordinary QCD. For instance, the one-loop beta function of this theory is 
given by: 

dg acd facd 

T a (17.85) 
The beta function is negative implying that the theory is asymptotically 
free just like ordinary QCD. Also like QCD, it is believed that SYM is 
confining and develops a mass gap. In addition, SYM has instantons which 


contribute to correlation functions. 


17.4 String Theory and Duality 


There are five known string theories, which are called the Type I, Type 
IIA, Type IIB, Heterotic SO(32), and Heterotic Eg x Eg string theories. 
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They are at first sight very different. For instance, the Type I and the two 
Heterotic theories have half the supersymmetries of the Type II theories. 
Similarly, the Type I and Heterotic theories have non-abelian gauge groups 
while the others don’t. One key feature that they do have in common is 
that they are all formulated in 10 dimensions. 

In 1995, the ground breaking work of Hull, Townsend and Witten unified 
these theories. They argued that, while naively the theories had distinct 
properties, in many cases they were non-perturbatively the same. Many of 
these properties can be understood by thinking of these theories as limits 
of a single theory: “M-theory”. 

The key concept unifying the string theories is called “duality”. The 
basic idea is simple. Consider a physical system which has two distinct 
descriptions A and B, say. A is then said to be dual to B, and vice versa. 
If the two descriptions are different, as they must for duality to be non- 
trivial, there must be mechanisms by which their apparent disparity can 
be overcome. Also, their region of validity must be such that one doesn’t 
find any obvious contradiction. There are many different dualities. We list 
a few to illustrate the concept. 

Strong-weak coupling duality. This is a very powerful type of duality 
which relates a theory A, say, at strong coupling to another theory B at 
weak coupling. An example of this duality is provided by the Type I and 
SO(32) Heterotic theories in 10 dimensions. Their couplings are inversely 
related. Thus when one of them is strongly coupled, the other is weakly 
coupled. Another example is that of the Type IIB theory which is self-dual 
under strong-weak duality. This means that the weakly coupled theory is 
the same as the strongly coupled theory with some fields interchanged. 

T-duality. In its most general form T-duality relates string theories on 
different manifolds to each other. An example is of Type IIA on R? x S! 
(where S! is a circle) which is dual to Type IIB on R° x $1. The radii of 
the two circles are related by R4 = a’/Rzg (a is the string tension which 
is the same as the 10 dimensional Planck length squared). Here we find 
that two distinct string theories on different manifolds (different because 
of their radii) are dual. Similarly, we have that Heterotic string theory on 
RS x T* (T* is the four dimensional torus) is dual to Type ITA on Rê x K3 
(K3 is a Ricci flat manifold of complex dimension 2). 


550 Grand Unification, Supersymmetry and Strings 


17.4.1 M-theory 


Perhaps the most amazing dualities involve M-theory. Very little is known 
about M-theory and yet it is a powerful tool in string theory. The defining 
feature of M-theory is that at low energies it is accurately described by 
11 dimensional supergravity. One duality states that M-theory on a circle 
of radius R is the same as type IIA string theory in 10 dimensions with 
coupling constant gs = (R/l,)?/? (where l, is the 11 dimensional Planck 
length). A surprising consequence of this identification is that strongly 
coupled type IIA string theory develops a new dimension (since in that 
limit R becomes large)! Another, similar, duality states that M-theory on 
a line segment is equivalent to Eg x Eg Heterotic string theory. 

One of the appeals of duality is that it allows one to formulate the no- 
tion of non-perturbative string theory by changing the description. A key 
method used in establishing duality is to work with the various supergrav- 
ities which capture the low-energy dynamics of string theories. The field 
content of supergravity consists of the massless modes of the string theory 
in question. For instance, the Type IIA supergravity describes the low- 
energy dynamics of Type IIA string theory. It has a number of massless 
fields of which the bosonic fields are as follows: 


ġo scalar dilaton 
guv graviton 
Buv anti-symmetric 2-tensor (17.86) 
A, abelian gauge field 
App anti-symmetric 3-tensor (17.87) 
The anti-symmetric fields all couple to extended objects known as p-branes. 
Just as a gauge field couples to a point particle, an antisymmetric (p+1)- 
tensor couples to a p-brane. An important example is B,, which couples 
to the Type HA fundamental string. 

We can compare the above field content to that of 11 dimensional su- 
pergravity. The massless bosonic content of 11 dimensional supergravity 
is: 

Guv graviton 
Cauvo anti-symmetric 3-tensor (17.88) 
At first sight it seems to bare little resemblance to the type IIA field content. 


Recall, however, that M-theory on R? x S1 is supposed to be equivalent to 
Type IIA string theory. When we compactify on St and take the radius 
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to be small we can ignore the dependence of the fields on the compact 
coordinate, as is usual when one performs dimensional reduction. From the 
ten dimensional point of view we can make the following identifications: 


An = Git 

ni = Gav (17.89) 
Buy = C pni 
Aig, (17.90) 


Thus we see that all the fields are accounted for. The dilaton serves as a 
coupling constant in type IIA supergravity. The usual string-frame dilaton 
is related. We see immediately that when the dilaton is large the radius of 
the circle becomes large and type IIA supergravity becomes a poor approx- 
imation for 11 dimensional supergravity. We understand this to mean that 
Type IIA is a perturbative theory which is non-perturbatively equivalent 
to M-theory on St. 

The spectrum of p-branes is different in the two theories, but they too 
are related as above. We illustrate this identification with a few examples. 
Type IIA string theory has 0-branes which couple to the gauge field A,,, in 
M-theory they correspond to momentum modes along S1. Since momen- 
tum is quantized in the St direction in integer units of 27/R, where R is 
the radius of the compact direction, the number of units is naturally iden- 
tified with the number of 0-branes. A striking difference is that M-theory 
contains no strings. It does, however, have a 2-brane (membrane) which 
when wrapped on the S! appears as a string in 10 dimensions as long as 
one is justified in ignoring scales smaller than the radius of the compact 
direction. 

All string dualities have to satisfy consistency checks of the above kind. 
Fortunately there are many tests one can perform. Here the importance of 
a distinguished set of states known as BPS states are particularly useful. 
BPS states preserve some fraction of the total space-time supersymmetry, 
by virtue of which they are the lowest mass states in their class and are 
guaranteed to be stable. Many of their properties can be established ex- 
actly, even when the theory is strongly coupled. 
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17.5 Some Important Results 


Many new insights have been gained using duality. Although these areas 
do not directly touch on finding phenomenologically viable models some 
do demonstrate the ability to study phenomena which generically exist in 
realistic models. We briefly discuss some of these below. 

In the last few years, using duality, considerable progress has been made 
in our understanding of gauge theories, particularly supersymmetric gauge 
theories. Significant results include the demonstration of confinement and 
chiral symmetry breaking in four dimensional gauge theories. 

String theories have been used to study black holes. One of the most 
exciting new results concerns the problem of black hole entropy. The 
Beckenstein- Hawking entropy is a thermodynamic quantity which satisfies 
a generalized version of the second law of thermodynamics. It has recently 
been given a statistical mechanical basis by relating it to microscopic states 
of a black hole. 

Recently, progress has been made in finding a connection between grav- 
ity and field theory. One manifestation of this has been a proposal that a 
quantum mechanics model known as Matrix theory captures the dynam- 
ics of M-theory. Many checks have been performed to test the ability of 
Matrix theory to reproduce supergravity calculations with success. An- 
other approach known as the Maldacena conjecture has led to a radically 
new connection between conformal field theories and supergravity in AdS 
backgrounds. 


17.6 Conclusions 


We have given just a flavor of the vast and rapidly growing area of super- 
symmetry and string theory dualities. The interested reader should consult 
review articles and books for a thorough introduction to the subject. A 
good place to start is the recent book by Polchinski (J. Polchinski, “String 
Theory” Vols. 1 and 2, Cambridge University Press (1998)). 


17.7 Problems 


(1) Show that 
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oata? = (at)? 


(b) 
(0") 08 = (Fa 
(c) 
Poo = Xak* + E Xa 
(d) 
pumy Ym =0 
(e) 


boybp = E (East? + xalo") PX, 
= a(o") ŻE; + Xalo) ËR 
(2) Show that 
[PP Q*] =0 
Hint: P” is 4-vector, only other 4-vector available is ø”. It follows 
that 
IP, Q°] = c(o")*?Q, 

where c is a complex number. Take the complex conjugate of the above 
equation, (P#* = —P#): 


Then use the Jacobi identity 
[P*, [P”, Q7] + [P’, [Q*, P*]] + [Q7, [P*, P”]] =0 
For a chiral supermultiplet, the Lagrangian is given by 
1 
L= igtate + 5d" Duh 


Show that the above Lagrangian is invariant under the infinitesimal 


— 
w 
wm 


supersymmetric transformations 
beh = V 2T CE (17.91a) 
ôE = V2io"0,¢oCe* (17.91b) 


where € is a parameter which transforms as a left handed chiral spinor 
and C is charge conjugation matrix. 
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(4) Qa and Qa are generators of SUSY transformations. For chiral super- 
multiplets € and ¢, the SUSY transformations is given by Eqs. (17.9la 
and 17.91b) 


(a) Show that 


[Ses Sea] $= 2i [ef (0) agë? — F(")aa@i] xd (17.92) 
(b) The transformation in terms of supersymmetric generators Q and 
Q are: 
be = € QE Q= Qa + & 0° 
Show that 


[51 5eal = (Qa, Qghea — S{Qa,Qaher 
Hence show that [6.,,6.,] $ satisfy Eq. (17.92), which shows that 
the transformations defined in Eqs. (17.91a) and (17.91b) are SUSY 
transformations. 
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Chapter 18 


Cosmology and Astroparticle Physics 


18.1 Cosmological Principle and Expansion of the Universe 


On a sufficiently large scale, universe is homogeneous and isotropic. This is 
called the cosmological principle. In such a universe, a coordinate system in 
which matter is at rest at any moment is called a co-moving coordinate sys- 
tem. An observer in this coordinate system is called a co-moving observer. 
Any co-moving observer will see around himself a uniform and isotropic 
universe. Cosmological principle implies the existence of a universal cosmic 
time, since all observers see the same sequence of events! with which to 
synchronize their clocks. In particular they all start their clocks with big 
bang. 

A homogeneous and isotropic universe is described by the Friedmann- 
Robertson-Walker (FRW) metric which describes the geometry of the uni- 
verse 


dr? 


2 _ 2,442 2 


+ r? (d0? + sin? 6 do?) | . (18.1) 
t,r,0,@ are co-moving 4-coordinates and R(t) describes the expansion of 
the universe and is appropriately known as the scale factor. Notice that in 
a homogeneous and isotropic world it is necessarily a function only of time. 
k is related to the 3-space curvature or geometry at a particular time. 
With suitable rescaling of R(t), k can be made to have values +1, 0, or —1 
corresponding to the positively curved, flat or negatively curved (spatial 
sections of the) universe respectively?. One can write Eq. (18.1) as 


ds? = edt? — R? (t) do? 


lFor example, the evolution of matter density. 
2 Also known as closed, flat or open universe in literature. 
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where do? is the line element of a Riemannian 3-space of constant curvature, 
independent of time. By change of variables 
dr? 
= dx? 
1 — kr? K 


sin-'r for k= +1 
= r fork =0 
sinh!r for k= —1 


so that 


>= 
II 


we can write the line element do? as 
do? = dx? + fi (x) (d0? + sin? 0de?) 
where 


sinx for k= +1 


feka) =4 x fork=0 
sinh y for k = —1 


FRW metric can thus be written in a more convenient form 
ds? = ° dt? — F? (t) [dx? + fÈ (x) (d0? + sin? 0d¢”) | (18.2) 


Now r (or equivalently x) being a co-moving coordinate is a label for a 
particular galaxy and does not change as the universe expands. Further- 
more for an isotropic universe 0 and ¢ also remain fixed for a particular 
galaxy. This means that in a given direction the physical distance between 
two points (or galaxies), say, at r = 0 and r = r’ is given by 


L= R(t) r, (18.3) 


and the velocity of expansion is given by 
dl 


c= R(t) r 
_ RW = 
= RO r = He, (18.4) 
where 
gaan (18.5) 


(t) 


3That is, at the same values of 0 and ¢. 
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is called the Hubble parameter and determines the expansion rate of uni- 
verse. Let us denote by to the present time and by te the time at which 
light was emitted from a distant galaxy. Correspondingly we denote the 
detected wavelength by A, and emitted (laboratory) wavelength by Ae of 
some electromagnetic spectral line. We define the redshift 


7a AA Ao Ae 
“HA ae 
ào _ R(to) 
l+z= = ; 18. 
z Ne > Rte) (18.6a) 
Then 
R H(z) 
ern 18. 
Ro l+z (18:06h) 


Equation (18.6) shows that the redshift directly indicates the relative linear 
size of the universe when the photon was emitted. This redshift is experi- 
mentally observed and it clearly shows that the universe is expanding. 

The highest redshift so far discovered z = 6.96 so that the Lyman-alpha 
line appears in the red part of the spectrum around 7200 Å. This implies 
that aa = (1+ z) = 7.96. In the matter dominated universe R ~ t?/° 
(see below). This gives [with to = 1.5 x 101° yrs, the present age of the 
universe] te ~ 34 (1.4 x 10'° yrs) ~ 10° yrs. The existence of these high 
z-objects implies that by the time the universe was about 10° yrs old, some 
galaxies (or at least their inner region) had already been formed. 

For small time intervals since emission compared to Ho 1 Eq. (18.6a- 


18.6b) takes the form 


Ro IRo 1 
~ At— ~ -— = -H, 18.6 
i Ro c Ro C A ( 2 


where I is the distance to the source. 


18.2 The Standard Model of Cosmology 


The framework for the Standard Model of Cosmology is provided by Ein- 
stein’s theory of gravity 


1 8rGn 
Ryw n zImR = ~a Iw + Juv A (18.7) 
where R,, is the curvature tensor, R = g’”Ryv, Tuv is the energy- 


momentum tensor, A is the cosmological constant and Gy of course is 


560 Cosmology and Astroparticle Physics 


the Newton’s gravitational constant. The above equation relates how mat- 
ter (the R.H.S.) influence the geometry of space-time (the L.H.S.) and the 
expansion of the Universe and vice versa. It is assumed that the matter in 
the universe behaves like an ideal fluid which has 
TH” = (pc? + p) UYU" — gt’p, (18.8) 

where p is the isotropic pressure, p is the energy density and U” = (1,0,0,0) 
is the velocity vector for the isotropic fluid in a co-moving frame. Then 

Too = pe? 

Tij = —PJij (18.9) 
Using the FRW metric, one can calculate components of Ray [only the 


calculation of 00 and 11 component is sufficient] and then a substitution 
in Eq. (18.7) gives 


4nGn 


R 1 
= -A Pai 18.10 
mos ga (pc + 3p), (18.10) 
and 
R R? 4+ ke? 2, 4nGn 2 
Beto Saer Ve (18.11) 


where we have used Eq. (18.8). We can use Eq. (18.10) to get rid of R in 
Eq. (18.11) 


k 2 
R 81G k 1 
H? = (5) a = Np "a s: ze. (18.12) 


Equations (18.10) and (18.12) are known as Friedmann-Lemaitre equation. 
Further the energy-momentum conservation gives 
b= —3H (pc? + p) (18.13) 
This equation can also be derived from the first law of thermodynamics, 
which assuming adiabatic expansion gives 
d (pR?) + pd (R?) = 0. (18.14) 
From Eq. (18.12), one can obtain the expression for the critical density 


pe [total density required for the flat, k = 0, universe for a given expansion 
rate] with A = 0, 


= 3 (RÆ a 3H? (t) 
pem 81Gn (38) 7 81Gn et) 


4Of course, the inverse metric is also required. 
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The cosmological density parameter is then defined by 
p 
Q= — (18.16) 
Pe 
In addition we need the equation of state. We take this to be that of the 
ideal gas 
p=nkpT (18.17) 


where n is the particle density and kg is the Boltzmann constant (kg = 
0.86 x 1071? MeV/K) (where K: Kelvin). If we take kg = 1, then the 
temperature is measured in MeV. In particular 0.86 MeV= 10!°K. We note 
that for a non-relativistic (NR) gas, kgT < mc?, so that 


pE MMe, (18.18) 
i.e. 
p< pe’, 
where 
p=mn. 


Then we say that the universe is matter dominated. For extreme relativistic 
gas (ER) 


1 
) ee 
pe = 3nkgT (18.19) 


and we say that Universe is radiation dominated. Present Universe is mat- 
ter dominated, i.e., p ~ 0. Thus from Eq. (18.14), we have 


d(pR°c?) =0 


pR? = constant = au i (18.20) 
T 


where M is a constant of the dimension of mass”. At this stage it is conve- 
nient to introduce the conformal time 7 : dt = Rdn, 
. 1 dR 


= 18.21 
Ri (18.21) 
Using this relation with Eq. (18.12) we have then [A = 0, c= 1] 
1 /dR\? 81G 
= R? -—k. 18.22 
a ( =) S, (18.22) 


5 : : : 
°In other words the mass of a comoving region remains a constant. 
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Integrating Eq. (18.22) with the help of Eq. (18.20), we get for k = 1 
(positively curved Universe) 


R= MG (1 — cosn) 


t = MG(n-sinn), (18.23) 
and for k = —1 (negatively curved Universe), 
R = MG (coshn — 1) 
t = MG (sinh — 7). (18.24) 
For k = 0 (flat Universe) 
1 
R=(2MGy)'" n, t=5 (2MGn)? n. (18.25) 
All the three cases are shown in Fig. 18.1. 
A 
k<0 
R(t) 
k=0 
k>0 
r > 


Fig. 18.1 Plot of scale factor R(t) versus time t for closed (k > 0), open (k < 0) and 
flat (k = 0) Universe. 


For k = 1, the Universe will recollapse in a finite time, whereas for 
k = 0,-1 the Universe will expand indefinitely. These simple conclusions 
can be altered when A Æ 0 [see Fig. 18.2]. Thus in the presence of A there 
is no link between geometry (curvature) and the fate of the Universe. A 
so-called closed Universe (k = 1) can expand forever. 


18.3 Cosmological Parameters and the Standard Model So- 
lutions 


The essential feature of the standard model of cosmology, that the Universe 
“started” in a hot and dense phase and has been undergoing expansion since 
then, is based on two directly observed facts: 

(a): The distant cosmological objects were found to be moving away 
from the observers with velocities proportional to their distances: v = Hl. 
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Rit) t ne k=0 


Fig. 18.2 Plot of scale factor R(t) in the presence of A. 


(b): The universe is filled with a gas of photons with temperature Tp ~ 
2.7K called the Cosmic Microwave Background (CMB) radiation. This is 
supposed to be relic of the early Universe. The observed isotropy of the 
CMB radiation (AT/T ~ 1075) provides the strongest direct support of 
the cosmological principle. 

Another indirect evidence that validates this picture is the successful 
prediction of Helium and other light element abundances created in the 
early universe. These calculations are done within the framework of the 
big bang model. 

Some of the important parameters within this framework are as follows. 
(i) Hubble parameter 


(18.26) 


Ro 


This measures the expansion rate at a given time in the history of the 
Universe. Its present value is H(to) = Ho = 100h kms~' Mpc™t, h ~ 
0.71 + 0.01. Hg’ = 9.78 h! Gyr= 2998h! Mpc. 

(ii) Density parameters 

The energy density p can have several sub-components p; and we can define 
a density parameter for each of these. 


Ppi 3H? (t) 
(t) a pelt) = -G 

Peo = 1.88 x 10~-79h? gem 7? = 1.05 x 1075h? GeVem~3. Although dom- 
inant in the early universe Q, and Q, are completely negligible compared 
to Qm and Qy today®. Also in order to make use of Eq. (18.12), we need 


(18.27) 


6From now on we will use subscript “r” for radiation, “m” for matter, “v” for neutrinos 
and “V” for the “vacuum energy”. So for example Qr means Qradiation and so on. 
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the equation of state for each of these components, namely, 
Pi 
pic? 


= wi, (18.28) 


where for example w, = 1/3, wm = 0 and wy = —1 if the vacuum energy 
happens to be the cosmological constant. Since we do not know about the 
nature of the vacuum energy [see Eq. (18.32)], wy is another parameter in 
the standard model that has to be determined by observations. 
(iii) Deceleration parameter 
RORE R(t). 
q= ©) Os (1) (18.29) 
R (t) 
We can use Eq. (18.13) with the equation of state (18.28) to give 


Ppi = 3 pi( + wy) 
which has the solution: 
pi R 
pa Ro 
If the first term on the right of Eq. (18.12) dominates, then its integration 
on using Eq. (18.30), gives 


)-3+es) — (1 4 zs too (18.30) 


Rw tH, wv; l (18.31) 


Instead of using the cosmological constant A, we can equivalently use the 
vacuum energy (which is more general) 


Ac? > 8nGpy (18.32) 
Then the Friedmann equation (18.12) gives the sum rule 
H?(z) 3(1+wi) k 2 
m ~ ye +2) -= maT! +2) (18.33) 


Pio 


where of course 2; = (cf. Eq. (18.16)]. For a universe with radiation, 


PcO 
matter and vacuum energy, Eq. (18.33) takes the form 
be = (Qm +0, + Ay — 1) (18.34) 
HR = m r V : 


where the subscript “0” as usual indicates the present day values. Especially 
for a flat (k = 0) universe it means that Nm +0,+0Qy = 1orQ,+Qv ~1 
as Q, is negligible. 
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Using the Friedmann equation (18.10) the deceleration parameter q = 


dh, can be written as 


R(t) 1 M 

q(z) = ( ) 5 z 
R(t) Ho H?(t) 

Ho 2 1 3 x 
= (= = Q; 1 j 1 (twi) 
Gray) Ml + Bayar +9) 
= ( Ho 
H(z) 
The last step follows since Q, is negligible and wy = —1. Further 


1 


Qad+z = 9y] (18.35) 


a 


1 143 
= 52m + Op + oy (18.36) 


We can conclude that 


(i) For wy < —4, the vacuum energy may lead to accelerating expansion. 
Current data support it and gives Qy = 0.72 + 0.05 and Qm = 0.28 + 
0.05 if k = 0 [see Sec. 18.4]. We see that A acts as “repulsive” (anti) 
gravity tending to speed up the expansion. It should be noted that it 
is the negative pressure of A rather than its energy density that does 
that. 

(ii) The presence of vacuum energy implies that there is no link between 
geometry (curvature) and the fate of the Universe: (a) A closed Uni- 
verse (k > 0 which implies Qy > (1 — Qm)) can expand for ever if A is 
positive (b) An open Universe (k < 0 which implies Qy < (1 — Êm) ) 
must recollapse if A is negative. 

(iii) From the relation (18.6), 

aR _ H(z) y dR _ 1 
Ro 1+z Ro (142) 


so that 
dt = ee (18.37) 
(1+ 2) H(z) 
For t = to, R= Ro, z=Oandt—0, R —> 0, z — œ. Thus the age of 
the Universe may be written as 


Co 


dz 
"= | TDTO (18.38) 
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On using Eqs. (18.33) and (18.34), with wy = —1 and neglecting Qr, 


Hoto = / e 5 (18.39) 
(1+2) [a+ (Qmz +1) — 2(2 + 2) 2] 


For the special case Om + Qy = 1, Qm < 1, by a change of variables 
X=14+ ae (1+ z)®, the above integral simplifies to 


j 


Hoto = 
dX 
X2—1 


f 
1/JVQv 
giving 
1 1 mit vey 

n 
38VQy 1- VQyv 


For Qy ~ 0.72, Hoto = 0.98 gives to = 0. 98H, + = 9.6h—-!Gyr= 13.5Gyr, 
the age of the Universe. 
Finally from Eqs. (18.30) and (18.31) we have, for 


Hoto = 


(18.40) 


; ; ; = 2 

(i) matter dominated Universe, w = 0, p ~ R7’, R ~ t? 

a ae À : Š 1 

(ii) radiation dominated Universe, w = z, p~ Rt, Rants 

2 2 

wae d i d z 2_R _ |kle 
(iii) curvature dominated Universe, H? = m= pr Ret 

: m r ; e INg? 
(iv) vacuum dominated Universe, # = ,/$Ac?, ie. Rx eV 3At — eĦt 


with H = Goy. This gives what is now known as the inflationary 
phase of the Universe. 


Thus we see that the curvature dominates at rather late time if a Cos- 
mological term does not dominate sooner. We note that a = ae x R. 
Thus at early times we have that the vacuum energy much pene suppressed 
compared to that of matter or radiation while it dominates at late times. 
Hence we would expect a transition from deceleration to acceleration at 
some z. As will be discussed in Sec. 18.4. there is evidence for this in the 
present data. This seems to occur at z = 0.5, i.e. about 5 billion years ago. 


18.4 Accelerating Universe and Dark Energy 


The discovery that the universe is accelerating its expansion was made in 
1998 by two independent groups. 
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18.4.1 Evidence from Supernovae 


One of the key evidences for accelerating universe comes from supernovae 
of type Ia which are generally thought to be thermonuclear explosions of 
white dwarfs and serve as effective standard candles’ ; thus one can deduce 
their distances from their apparent brightness. One defines the luminosity 


distance as follows 
Ls 
dr = V aa 


where Ls is the intrinsic luminosity of the source and F is the flux. It can 
be shown that the observed luminosity of the source, Lo is related to Ls by 
Lo(redshift)= ——- Ls, so that 


(1+2)? 
dy = (1+2) 2 (18.41) 
— pA s . 
a 4r F 
Now 
dr = (1 + z) reRo 
where re is the coordinate distance 
t t pA 
dt 1 f 1 dz 
Te = e ORY 1+z dt = — TRA 
Jro Tm]. +2277 h, ao 
Here we have put c = 1 and used the relation # = Hite) Thus 
* dz 
dg =(1 18.42 
2-049 | AG (18.42) 
This gives 
1 
H (2) (18.43) 


The quantity in the denominator can be measured. H (z) on the other 
hand knows the history of the Universe and determines the expansion of 
the Universe. It depends on Om and Qy and thus on equation of state. 
Supernova had actually been detected to be systematically 25% fainter 
than expected i.e. more distant than one would expect for a cosmic whose 
expansion has recently been showing down, or even coasting. The situation 
is summarized in Fig. 18.3. 

They thus provide the first direct evidence of the transition from the 
earlier decelerating phase to the present accelerating expansion. Note, in 
particular the transition from decelerating to accelerating at z = 0.5. 


“Standard candles are astronomical objects that have standard or known intrinsic lu- 
minosity that can be inferred from a certain characteristic possessed by the objects in 
that class. For example, SN Ia have a characteristic graph between the observed light 
intensity and time (called the “light curve”). 
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0.0 0.5 


Fig. 18.3 Cosmic expansion rate R is plotted against the redshift z. Positive and 
negative slope indicate decelerating and accelerating expansions respectively [16]. 


18.4.2 Evidence from CMB Data 


We can see the universe 380,000 years after Big Bang by studying the 
microwave background radiation, which is a direct relic of the universe 
when it becomes transparent to electromagnetic radiation. Fluctuations 
in the CMB radiation® have been detected with angular resolutions from 
7 degree to few arc minutes in the sky. As the matter is tightly coupled 
with radiation early on, these fluctuations indicate the first clumping of 
matter particles into cosmic structures. Overdense regions have a higher 
temperature and thus photon pressure tends to oppose this clumping. The 
net result is gravity driven acoustic-like oscillations. These oscillations left 
their signature in the anisotropy of the CMB. 

After seven years of running, Wilkinson Microwave Anisotropy Probe 
(WMAP) provides a detailed picture of the temperature fluctuations which 
one can analyze by a Gaussian model which fit the WMAP data. These 
fluctuations are usually expressed by spherical harmonic expansion 

AT _ T(6,¢) 
T T 


-T 

lm 
Most of the cosmological information is contained in the two-point tem- 
perature correlation function equivalently expressed by the angular power 
spectrum 


2 
i(l+1)Q=>- atm (18.45) 


which is plotted against multipole moment | [see Fig. 18.4]. Cı depends on 
all the cosmological parameters. 


8Typically at the level of a few parts in 10°. 
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Fig. 18.4 Angular power spectrum of CMB temperature fluctuations [21,25]. 


The position of first peak tells us that the biggest CMB hot spots make 
an angle of 1° ~ 180°/l, implying l ~ 200 on the sky if CMB photons 
are not distorted by the large scale cosmic curvature between us and the 
horizon of the last scattering surface. This in turns implies that geometry 
of the universe is flat: k = 0 [for k < 0, angle would be smaller implying 
l > 200, and for k > 0, angle would be larger implying l < 200]. Since the 
non-baryonic matter is impervious to radiation pressure, the sound ampli- 
tudes depend sensitively on the baryonic density. This has the important 
consequence that the height of the second peak relative to the first peak is 
a sensitive measure of baryon density, giving 


Qs = 0.04 (18.46) 


in agreement with that inferred from Big Bang nuclear synthesis of primor- 
dial H and He [see Sec. 18.8]. 

Figure 18.5 summarizes the three independent data sets, namely super- 
novae, CMB and the structure formation. Comparing the results with the 
estimates about Q, mentioned in (18.46), there is evidence for the existence 
of Dark Matter (DM). DM by definition is non-luminous and its presence 
can only be inferred from the gravitational effects on the visible matter. 
Its composition is unknown, although there are many candidates for it. 
Historically the earliest results came from the rotational speeds of galaxies 
and orbital velocities of galactic clusters. If all matter were luminous, the 
rotational speed of the galactic disc, V(r) ~ 4/ eMo), M (r) being the 
mass inside the orbit, r is the distance from the orbit. But the observations 
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shown that V (r) ~ constant. This implies the existence of dark halo with 
mass density p x +, i.e. M (r) xr. 


ff Supernovae 
A, 
CMB 


expands forever 


Qu 


Fig. 18.5 Evidence for dark energy. Shown are a combination of observations of the 
cosmic microwave background (CMB), supernovae (SNe) and baryon acoustic oscillations 
(BAO) [17,25]. 


Other observations consistent with the existence of DM are: 


(i) gravitational lensing of background orbits by galaxy clusters 
(ii) the temperature distribution of hot gas in galaxies and cluster of galax- 
ies. 
The data shown in Fig. 18.5 gives us the following values for the basic set 
of cosmological parameters. 
Q = 1.006 + 0.006, consistent with spatially flat universe 
h = 0.71 + 0.01 
Qmh? = 0.133 + 0.006 (18.47) 
OQyh? = 0.0227 + 0.006 
Qh? < 0.0076 
Further analysis of structure formation in the universe indicates that most 
of the DM should be “cold” i.e. should have been non-relativistic at the 
onset of galaxy formation. This is consistent with the upper bound on the 
contributions of light neutrinos? given above. 
From Eq. (18.32), with Q, negligible and wy = —1, we see that the 
present data implies the deceleration parameter 


1 
Go = 50m — Qa <0, 


9Which are not “cold” at that epoch. 
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i.e. the universe is accelerating in its expansion. Further, as has already 
been mentioned, there is evidence in the present data for a transition from 
deceleration to acceleration at some z. 

There have been a number of attempts to explain this phenomenon. 
Each approach is plagued by its own problems like fine tuning, instabilities, 
etc. There are four broad class of models that have been put forward to 
explain this issue. 


(1) Cosmological Constant: The energy density of the vacuum. 

(2) Quintessence: Scalar Fields of unknown origin with negative pressure. 

(3) Modified Gravity: General Relativity has to be replaced by another 
theory at the cosmological scales. 

(4) Backreaction: General Relativity is correct but we do not know how to 
apply it in cosmology. 


We briefly discuss them one by one. 

The standard model of cosmology with cosmological constant A, also 
known as ACDM is the simplest model which is compatible with all the 
data till now and there is no other model which gives better statistical fit. 
But present theory, namely the Standard Model of particle interactions, 
cannot explain it since 


palobs = = ~ (1073eV)" 


while 


4 4 
PAltheory me Mfndamental 2 Misy; ay (1TeV) a> PAlobs 4 

To summarize, the cosmological constant A explains the late time ac- 
celeration of the Universe. But we do not know what really is CDM and 


we cannot give a theoretical justification to the Cosmological Constant. 


18.4.3 Quintessence 


Just as we can think of cosmological constant as an effective stress energy 
term, we can also construct other stress energy terms. This can be most 
easily done by the use of scalar fields. Since energy density is always posi- 
tive, this means that we need to have a sufficiently negative pressure. Such 
a system can be constructed out of scalar fields. Consider a real scalar field 
$, with potential V (¢), with Lagrangian density 


L= 59!0,00,6 — V (6) (18.48) 
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The stress energy tensor for this can be calculated as 


Tyv = 240800 — Juv |5000 + V(O) (18.49) 


If the scalar field is homogeneously distributed in space, then the space 
derivatives of it are zero and thus we get the energy density and pressure 
[TH = pd"): 


1. 
p=T® = z” + V(¢) (18.50) 
i 
P= z” — V(¢) 
and from this we can calculate the equation of state as 
12 
—2 
= ae) Vv) (18.51) 
p? + 2V(4) 


Using the conservation of energy condition V,7""” = 0, we get the equation 
of motion for the scalar field 

b+3Hdb+t+ We (18.52) 

do 

From Eq. (18.51), we see that for constant fields, we get w = —1 just as 
for the cosmological constant. From these equations, we see that with a 
suitable choice of potential, we can explain the accelerated expansion of the 
universe. 

There are, however, some problems with scalar fields. For example, 
consider the potential V(¢) = }m3¢?. Now assuming that < ¢ >~ Mp 
and noting that the observed value for energy density is about (1071?GeV)4, 
we can estimate mg as 


p~ V(b) ~ mig? > mg ~ 10° eV (18.53) 


In the standard model of particle physics, the masses are of the order of 
MeVs or GeVs. So this extremely small value constitutes a fine tuning 
problem for the scalar fields, i.e. how do we construct a model from known 
particle physics that leads to such a small mass? 

On top of that we have a new cosmological constant problem to solve. 
Since the accelerated expansion is now explained completely by scalar fields, 
it is hard to understand why A = 0. So we see that while quintessence solves 
some problems, it creates new ones. Before ending this section, it should 
be emphasized that there have been a large number of proposals on scalar 
field models as the source of cosmic acceleration. To date we do not have 
any scalar field model that evades the fine tuning problem. 
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18.4.4 Modified Gravity 
The Einstein-Hilbert action 


1 
S= og | tev=9R+ Su (18.54) 


leads to the Einstein field equations. It has been shown that the simplest 
classes of Modified Gravity Theory is the f(R) gravity, i.e. replace R by 
f(R), the equation of motion is then 


d 1 d d 
Fi — 9w f (R) + gu j Vivo f = KTw (18.55) 
dR 2 dR dR 


R 


It is important to note here that for general relativity, f(R) = R and Eq. 
(18.55) reduces to Einstein’s field equation: 


1 
Rup = aI = KT yy 
We can write Eq. (18.55) in a more familiar form: 


1 
Gav = Rw - pI kh 


E [f(R)-— Rf'(R)] | [VuVu f (R) — 9u OF'(R)] 
FR) 2f'(R) f(R) 
(18.56) 
= F Gs P TP) (18.57) 


where we wrote df/dR = f'(R). It is interesting to note that Eq. (18.55) 
is fourth order in the metric, while general relativity is only second order 
because the covariant derivative terms vanish in this case. Taking trace of 
this equation gives 


f'(R)R — 2f(R) + 30f'(R) = KT. (18.58) 


This clearly shows that this equation relates R with T differentially, not 
algebraically as in the case of general relativity, where R = —KT. This 
already indicates that the field equations of f (R) theories will admit a larger 
variety of solutions than Einstein’s theory. One very important result is 
that T = 0 no longer implies R = 0. There are constraints on f() Models: 
General relativity has been tested extensively at the solar system level and 


at earth bound laboratories. There are also some astrophysical tests that 
support general relativity. So it is evident that any modified gravity theory 
has to pass these tests and possibly reduce to general relativity at the solar 
system level. Thus one cannot be sure that modified gravity is a viable 
alternative to general relativity. 
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18.5 Hot Big Bang: Thermal History of the Universe 


18.5.1 Thermal Equilibrium 


Consider an arbitrary volume V in thermal equilibrium with a heat bath at 
temperature T. The particle density n; (i, particle index) at temperature 
T is given by 


Ni gi [kBT\? [9 E orgs 
i= = ——)+1 , 18. 
n V = oq? ( T ) f lexp (5) zdz (18.59) 


The energy density is given by 


where 


1/2 
z= a E= (aie)? + (mie)’] ; (18.61) 
and g; are the number of spin states, q; is the momentum of the particle 
and m; is its mass. The + sign is for the fermions (F) and — sign is for the 
bosons (B). In particular for i = photon, m = 0, g = 2. In writing Eqs. 
(18.60) and (18.61), we have put the chemical potential u; = 0 for photons. 
Since particles and antiparticles are in equilibrium with photons i = — Hz, 
if there is no asymmetry between the number of particles and antiparticles, 
li = pz = 0. Even if that is not true, the difference between the number of 
particles and antiparticles is small compared with the number of photons, 


li 
kpT 


Lz 
kgT 


<1 (18.62) 


and the chemical potential can be neglected. For the photon gas, we get 
from Eqs. (18.60) and (18.61) 


ny = 9 8) ey a5 e) (kpT)* (18.63) 


T he T2 


py e= n a (kpT)* 


nm /1\?3 
=z (se) (kpT)* © 2.7 n, (kpT). (18.64) 
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In Eqs. (18.63) and (18.64) ¢(r), r = 3,4 is the Riemann zeta function. 
For a gas of extreme relativistic particles (ER), kgT > mjc?, qe > mic’, 
we thus get 


na= (2) mm (Ea E 
3 gF 7 GF 
me=a(F) my e= (7) ov (18:60) 
The entropy S for the photon gas is given by 
R34 
=— T). 18.67 
T 3 Pa (T) ( ) 
For any relativistic gas 
R? 4 
= —~- p(T). 18.68 
75 P(T) (18.68) 


Thus for a gas consisting of extreme relativistic particles (bosons and 
fermions): (A = c = 1) 


= = g'(T) (kT) (18.69) 


= 39 #(T) (kpT)* (18.70) 
3 
S = 5 ol) p(T), (18.71) 
where 

J (T)= So gn+ : gF (18.72) 

B F 
oT) =E o+ Yor (18.73) 

B F 


are called the “effective” degrees of freedom. We note that entropy per unit 


volume is given by 
s 1 S Qn? 
oe we g.(T) (kT). (18.74) 


For non-relativistic gas kgT « m,c?, we use the Boltzmann distribution 


3 oo 
gi kgT E 2 
= —— d 18.75 
Mi = op? ( he ) 1 exp ( at) ek ( ) 
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1 
Exmc |1+ = 2( q =| “ (18.76) 
MiC 
From Eq. (18.75), we get 
a Ji kpT : mic? ee —mic? /kpT 18.77 
| ams? | \ he keT) ° ee 


18.5.2 The Radiation Era 
For extreme relativistic gas, p = i p @, we get from Eq. (18.14) 


dp 
RE + 4pR? =0. (18.79) 


Thus, we have 

p= A&R (A : constant). (18.80) 
Hence 

PNR XY R30 as RO. 


Therefore, we have the important result. Early universe is dominated by 
extreme relativistic particles, i.e. the universe is radiation dominated in 
early stages. Since p —> Ht for the early universe, we can neglect the 
second and third terms on the left-hand side of Eq. (18.12) as compared 
with the first term. Thus we get 

ara" (Gy py”. 


18.81 
R 3 (18.81) 


Now using a (18.70), 


ws T kpT \? 
H= Vr yes = (ker x 0.21 gi!” (5) sec™!. (18.82) 


where Mp is a Planck mass= Sage Further 


87Gn 
37 


/ Re 1 
ee a VGN P pP 


2 
= 2.42 g”? Ger) sec. (18.84) 


RR=A (18.83) 


Hence 
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Thus 
Ht 0.5. (18.85) 
We consider two examples: 
(i) For Ix = Gy = 2, 
MeV \” 
zil. ; 18. 
t 7 (FS) sec (18.86) 


Thus for kgT = mec? ~ 0.51 MeV, t = 6.5 sec and H = 0.08 sec™t. 
(ii) For m, > keT > me, 


7 
gx = Jy + 3 (Ie + 39v) 


43 
=24+ (4+6) = Ë (18.87) 


and for Mr, > kBT > mp, 


7 
f= 245 (ge + Gu +3qv) 
57 
==. 


Here we have taken the number of neutrinos N, = 3. Now we get from 
Eqs. (18.81) and (18.83) at kgT = 1 MeV 


(18.88) 


kpT \? 
Pe BBE -1 x diri 
H x 0.67 (5) sec 0.67 sec (18.89) 
and 
MeV \’ 
t+0.74 | ——] seca 0.74 sec (18.90) 
kpT 


Now Eq. (18.90) gives the time evolution of the universe in radiation era. 
From Eq. (18.81), we have the important result that H œ \/p, i.e. the 
higher the energy density in the early universe, the faster will be the ex- 
pansion rate. 

As we have seen, the radiation density falls off as R~* and the energy 
density in non-relativistic matter falls of as R~3. The universe eventually 
becomes matter dominated. At t = teq, matter density becomes equal to 
radiation density, i.e. 


Pm (teq) = Pr (teq) G (18.91) 
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where on using Eq. (18.20) 


Ro \* 
Pm (teq) = Qmo Peo G ) (18.92) 
eq 


and from Eqs. (18.64), (18.66) and (18.80) we get 


T? 7 
Pr (teq) = 30 |o, (kpT yo)" + 3° Gv (kT) | 


r2 21 ( 4 r a af BN 

= ' (kpT>) ( ) (18.93) 
30 4 \11 Req 
Live, 


where we have used 


3 
2 ) = 4, [see Eq. (18.135)] and T}, = To. Hence 
from Eqs. (18.92) and (18.93), we obtain for To = 2.725K, 


Ro 
1+ zeg = R 
q 


= Qm Pe (2.27 x 10° MeV tcm?) 
= 2.4 x 10% Qm h?, 
i.e. with 
Om h? = 0.113 
Zeq = 3200 (18.94) 
From Eqs. (18.93) and (18.94), we get 


R 
kpTeq T (kpTo) T = (kpTo) (1 + Zeq) 
eq 
= 5.6 x 107 Qm h? MeV 


~ 0.75 eV (18.95) 
and from Eqs. (18.84) and (18.95), we obtain 


teq © 3.0 x 10! (Qm h?) ” sec œ= 1.7 x 10'? sec (18.96) 


In the dense early universe the radiation would have been held in ther- 
mal equilibrium with matter and would have scattered repeatedly off free 
electrons. But when the expansion had cooled the matter below 3000 K 
(kpT ~ 0.26 eV), so that from Eq. (18.84) with gs = 2+ 2(6) = 2, 
t œ 1.3 x 1013 sec ~ 4 x 10° yrs, the primordial plasma would have recom- 
bined with atoms, the universe thereafter becoming transparent to light. 
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Table 18.1 Cosmic History (some critical phases) 


Age Temperature 
i (in seconds) K Remarks 
s Vacuum to 
Bib Bang 0 matter transition 
End of Inflation 10735 1027 
Ww, Z°: 
Electro-weak 10710 1018 Electroweak 
transition 
Quark 10-5 3 x 10! Hadronization 
Lepton 8 x 1075 1.2 x 1012 pu annihilation 
8 x 1078 1.2 x 1011 Vu’s decouple 
0.7 1010 Ve’s decouple 
6 6 x 109 ete annihilation 
Particle 100 [1.3 — 0.8] x 10° Nucleosynthesis 
12 14 Radiation era ends, 
Photon 2 s ae eee CMB decouples 
from plasma 
Atoms 1014 108 Plasma to atom; 
Now 4x 1017 2.75 Present 


The experimentally detected microwave photons are therefore direct mes- 
sengers from an era when the universe had an age of about 4 x 10° yrs. 
But photons are still around and they fill the universe and have nowhere 
else to go. The thermal radiation last scattered at this epoch is now de- 
tected as the cosmic background radiation. This epic, which corresponds 
1+ Zaec ~ 1100, defines a “surface” known as “surface of last scattering”. 
We summarize the cosmic history of the universe (see Table 18.1): In 
particular 
Pradiation = Pmatter 
Zeq = 3230; ty, = 56000 yrs 
CMB decouples from Plasma 
Zdec = 1089, tą = 380,000 yrs 
Tomes = 2970 K 


First stars are thought to form at 
Zr = 20, tu = 2 x 10° yrs 
Now 
z = 0, tu = 13.7 x 10° yrs 
Tome = 2.725 K 


580 Cosmology and Astroparticle Physics 


We end this section by writing some useful numbers. From Eqs. (18.63) 
and (18.64), using the present temperature To = 2.735K, we get 


2.4 /ke TN e 
nyo S 77 ( F ) x 415 cm? (18.97) 
Pro ~ 2.6 x 107" GeV cm ?. (18.98) 
Thus n, at temperature T is given by 
Os. oe: 


In addition we write down the following estimates. There are about 1057 


nucleons in a typical star. There are about 10!! galaxies in the universe, 
each galaxy has about 10! stars. Thus there are about 107° baryons in 
the universe. This is to be compared with 108° photons within the part of 
the universe we can observe; this number is obtained by thermodynamical 
arguments. Thus number of baryons/number of photons  107!°. The 
present size of the observable universe is 1078 cm. Further the baryon 
number density nz is given by ny ~ (2 a) ~ 1076 cm™?. 

Another quantity of interest is baryon number density. First we note 
from Eq. (18.20) that it scales as R7™?. It is convenient to define the baryon 
density in terms of parameter 7 viz 


n= — (18.100) 
Ty 
where ng = n, — nz. The baryon number density, is given by 
_ PB _ PB Pe 
ng = — = — 
MB Pc MB 
Q 
ey (18.101) 
mB 
where pg is the baryon energy density and Q, = re Now using [cf. Eq. 
(18.27)] 
pe = 1.05 x 1075 h? GeV cm? (18.102) 
and taking mg = 1 GeV, we obtain 
np = Q (1.05 x 1075 h?) cm? (18.103) 


n = 2 = 2.65 x 1078 M% h? 
ny 
= (6.06 + 0.16) x 107'° (18.104) 


if we use the value of Q, h? given in Eq. (18.47) and 
PB =N Ny (1 GeV) =7 (412) (1 GeV) cm~”? 
= 7.0 x 107 gm cm~’ (18.105) 
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18.6 Freeze Out 


At high temperatures (kpT > m), thermodynamic equilibrium is main- 
tained through the processes of decays, inverse decays and scattering. As 
the universe cools and expands, the reaction rates will fail to keep up with 
the expansion rate and there will come a time when equilibrium will no 
longer be maintained. At various stages then, depending on masses and 
interaction strengths, different particles will decouple with a “freeze out” 
surviving abundance. We now determine conditions under which the sta- 
tistical equilibrium is established. 

From dimensional analysis, the reaction rate for a typical process can 
be written as follows. For the decay of an X-particle, the decay rate is given 
by 


mx 


Ix ~ga ax Mx WEE (18.106) 
2 
where mx is the mass of the X-particle, ax = fx is the measure of coupling 


strength of X-particle to the decay products, and gq are number of spin 
states for the decay channels. Note that 


axm kgT 
ite E SP (18.107) 
Gd QX EET kgT > myx. 


The reaction rate for the scattering processes is given by 


r= (no v) (18.108) 


where v is the velocity and n is the number of target particles per unit 
volume. For a weak scattering process 
(keT)” 


(18.109) 
Gat? i m 18.109 


(o v) = gw z 


. 3 . . 
Since n ~ (kgT)”, we can write the reaction rate for a weak process 


(kpT)’ 


I ~ gw 5 (18.110) 
[(ksT}? i my | 
For kgT < mw, we get 
4 
~ SY (KBT)? = Gp (ke). (18.111) 


WwW 
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The condition for thermal equilibrium is 
[> dH, (18.112) 


i.e. the reaction rate must be greater than the expansion rate to maintain 
the thermodynamic equilibrium. 

We now consider a specific example. At about a temperature of 10 
MeV, the universe is made up of neutrons, protons, v’s, v’s , e® and y’s in 
thermodynamic equilibrium. At about a few MeV, the neutrinos decouple. 
To see this consider the processes 


Vette Vete, woete. 


2 
For these processes (o v) = Cr s and 2 Gi s respectively, where s is the 
centre of mass energy. Thus the reaction rate 


2 
Te Gr (kaT). (18.113) 


Now using Eq. (18.89), we find from Eq. (18.113) [Gr = 1.166 x 1075 
GeV~?] 


kpT \? 2 PR 
0.7 ( = ) sec7! = zg CF (1 Gev)* (= ) = sec”! 
vie 


MeV MeV; hh 
kpT \° : 
= 0.04 | —— Th 18.114 
0.0 (#5) sec (18.114) 
Thus the decoupling temperature for neutrinos is given by 
kpTp = 2.6 MeV. (18.115) 


Hence for kgT < 2.6 MeV, neutrinos are decoupled. The neutrinos are 
extreme relativistic particles. For (ER) particles 


NEX = nia V x T? RŠ. (18.116) 
Now the entropy for ER gas is given by [cf. Eq. (18.67)] 
R34 
S = —- p(T). 18.11 
TE p(T) (18.117) 


But p(T) « R~4, therefore, S ~ (1/RT). Thus for the entropy to remain 
constant T x R71. Hence from Eq. (18.116), we have the important result. 
In equilibrium ER particles are conserved. This can also be seen as follows: 

As we have discussed in the beginning of this section, at high temper- 
atures all interacting species 7, j, l, m are in thermodynamic equilibrium 
through the reactions of the type 


igolm. 
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As the reaction rate T < H (the expansion rate), the species involved 
decouple and their abundance is frozen out. Consider an arbitrary volume 
V and let N; be the number of particles of type i in this volume. Thus for 
the reaction i j = l m, we have 


dN; 
= T prod Ni — Vann Ni (18.118) 
dt 
where 
Tproa = (v Dimi Nm (18.119) 
Pann = (v Oij—im) Nj. (18.120) 
Thus 
dN; 
dt = (v Olm—ij) Nm Nı — {v Cis simi Nj N;. (18.121) 
Now N; = n; V, therefore 
= F ni r =| 18.122 
Be ge ge ae u (13:122) 
Hence we have from Eq. (18.121) 
dn; 


R 
or —3 ni R + (V OCim=ij) Nm Ny — (V Opa Nj Ni. (18.123) 


The principle of detailed balance gives 


(0 Cima) _ ME? Mt (18.124) 
(V Gijom) nřs nyi l 
Thus from Eqs. (18.121) and (18.123), 
ANF! V (v Gij—tm 2 2 
i = Hini ) (Ge nit) 4 (nf a; (18.125) 
i J 
and 
dni” bq È Coge E | E 2 Eq _Eq\? 
CaS 3 n?” | ij—>lm (nët nga) = (Pt n7’) ' 
dt R nës nea l J 
(18.126) 
Note here that n7? etc. are given by Eq. (18.59). Now 
a NP’ 
= (18.127) 


E 2 Eq , Eq\" 
implies (ni 4 nga) = (n; 1n A f which means that we must have 


È : 
Oa 3 nP4 He 
dt R 


(18.128) 
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From this equation, we get 
peg (18.129) 
and from Eq. (18.125), we get 


(ni ni)gq = (M Mm) Bq 

i.e. in equilibrium extreme relativistic particles are conserved. The condi- 
tion (18.129) is always satisfied for the extreme relativistic particle. 

Weakly interacting particles may decouple when they are ER, massless 

particles are always ER. For massive particles whose interactions are suffi- 


ciently strong to be capable of maintaining equilibrium when kg T < m: 
(cf. Eq. (18.77)]. 


1 
NBR = nBP V x (m kg T)*? exp (=) Ta (18.130) 


18.7 Limit on Neutrino Mass 


We now use the result that neutrinos decouple at a temperature of a few 
MeV (i.e. they go out of equilibrium before e~et annihilation heated up 
the photon background radiation). Thus T,, will be less than T,,. Using 
Eqs. (18.69) and (18.72), we get 


T 3 
tis a (72) (18.131) 
Nyo 4 \ Tyo 


Now using Eq. (18.68) or (18.117), the entropy before e~ et annihilation is 
given by 


4 R? 
S=3 (pe- T Pet T py) mo n) (18.132) 
3 Thefore 
and the entropy after e7 e* annihilation is given by 
4 RÈ 
S = =py——. 18.133 
ap Tafter ( ) 
Thus we have from Eqs. (18.132), (18.133), (18.64) and (18.66) 
G x 2+ : x 2+ 2) I Lie Op be ee (18.134) 
Noting that Thefore = Tyo and Tafter = Tyo , we get 
TaN 4 
——|} =—. 18.135 
(zs) =n oe) 
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Hence we have from Eq. (18.131) 


Ryo _ 3 
ny 1 
and [cf. Eq. (18.97)] 
n 3 (419) em? 
vO — 11 


3 


The present neutrinos density in GeV cm7” can be written as 


Puo ~ nyo 2 m,; in ev) x 107°? GeV cm”, 


Using Eq. (18.137), we get 


pro ~ (112) (= Mri ev) x 107°? GeV cm~? 


On using Eq. (18.27) 


_ yes Myvi eV 


Qh? 
94 


WMAP [c.f. Eq. (18.47)] gives 
Qh? < 0.0076 
Thus 


So mai < 0.71 eV 


18.8 Primordial Nucleosynthesis 


At temperatures > 1 MeV, the weak reactions such as 


De+tpoettn 


e+p Vve +n 
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(18.136) 


(18.137) 


(18.138) 


(18.139) 


(18.140) 


(18.141) 


(18.142) 


are still fast compared with the expansion rate of the Universe to maintain 


thermodynamic equilibrium between p and n. The abundance ratio at 


equilibrium is given by 


P o eTAm/(ksT) — kgT >kpTp ~ 1 MeV. 
p 


(18.143) 
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Using Am = (mn — Mp) = 1.3 MeV and kgT = kgTp = 1 MeV, we find 
n/p = 0.27. The decoupling temperature Tp is estimated as follows. The 
reaction rate for reactions given in Eq. (18.142) is given by 


Tr 
T= gO (1 +393) (keT)° 


kpT \° 
x 4.22 G2. (kpT)” =0.8 (55) sec}. (18.144) 


The decoupling temperature is given by [ = H viz [cf. Eq. (18.89), where 
we have taken N, = 3] 


ket \° Ret \* 
8 (——) =0. 18.14 
Ve (5) r (5) ee) 
Thus 
kpT = kpTp ~ 1 MeV. (18.146) 


As the temperature cools and past the decoupling temperature kgTp = 
1 MeV, it is no longer possible to maintain the thermal equilibrium. The 
ratio n/p thereafter is frozen out and is approximately constant (it decreases 
slowly due to weak decay of neutron). The freeze out n/p ratio is given by 


n/p e~@/koTp MeV ~ 0,16, (18.147) 


where we have used the Q-value (the energy released when various particles 
are emitted in 8 decay) Q = (Mn — Mp) + Me = 1.8 MeV. For T > Tg, the 
deuteron formed is knocked out by photo dissociation 


y+D—optn, 


since the binding energy AB for the deuteron is only 2.2 MeV. The forma- 
tion of deuteron actually starts after Ts ~ 0.1 MeV; Ts is called nucleosyn- 
thesis temperature. The estimate that Ts ~ 0.1 MeV can be obtained as 
follows: 


diss 
Py Le AB/kaT <1. (18.148) 
nB n 
Thus 
AB 
-2 x Inn. (18.149) 
Ts 


Using AB = 2.2 MeV , and ņ ~ 6 x 10710, we find Ts ~ 0.1 MeV. 
For T > Ts, photodissociation is so rapid that deuteron abundance is 
negligibly small and this provides a bottleneck to further nucleosynthesis. 
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The deuteron “bottleneck” thus delays nucleosynthesis till T < 0.1 MeV. 
But once the bottleneck is passed, nucleosynthesis proceeds rapidly and 
essentially all neutrons are incorporated into *He : 
n+p>D+y 
D+D-— °H +p, BH +n 
3H +D — *H.+n 
3H + He > "Li 


It is clear from the above reactions that *He abundance is given by 
2(n/p) _ 0.32 
l+n/p 1.16 


The ratio Y changes from Tp to Ts due to the neutron decay n —> pt+e~ +7. 
During this time n/p changes from 0.16 to 0.14. Thus at T = Ts, 


Y= = 0.27. (18.150) 


= — = 0.25. (18.151) 
We conclude that n/p ratio or Y depends on three parameters: 


(i) decoupling temperature Tp, which in turn depends on the number of 
light particles, e.g. number of neutrino flavors Np. 

(ii) neutron decay in between Tp and Ts, i.e. on the decay rate of neutron 
or neutron half-life 7/2. 


(iii) n = np/ny. 


In fact Y is arguably the most sensitive function of [/H. Now Tp 
depends on the expansion rate H; the expansion rate depends upon the 
effective degrees of freedom gą, the higher the gą, the faster the expansion 
rate. This implies higher Tp and hence higher n/p freeze out abundance. 
Thus the higher the g,, the higher will be Y. But gs = 2+ (4+ 2N,), 
where N, are the number of neutrino species. For Ny = 3, gx = # and we 
obtained Tp ~ 1 MeV and Y ~ 0.25. The observed primordial abundance 
of tHe gives Y = 0.234 + 0.002 (0.005). The half-life for neutron decay, 
the parameter needed in the above analysis, is 74/2 = 885.7 + 0.8 s. 

Taking Nv = 3 as given by LEP data [cf. Sec. 18.13]: Nv = 2.999 + 
0.016, one can use the observed primordial abundances of D, He. It turns 
out that small amount of deuterium D which remains unburned in the 


nucleosyntheis reaction is very sensitive to 7. Now D/H ratio in primary 
samples of the universe has been measured 


D/H = (2.84 + 0.26) x 107% (18.152) 
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pinning 


n = (5.80 + 0.27) x 1071° 


consistent with the value given in Eq. (18.104), obtained from WMAP 
data, although the physics (Nuclear Physics) involved here is different from 
the one involved in WMAP (Gravitational). Table 18.1 summarizes the 
various phase transitions the Universe is thought to have undergone. 


18.9 Inflation 


There are several problems in the standard model of Cosmology. We now 
discuss two of these problems and their proposed solutions in the inflation- 
ary scenario. 


18.9.1 Horizon Problem 
In terms of the conformal time 7 
cdt = R (t) dn, (18.153) 
the FRW metric factorizes 
ds? = R (M)? {dn? — dx? — f? (d0? + sin? 0de?) } (18.154) 
It can be seen that the radial (i.e. dð = 0 = dọ) propagation of light (ds? = 
0) is particularly simple in these coordinates. 
dn = dx (18.155) 
[for the flat universe x = r]. Thus in a given time, a photon can go as far 
as 
2 cdt 
a REO 
i.e. just the interval of the conformal time. Using Eqs. (18.37) and (18.5), 
we can rewrite the integral as 


Ay = An= (18.156) 


c dz 


S EE 


(18.157) 


where from Eq. (18.33) [k = 0] 


1/2 
H (z) = ‘ 1+wi) 
= > (+z)? | (18.158) 
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Thus we see that the integral converges if w > -4 for the dominant com- 
ponent in the above sum as z — oo (corresponding to k = 0, R = 0). Thus 
light signals can only propagate a finite distance between the Big bang and 
the present; there is then said to be particle horizon and space-time points 
outside the particle horizon are causally disconnected as shown in the Fig. 
18.6. 


Future Light Cone 


causally-disconnected 


—— Space 


Past Light Cone 


Fig. 18.6 Light cones and causality. The interior of the light cone, consisting of all null 
and time-like geodesics, defined the region of space-time causally related to that event. 
Causally disconnected regions of space-time are outside the light cone. 


Thus in the FRW cosmology where radiation dominates at early times 
there exists such a horizon. At later times, horizon is largely determined 
by matter dominated phase, for which (w = 0), 


Dy = Rox 
1 jj -3/2 
= ——— 1+z 
Hov J ra 
1 2 
= (18.159) 
HypVQ (1+ z) 1/2 
where in the units with c = 1, 
Hg+ ~ 3000h7! Mpc. (18.160) 


Thus the horizon at the time of formation of CMB (last scattering surface 
(z ~ 1100)) was of size 


18 
V Qh? 


Di ~ Mpc ~ 120 Mpc (18.161) 


for 


Oh? = Oph? ~ 0.023. (18.162) 
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This subtends an angel of about 1°. The question arises “Why then the 
large number of causally disconnected regions we see on the microwave sky 
are all at the same temperature”. This is called the Horizon problem. Thus 
it is difficult to explain the high degree of isotropy in the present universe. 
The uniformity of the temperature of the background microwave radiation 
(42 < 107) provides a strong evidence that the universe is isotropic and 
homogeneous to a high degree of precision. 


18.9.2 Flatness Problem 


A related problem is that of flatness, i.e. the Q = 1 Universe is unstable!®. 
Now [with a(t) = HO 


p(a) _ 8tGnp (a) 


OO Fea) aH) 
_ Hô p(o) 
HUG). pe 


7 {9y +Qma-3 + Opa} (18.163) 
~ {(Qy + Qna-3 + 0,a-4) — (Qo — 1) a72} 


where we have used the scaling of various components of density with re- 
spect to R given in Eq. (18.31), Friedmann equation (18.12) and the equa- 
tion (18.34) 


k 
ee =Q Qn +2, —-1 
H2 R? vt + 
=ON-1 (18.164) 
Thus since the early part of the Universe is radiation dominated 


Q-1 
Q (ain) ~ 1+ 2? 


18.165 
ath (18.165) 


Thus as ain — 0, this requires that Q (t) to be unity to arbitrary precision 
as the initial time tend to zero; a universe of non-zero curvature today 
requires very finely tuned initial conditions which looks unnatural. The 
natural solution is either p = pe, Q = 1 (for a reason to be discovered) 
for the whole history of the universe or some non standard mechanism 
intervened to drive pọ > pco, Qo > 1. 


10Tn the sense that if one is slightly away from this special value Q — 1 grows with time. 
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18.9.3 Realization of Inflation 


A possible solution to both the problems lies in that if dominant energy 
component in the early universe did not satisfy w > -3 which is indeed the 
case if vacuum energy Qy dominates in the beginning. Then the conformal 
time — —oo [cf. integral in Eq. (18.156)], i.e. the Big Bang singularity is 
pushed to negative time. This implies that there was much more conformal 
time between the singularity and decoupling than we thought, allowing the 
microphysical processes to equalize the temperature over the last scattering 
surface as shown in Fig. 18.7. 


Conformal Time 
4 


TO 


Past Light-Cone 


Last-Scattering Surface 


Recombination 


Particle Horizon 


Inflation 


Big Bang Singularity 


Fig. 18.7 Conformal diagram of inflationary cosmology. Inflation extends conformal 
time to negative values! The end of inflation creates an apparent Big Bang at n = T = 0. 
There is, however, no singularity at 7 = 0 and the light cones intersect at an earlier time 
[21]. 


The basic idea of this scenario is that there was an epoch when the 
vacuum energy density dominated the energy density of the Universe. Then 
we write 


2 


T 
P= pv + Pr = pv + n 


39 #7) (ke ‘age (18.166) 


The radiation era density pp ~ Rt , but py is constant independent of 


R. Suppose py > pr in the early universe. Thus from Friedmann equation 
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: =H = Teasa = const. (18.167) 


Thus py acts like an effective cosmological constant. We get [see Fig. 18.8] 


R(t) = e, t<107*s (18.168) 


(18.12), we have 


A 


Inflation 


t (sec) 


10 10 


Fig. 18.8 Scale factor R(t) verses t, showing the inflationary and reheating phase. 


The inflation requires that 


H 
This can be seen as follows: 
. R E 
H== -> 18.1 
R Æ (18.170) 
Using the Friedmann Eqs. (18.12) and (18.10), it is easy to see that 
3 p 
=-—[(1+- 18.171 
=F ( + 2) (18.171) 
The condition for inflation is 
p 1 
-= — 18.172 
r w < 3 ( ) 


which means e < 1. It is very likely that the Universe has undergone one or 
more phase transitions caused by a symmetry breaking involving a scalar 
field, the inflaton, ġ. Such a scalar field as already seen satisfy the equation 
of motion given in Eq. (18.52) 


ġ+3Họ =-— =-V' (18.173) 
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Further using p and p as given in Eq. (18.50), we have from the Friedmann 


equation (18.12) 


1. 
(PsN Ea + vio) 
3 2 
ptp=¢ 
3 o? 7 o? 


(18.174) 


(18.175) 


We see that € < 1, implies 1g? < V, which on using first of Eqs. (18.174) 


and (18.173) leads to the condition given in Eq. (18.169). 


18.9.4 Slow-roll Inflation 


As seen above the inflation requires € < 1, which implies 


l-9 
5? <V 


(18.176) 


We now discuss how this condition is implemented in slow-roll approxima- 


tion. For slow-roll approximation 
o< pra 
so that from the equation of motion (18.173) 
3Họ = —V' 


lial ey 
2 2\ 3H 
87Gn 

3 


Thus 


H? = V 


Consistency then requires Ge = vel 


i.e. 


(18.177) 


(18.178) 


(18.179) 


(18.180) 


(18.181) 
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M2 1\ 2 
eat (+) <1 (18.182) 
T 


By differentiating (18.180) and using Eqs. (18.178) and (18.182), it is easy 
to see that 


3Họ 
mpv” 
= | ev” 
= €y — Ny (18.183) 
where 
MB, v” 
v = —— — 18.184 
8r V ( ) 
The slow-roll condition (18.177), namely || « 1 then gives 
m| <1 (18.185) 


Before we proceed further with the discussion of the above equation, it is 
instructive to make the following remarks: 
In addition to scalar (density perturbations) contribution to CMB 
anisotropies there is a tensor contribution arising presumably from pri- 
mordial gravitational waves. In this respect a useful parameter is the ratio 
r between the power spectrum of tensors to scalars. Its importance lies 
in the fact that it is the only non-generic prediction of inflation. In fact 
r ~ 16e, where é, is defined in Eq. (18.182). WMAP has placed bound 
r < 0.24 at 95% confidence level, whereas PLANCK Satellite would be able 
to go up to r ~ 0.03. 

Coming back to Eq. (18.182), define dN = Hdt, which measures the 
number of e-folds N of inflationary expression R (t) ~ ef #4 = eN. Thus 


N= | Hat= | a9 


JE 


V 
= J srania 


d 
=2VnGN? o 


o [d 
= vi | S (18.186) 
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where we have used Eq. (18.182). Now from Eqs. (18.184) and (18.185), it 
is clear that \/€, is a slowly varying function so that 
yár Ad 
Vey Mpi 


Now we want inflation to last for a sufficiently long time (N ~ 60 e-fold)!! 
giving 


AN ~ 


(18.187) 


Ad = r \1/2 
x ~om). 18.1 
77 ONEN oan) (Itas) 


This is worrisome since the range of scalar field is almost Planck scale if one 
has to use effective field theory. In other words, higher dimensional Planck 
suppressed operators give corrections 


(18.189) 


of order 1. Therefore, the effective field description might not be useful if 
primordial gravitational waves are detected by PLANCK. This problem can 
be avoided if underlying ultraviolet theory has a symmetry which forbids the 
appearance of these higher order terms. PLANCK Satellite data expected 
in 2012 will be of great interest in order to constrain different models of 
inflation. 


18.10 Baryogenesis 


Barayogenesis!? 


is a term used to understand the origin of matter- 
antimatter asymmetry; there is only matter in the universe, but no an- 


timatter. Quantitatively it is expressed as 
AB = 2 —*28 . 0 (107°) (18.190) 
S 


where s is the entropy and ng and ng are number of baryons and anti- 
baryons in the Universe. A measure of smallness of the baryon density 
is provided by the ratio of baryons to photons in the Cosmic Microwave 
Background Radiation (CMBR): 

nB 


B= — 
Ny 


11This much expansion under inflation is required to at least explain the homogeneity 
of the presently observed Universe. 
12See [14,19]. 
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(ny = 410.50 cm~*) which does not change as universe expands. As seen 
in Secs. 18.5 and 18.8 two independent determinations of this 7g, one 
from WMAP and the other from primordial nuclear synthesis, give ng = 
6 x 107°. 

Further there is good evidence that there are no large regions of anti- 
matter at any but cosmic distance scales. For example anti-proton p to 
proton p ratio in cosmic rays is 


Exe 104 
Pp 


In general p and p may annihilate if they are brought together, e.g. 


| as ae fee ca 


How does it affect the nuclear density ng or ng? One can show that if we 
start with ng = ng, then for T < 1 GeV the freeze out temperature comes 
out to be T = T* = 20 MeV, at which 


3/2 
LB NB kaif ON -KBT — 9 x 109718 18.191 
ý My ny (xr) a T eee 


This contradicts 7 = 6 x 10~!°, which then reflects some primordial asym- 
metry in the Universe 


NB NB— NB 


n= B"B =6x10-¥ 
Tiy 
Understanding the nature of 7, namely that of Baryogenesis is the second 
big problem of Cosmology, the first one being Dark matter and Dark energy. 
In the early universe 


nB = NB = z (nq — Ng) 
SX Nng + Ng 
Nng — NG 


ABw ~ 10710 (18.192) 


Ng + Ng 


Thus there is one extra quark per 10!° quark-antiquark pairs. Where did 
it come from? 
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18.10.1 Sakharov’s Conditions 


Sakharov was the first to suggest that 7 might be understood in terms of 
microphysical laws rather than some sort of boundary condition provided 
that the following three conditions are satisfied. 


(1) 


Baryon number violation must occur in the fundamental laws. Firstly 
if at very early universe, AB = 0 interactions were in equilibrium, then 
one can say that the universe “started” with net zero baryon number. 
As such if the universe is to end up with a non-zero asymmetry, AB 4 0 
interactions are obviously necessary. 
CP symmetry must be violated; otherwise every reaction which pro- 
duces a particle will be necessarily accompanied by a reaction which 
produces its antiparticle at exactly the same rate, so 
nB 2 nB 

and even if B is violated, we can never establish baryon-antibaryon 
asymmetry. 
Departure from thermal equilibrium, if through its early history, the 
universe was in thermal equilibrium, then even B and CP violating 
interactions could not produce a net asymmetry. This is a direct con- 
sequence of 0 = CPT invariance. The density matrix at time t is: 
[8 = zp, H is Hamiltonian] 

p(t = e BOHM) 


Equilibrium average of baryon number operator Bis 


where we have used the fact that H commutes with 0. Thus (B)r 
vanishes. In other words if there is thermal equilibrium, all asymmetries 
vanished even if all quantum numbers are not conserved. Thus all the 
three conditions must be satisfied simultaneously. 
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18.10.2 Various Scenarios for Baryogenesis 


18.10.2.1 Baryogenesis at GUT (Grand Unification theories) 
Level 


In a typical GUT, quarks and leptons are assigned in one representations 
and as such there are gauge bosons, called leptoquarks X and X giving rise 
to B violating processes 


X > ql X> OG 


and similarly for X. Thus we see that the decays of X bosons violate 
baryon number; they also violate CP, meeting the first two conditions. The 
third condition is supplied by the expansion of the universe. It is usually 
assumed that at temperature well above the GUT scale, the universe was 
in thermal equilibrium. As the temperature drops below the mass of X- 
boson, the reactions which produce the X-bosons are not sufficiently rapid 
to keep up with the expansion rate to maintain equilibrium. The condition 
for departure from equilibrium gives 


KTp > mx (= 10% — 1016 GeV) 


However, a reheating temperature after inflation greater than 10° GeV leads 
to cosmological difficulties. Thus it is very unlikely that GUT Baryogenesis 
is the origin of observed baryon asymmetry. 


18.10.2.2 Electroweak Baryogenesis 


In the SM, both baryon number, B and lepton number, L, symmetries hold 
at classical level. However, because of chiral nature of electroweak theory, 
at quantum level (J) and (JẸ) are not conserved, so-called electroweak 
anomaly. 


1 2 A 
ðJ = G) (3 colors) Ng (EWE Waw) (18.193) 
Ba 
= ô „JË 

where, Ng denotes number of generations, W/'” are SU (2) field strengths, 
22 coupling corresponding to SUz (2) and WHY = $e#”°F W ap. Thus 

On (Jh — JE) = ĉa JB- = 9 

a, (Jk + Jt) £0 
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implying 
AB = B(+o0) — B(-o) 


+00 
=j. ary | deg ( (t,x) 


+00 
=f at f zð, JEK) (18.194) 
Similarly for AL. Note that A(B — L) = 0, the electroweak anomaly 
preserves B — L. But 
A(B+L)#0 
=2Nv 
where 
ar A pv yy 
ae awe’ Wap (18.195) 


Physically one can understand how baryon number is not conserved 
without explicit B-violating terms in the Lagrangian. Let us recall Dirac 
equation for massless fermions 
o . 
igt = iq?q (Ə — igA) Y = Hpirac (t) Y (18.196) 
and Dirac concept of vacuum, an infinite sea of electrons occupying negative 
energy as shown in Fig. 18.9. 


Continuum of Positive Energy States 


+ me 
0 
e e -mc? 
+ 
° 
e + 
. e 
x : Continuum of Negitive Energy States 
$,=-1/2 $=1/2 


Fig. 18.9 Dirac picture of vacuum. 


Non-Abelian theories (QCD or SU; (2)) have a non-trivial vacuum 
structure with an infinite number of ground states (topological charges). 
Now we have a background field, energy levels change, which produces a 
fermion number. This is pictorially depicted in Fig. 18.10. While in QCD, 
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baryon number is conserved, not so for SU; (2). Now for Ng = 3, the 
distance between two ground states is 


AB=AL=3 
and at zero temperature, the transition (through tunneling) probability is 


o(B+L£0) ve a2 we 165 


Fig. 18.10 (a) and (b) for QCD case while for electroweak case we have only (a) i.e. 
only left handed fermions [19]. 


The situation is different at high temperatures when large thermal fluc- 
tuations called “sphalerons” are possible. The sphaleron energy is 


Bo (T) = e ( BH) Baw 


(18.197) 


2 

where c(i) is a function of A, A ~ ZH [for T =0, Esp ¥ 7-14 TeV 
WwW mw 

as À increases from 0 to oo]. The transition probability per unit time per 


unit volume for thermal fluctuations to cross the barrier is 


mw \ 4 e (E2 (2) ' 
Psy (T) = bu (=) My exp (2) , for T < Tew (barrier) 

(18.198) 

where ju is a dimensionless constant. Now at some temperature my (T) > 

0, there will no longer be exponential suppression. At this point the com- 

putation of the transition rate is a difficult problem - there is no small pa- 

rameter but noting that the only important scale in the symmetric phase 

is agT, scaling arguments suggest the form 


Pep (T) =k (02T)*, for T > Tew (18.199) 


where numerical estimates suggest «x ~ 0.1 — 1. 
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Now B and L violating processes are in thermal equilibrium for [H is 
the Hubble parameter which determines the expansion rate] 


Py, (T “3T? 
Top = (7) 1669 (18.200) 
T’ PI 
This gives [a2 ~ 0.029] 
T< (rg) a4 Mp ~% 10!? GeV (18.201) 


The B and L violating processes are in thermal equilibrium for temperature 
in the range 


Tew ~ 100 GeV <T < Tsp ~ 10? GeV (18.202) 


This implies that even if there were both B and L, but no net B — L 
established above Tmax ~ @3Mp, = 10!? GeV, they will get washed out 
down to Tew. 

Now B-violation is rapid as compared to cosmological expansion at 
(¢)r < T, where (¢)r is Higgs expectation value at temperature T. But 
the Universe expands slowly. Expansion time 


H` = 
Tw 
This is too large to have deviations from thermal equilibrium. One way out 


~ 10!4 GeV™t ~ 1071 sec. (18.203) 


is if the EW phase transition is of first order since then the co-existence 
of broken (¢) # 0 and unbroken phase (¢) = 0 at the phase transition 
at Te ~ Tew, [see Fig. 18.11], where there is condensation of the Higgs 
field, is a departure from equilibrium. After the phase transition baryon 
asymmetry should not be washed out, (¢)7 > T after the phase transition. 
However, one cannot get the first order transition unless (my < 73 GeV), 
excluded by the LEP limit (my > 114 GeV). Another problem is the size 
of CP violation in the SM: A = 0.2 


n ~ agecp = 10716A" sind = 6 x 107175 
~ 10718 (18.204) 


This requires SM extensions so as to have new bosons which strongly couple 
with Higgs plus a new source of CP-violation. 


18.10.3 Leptogenesis 

The second possibility is the Leptogenesis!? where one tries to generate 
L #0 but not B from neutrino physics giving a net B — L. This is an 
13See [11,13,14]. 
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Fig. 18.11 Electroeweak phase transition. 


attractive possibility due to the fact that, as seen in Chap. 12 neutrino 
physics has entered a flourishing era. 

As was discussed in Chap. 12, light neutrino masses arise in the see-saw 
mechanism, which involves 3 heavy right-handed Majorana neutrinos Nj, 
whose mass matrix breaks the lepton number (cf. Eq. (12.80)) needed for 
Leptogenesis. One starts from a thermal distribution of heavy Majorana 
neutrinos which have CP violating decay modes into standard leptons (CP 
violation can enter through phases in the Yukawa couplings and the mass 
matrices of N’s). The asymmetry is then generated by the out of equilibrium 
CP violating decays in the early Universe of N; — l;H versus N; —> LH at 
the temperature T ~ M = M; < Mj. 

The crucial ingredients in leptogenesis scenario is CP asymmetry gen- 
erated through the interference between tree level and one-loop Majorana 
neutrino decay diagrams. In the simplest extension of SM, these are shown 
in Fig. 18.12. 

Then the CP asymmetry is caused by interference between the above 
diagrams and in a basis where M (mass matrix for heavy right-handed 
neutrinos) is diagonal and real, 


ait ij |m? 
= AN | (a) (18.205) 
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Fig. 18.12 Feynman diagrams of Majorana neutrino decay for tree level and one loop 
level. 


where 
2-4 l+z2 
f(a) = vel? (1+2)1 ( )| 
-r = 
: a as 0 ( ) (18.206) 
=> — | —— — —> => œ í 
Jr 2 x s 
1 
f(a) = —- forx<«1l 
£ 
Ig = p 2 Leet] (18.207) 
ij 
Using 
(Mp);; = hijv 
we can write 
7 1 2 
jee a OOU AN 
faa Is ((mpmip),;) | (18.208) 


Once the right-handed neutrinos are produced in early universe and as the 
universe cools through temperatures of the order of the masses of N’s, 
their long life time would allow them to decay out of equilibrium, thereby 
generating an asymmetry between leptons and anti-leptons. 
The lepton asymmetry Yz is related to CP asymmetry through the 
relation 
see e (18.209) 
S s 
where « < 1 is efficient factor which accounts for the wash out processes 
[inverse decay and lepton number violating scattering; such processes can 
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create a thermal population of heavy neutrinos of high temperature T > M] 
and it can be obtained through solving the Boltzmann equations. 4 ~ 1078 
is the ratio of the number density of the right-handed neutrinos (N;) in 
equilibrium to the entropy density. 

The lepton asymmetry is then partially converted to baryon asymmetry 
thanks to electroweak anomaly, yielding a net lepton and baryon number 
(recall that spheleron interactions preserve B — L, but violate B and L 
separately). One can determine the resulting asymmetry by an elementary 
thermodynamic exercise. We have 


2 3 2 Li 
Ni — Nn = a9 T ( T ) (18.210) 
where u; are chemical potential. This implies 
4 
ng =B (Zore) (18.211) 
T 
=L 4 ip 
np = = (18.212) 
T 


where B and L are baryon and lepton asymmetries respectively. 
Note that in SM 


CR; 


Thus in the above equation 


1 
B=3x; XO (2ptg; + 2p, + 24a, ) (18.213) 


uv 


L= So (2m, + 20.) (18.214) 


In high temperature plasma, quarks, leptons and Higgs interact via Yukawa 
and gauge couplings and in addition, via the non-perturbative sphaleron 
processes. 
In thermal equilibrium all these processes yield constraints between var- 
ious chemical potentials. The effective interaction 
Osg+r = | [| (ar:qr:41:lr:) (18.215) 


t 
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yields 
S (Gua +m) = 0 (18.216) 
Another constraint is provided by vanishing of total hypercharge of plasma 


2 
a (ra + Ziu; + Hdi — H — He; + Z m) =0 (18.217) 


i 


Further invariance of Yukawa couplings qL;ġdpr, gives 

Mq;, — Ho — Ha; =0 

Mg, T Ho — Hu; = 9 

Mi, — Ho — Me, = 9 
When all Yukawa interactions are in equilibrium, these interaction establish 
equilibrium in different generations 

Mi, = Hi, Hq = Mg etc. 

Combining these relations, one can solve for the chemical potentials in 


terms of the lepton and baryon chemical potentials and finally in terms of 
the initial B— L. 


B=a(B-L) 
B(1—a) = -aL (18.218) 


where 

— 8N+4 281 

~ 2N+13 79° 3 

N being the number of generations. Thus finally we obtain 


Yp (= ad AV oy 
s 


a 


The observed Ypg is 
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can be obtained if 
Ei > 1076 


There exist many models of leptogenesis where € is usually expressed in 
terms of CP-violating Majorana phases and experimentally known mass 
parameters and Am? for light neutrino matrix, giving e; > 10~°. 


18.11 Problems 


(1) Calculate the Ricci tensor R,,, and Ricci scalar R by using the FRW 
metric (18.1), where 


Fig OL i Ou a pak ae eat ep 


with 
1 
Tig = 3I” [ð agvo = Ov uc = ogur] . 
Hint: First calculate Roo and R11. 
Verify that the 00-component of Einstein equation (18.7) for A = 0 
gives the Friedmann equation 


f 2 
-E @ L STON ke? 


Am 
N 
cy 


3 R? 


(3) Show that the trace of Einstein equation (18.7) for A = 0 gives the 
Friedmann 2nd equation (acceleration equation) 


Ë 4nG 
R T (pc? 3p) . 


(4) Show that the two Friedmann equations implies the continuity equation 
p= —3H (pc? + p) 


(5) Show that conservation of energy condition V,,7"” = 0 leads to conti- 
nuity equation 


p = —3H (pc? + p) 


where T"” is defined in Eq. (18.8). 
(6) For a scalar field ¢, with potential V(¢) and Lagrangian density 


L= 59""0,90,6 — V(O) 


Calculate the stress energy tensor T),, (18.49). 
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(7) 


(8) 


(10) 


Using the conservation of energy condition V,T"” = 0, verify that the 
equation of motion for the scalar field is 


. . dV 
ġ+3H¢+ a 0 

Find the slow roll parameters €,(¢) and 7,(@) of inflation for V(¢) = 

im??? and V(¢) = Ad*. 

By using the Eq. (18.186), calculate the number of e-folds for V(¢) = 

im’? and V(¢) = Ad*. 

By using the relation (18.188), calculate the value of parameter r for 


the scalar potentials $m?¢? and Ag. 
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Appendix A 


Quantum Field Theory 


A.1 Spin 0 Field 


Spin zero particle of mass m is described by a field ¢(x) which in the absence 
of interactions, satisfies the Klein-Gordon equation. 


(Ci? + m?) (x) = 0. (A.1) 


In quantum mechanics, (x) is regarded as a c-number. In quantum field 
theory, ¢(x) is a field operator which can create and annihilate the field 
quantum. 

The Fourier decomposition of ¢(z) is 


= 1 ak —ik.g t ik.x 
1 dk tk.x —ik.x 
(x) = — [at (k) e** + b (k) e**] (A.2b) 


(27)? J V2ko 


where t(x) is hermitian conjugate of d(x) and k- x = kozo — k.x, ko = 
Vk? + m? > 0. In Eq. (A.2), a(k) and b(k) are interpreted as follows: 


a (k): creation operator for the particle 
(spin 0 and mass m) 

a(k): annihilation operator for the particle 
(spin 0 and mass m) 

bi (k): creation operator for the antiparticle 
(spin 0 and mass m) 

b(k): annihilation operator for the antiparticle 
(spin 0 and mass m). 


609 


610 Quantum Field Theory 


a(k) and b(k) satisfy the following commutation relations 


[a (k) ‚at (k’)] = ô (k — k’) (A.3a) 
[b (k), bt (k’)] = 6° (k—k&’) (A.3b) 
[a (k) ,b(k’)] = [a (k) ,b! (k’)] =0. (A.3c) 


If |0) denotes the vacuum state then one particle state of 4-momentum k is 
given by 

|k) = al (k) |0}. (A.4) 
States of two or more particles are constructed by operating on the vacuum 
with appropriate two or more operators. Note that 


. 3 kmg 
a (x) (27)? Jako 7,0? (x) ( 5a) 
b (x) = a ae ene a (x) (A.5b) 
(2r)? Vko 3x! i 
where 
— — eS 
0 _ 0 o 
ðx0 x? Ox 
Define 


N; (K) = al (k) a (k) 
N_(k) = b (k) b (k). (A.6) 
It follows from the commutation relations (A.3) that N, (k) and N_ (k) 


have the eigenvalues 0, 1, 2,--- and are known as number operators for the 
particles and antiparticles. Then 


n= XON; (k) = Total number of particles (A.7a) 
k 
n= 5AL (k) = Total number of antiparticles. (A.7b) 
k 
It may also be noted that for free fields 
A@ =e i dhe (ko) e™™? 5 (k? — m?) (A.8b) 
(27) 


(A.8c) 
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We note that 
A(z —2’) =0 for (x — x)? <0 (A.8d) 


viz the space-like distances. Then from Eq. (A.8), it follows that the 
commutator is zero for space-like separation. This is the statement of the 
micro causality. Also 


ðA (x —y) 
Oxo 


and from Eq. (A.8d), we get 
A(0, x—y)=0. (A.9b) 


= —§? (x—y) (A.9a) 


t0=Yo 


If we assume that ¢ (x) is not a free field but an interacting (Heisenberg) 
field, then the creation operator defined in (A.5) is not time-independent. 
We define, however, the operators al, (k) by the relation 

out 


a (k)= lim = ha | ek D bt (edr (A.10a) 
out >78 (27) V2ko 


Under time reversal these operators transform as 


aln (ko, k) abu (ko, —k) (A.10b) 


al, (k) and al (k), acting on the vacuum, create incoming and outgoing 
states respectively and so from (A.10b), incoming (outgoing) states are 
transformed into outgoing (incoming) states by the time reversal transfor- 


mation. 


A.2 Spin 1/2 Particle 


Spin 1/2 particle of mass m is described by a field W (x), which in the 


absence of interactions, satisfies the Dirac equation [0, i = (2, Vv) 


(iy"0, — m) Y (x) = 0. (A. 11a) 
The adjoint of Y (x), Y (x) = Wt (x) 7° satisfies the equation 
T(x) (-iv"9, s m) =0. (A.11b) 
y” are Dirac matrices. We choose y" : 
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gt = mek 


y’s satisfy the anticommutation relation 


D = yaa 


There are 16 independent Dirac matrices: 


Matrices Components 
1 1 
a 4 
Ca ae) 6 
y’ = iyeyty2y3 1 
i qtq’ 4 
P = iPr = y 
a 
YP = —Feaper T TP 
Cappa = —€°hP* 
€9123 = —1 = —€"1*8 
Eijk = — etik 
7° is also hermitian 
wt = 8 
7° anticommutes with 7” viz 
F = -o 


Two representations of y-matrices are useful. 


A.2.1 Pauli Representation of y Matrices 


(A.13) 


(A.16) 


(A.17a) 


(A.17b) 


(A.17c) 
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A.2.2 Weyl Representation of y Matrices 
o 01 =! i i 0 ot 
Ooo 10 = 703 heii =g 0 


Define 


3 m 


1 
¥()= amje? P 


x [ar (p) ur (p) e+ b} (p) vr (p) e°] 


r=1 


where 


and u and v satisfy the equations 


(y.p — m) ur (p) = 0 
(y.p +m) v, (p) = 0 
Ur (p) (y-p—m) = 0 
Tr (p) (Vp +m) = 


a(p) and b(p) are interpreted as follows: 


al (p): creation operator of the particle with 
momentum p and spin component r 

ar (p): annihilation operator of the particle with 
momentum p and spin component r 

bi (p): creation operator of the antiparticle with 
momentum p and spin component r 

br (p): annihilation operator of the particle with 
momentum p and spin component r. 
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(A.18a) 


(A.18b) 


(A.18c) 


(A.19a) 
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The operators a and b satisfy the anticommutation relation 


[ar (p) a}, ()] = ôr ô” (p — p’) (A.22a) 

[br (p) by, (»)| -= óm 0 (p-p) (A.22b) 

and all other anticommutation relations give zero. Define number opera- 
tors: 

N{* (p) = af (p) ar (p) (A.23a) 

NO (p) = b$ (p) br (p) . (A.23b) 


Then from the anticommutation relations (A.22), we have 


[x O = NO @, (A.24) 


Thus, we see that N{® (p) have eigenvalue 0 or 1. This means that each 
state is either empty or has a single particle of definite spin and momen- 
tum. Thus the anticommutation relations lead to description of a system 
of particles which obey the Pauli exclusion principle or in other words obey 
the Fermi-Dirac statistics. 


Note that 
1 m = See 
al(x) = (omy? V po i Papla) ulpe? (A.25) 


with similarly expressions for other creation and annhilation operators. 
The spinors u and v satisfy the following orthogonality relations: 


Ur (p) Ur! (p) = Orr! = —Up (p) Ur! (p) (A.26a) 
E 
ul (p) uy (p) = n ore! = v} (p) v» (p) (A.26b) 
T, (p) ur (p) = Tr (p) vr (p) = 0. (A.26c) 
They also satisfy the completeness relations 

2 
do [ua (p) T} (p) — v (p) D3 (v)] = Sas, (A.27) 
r=1 


where a and 8 are spinor indices; a, 6 = 1,2,3,4. 


Dawno = (2) EAOa (A28) 


-Xv (p) T3 (p) = (==) he (A_(p))ag- (A.28b) 
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A, (p) and A- (p) are the projection operators for particles and antiparti- 
cles respectively. One also writes 7" py, = y: p =p. 
Using the Pauli representation of y-matrices, we can write 


Ur (p) = Rw (A.29a) 
where 
= 1 (po +m) I 
tae (MEM) aw 


Se ae (A.296) 
w) = a adate ae (A.29d) 


Tr (p) is given by 


T, (p) = wO Rhy? = wR, (A.30a) 
where 
R= = — ay ((po +m) I, —o - p) (A.30b) 
vr (p) is given by 
Ur (p) = —i7°ur (p). (A.31) 


Finally, we note that for free fields [3s = 70,1] 


[Wa (x), Ts (x')] =i(i Oy + m)ag A (2 — 2’) 
= —iSap (£ — 2’), (A.32a) 


where 
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A.3 Trace of y Matrices 


We note that y-matrices are traceless 


Tr (74) =0, =0,1,2,3 


Tr (7°) =0. (A.33) 
Now 
Uae Nee a ee (A.34) 
Therefore, from Eq. (A.13), we have 
Tr (4H) = gt’ Tr (i) = Agi” (A.35) 
and 
Tr(k p) =4p-k (A.36) 
where 
k= ky (A.37) 


Further, we have 
A aa EII = 2g — 2g y + 2g yy (A38) 
Therefore, 
Tr (4P) = 4 [g g” — g7 g? + g" g] (A.39) 
We now show that trace of odd number of y-matrices is zero 
V 2 V 
Tr (yy wu) =Tr (0°) yty >) 
VREET] 
= (-1)" Tr (7° yy"'y"...1") (cyclic property) 
= (-1)" Tr (y"y”...7°) (A.40) 


Hence for odd n 


Tr (yHy”...°) = 0. (A.41) 
Now 
A ape = ie PAg H g hay = g H gg. (A.42) 
Noting that we can write 
—i 
P = Eao p PW, (A.43) 


4! 
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we have 
Tr (7°y") =0 (A.44) 
Then from Eq. (A.42) 
Tr (5) =0 (A.45) 
Tr (5y) =0 (A.46) 


and 


pvpo 


Tr (P) = die (A.47) 
with the definition £0123 = —1 and £oijk = Eijk While e9!?? = 1. In calcula- 


tions, we usually come across the matrix elements of the form 


Luv = >) [T (k2) Yu (1 + ays) u (k1)] [T (k1) w (1 + ays) u (k1)]* (A48) 


spin 
= X [T (k2) yy (1 + ays) u (k1)] [ut (k1) (1 + aqs) ytu (he) . 
a (A.49) 
Now [777° = 1] 
P (1+ a7) i = (1 — ays) y 
= yw (1+ ays). (A.50) 
Therefore, 
Lw = Xu (k2) yu (1 + aqs) u (k1) u (k1) y (1 + ays) u (k2) 
spin 
= X T (ko) [yu (1 + a75)]aa Ua (k1) Tg (ki) [v (1 + a7s)] grg ua (ka) 
spin 
= _> ( a ) fe 1+ Bae (==) m Iu (1 +078) ers 
= gT" (ka + ma) ay (1 + ays) (ki +m) w (1Ha). (A51) 
Here 
k2 = 7: ko, ki= 7: ki. (A.52) 


Using the formulae for the traces of y-matrices given previously, we get 
{(1 = a°) (kop ki F kovkip = kı j k2guv) 


+ mimo (1 — a) Juv + 2idEuvpo kí hot . (A.53) 


Lpy = 


4m mo 
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Similarly for 
Luv = ps [5 (k2) Yu (1 + aqs) u (k1)] [T (k2) v (1 +75) u(k1)]*, (A-54) 

we get i 
4 


AMi mo 


E= {(1 +a?) (kopkiv + kovkip — ki - koguv) 
— mımo (1 — a”) guv + 2idE vpo kL kS}. (A.55) 
For 

Luv =X [T (k2) Yu (1 + ays) v (k1)] [ (k2) w (1 + ays) v (k1)]“, (A56) 


we get the same value as given in Eq. (A.55). 
A.4 Spin 1 Field 
Electromagnetic field (photon) with mass m = 0. 


In the absence of interactions, the electromagnetic field A, (x) satisfies 
the field equation 


2A, (x) =0. (A.57) 
There is an additional condition 
OC Ay (x) =0. (A.58) 
The Fourier oe of A, (x): 


A d? By 
(x) 

g (27) ae Vv PR 

where eà (k) , are four vectors called polarization vectors. a) (k) and al (k) 


are interpreted respectively as the annihilation and creation operator of 
the photon with momentum k and polarization eà (k). They satisfy the 


eà (k) [an (k) e2 + al (k) et], (4.59) 


following commutation relations 


[ar (ie) al, (K')| = ðw? (k - K’), (A.60a) 
[ay (k) ay (K) = [al (k) a, œ| = 0. (A.60b) 

The poarization vector £} (k) satisfies the following relations 
Eò (k) -€> (k) = by: (A.61) 


Xk s0. (A.62) 
A=0 
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For transverse photon polarization, the four-vector eà (k) can be chosen as 


en (k) = (0, eò (k)), (A.63) 
so that we have 
k-&=k-&=0 (A.64) 
and 
2 
ki kp kenan 
X (k) E3 (k) = -9w 4 2 7 Re M 2 
d=1 k? — (k-n)  k? — (k-n) 
R k v v 
(k-n) kun Eh Ny (A.65) 
k? — (k-n) 


where 7 = (1,0,0,0). 


A.5 Massive Spin 1 Particle 


A spin 1 particle of mass m is described by a vector field ¢,, (x), which in 
the absence of interactions satisfies the equation 
(O? +m?) dy (x) =0 (A.66a) 


with the subsidiary condition 


OM Gy (x)= 0. (A.66b) 

The Fourier eee aed (x) is given by 
ces 
Pu (2) (27) E 2 Jka om 


1 dk * ; s 
7 = à eik-x —ik.x 
$0) = oop J ENA k) [al (k) eE + ba (k) e=] (A.67b) 
a (k) and by (k) satisfy the following commutation relations: 
[ax (k) a$, (x) = ôx (k—k’), (A.68a) 


(k) [ax (k) e~* + of (k) eft (A.67a) 


[bx (k), bh, (x) = ôx ð? (k—k’). (A.68b) 
t 


ay (k) (a, (k)) are creation (annihilation) operators for the particle with 
polarization à and momentumk. bh (k) (by (k)) are creation (annihilation) 
operators for the antiparticle with polarization À and momentum k. 
The polarization vector eà satisfies the relation 

A = = yy’, k-&®=0 (A.69a) 


kaku 
See = guy + aa l (A.69b) 
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A.6 Feynman Rules for S-Matrix in Momentum Space 


For each internal photon line:  @/VV/V/\V/V/V\0 Gay ETE 

For each internal fermion line: @®———————e Lo PENE 
(27 p?—-m?+ie 

For each internal pion line: @-------- © ant paar 

For each external fermion line @ < aaj mu, (p) 

entering the graph, depending or 

upon whether the line is in anv? poUr (p) 


the initial or final state 


For each external fermion line > g aay 72/5. Ur (p) 
leaving the graph, depending or 
upon whether the line is in Los / 2, (p) 


the final or initial state 
For each external photon line: O/VV//V/VV/V S375 a EÀ (k) 


For each external spin 0 


Ft le ee Sern eee 1 
meson line: bdi Or Jak 
For photon-fermion vertex: Hr = eY“ VA, 
~iey! 
l 
| 
l 
l 
l 
l _ 
For pion-fermion vertex: OA High YP VG 
5 
gy 


For photon-meson vertex: = —=----[----- 


/ 
—ie(q+q'), 
kukv 
om4 ag 
For a massive vector boson | WAVAVAVAVAVAVAVAN | tl 


of mass my (in unitary gauge) 


A.7. Application of Feynman Rules 


A factor (27)* 54 (p — p' 4 
closed fermion loop. 


Further one has Es y for 


621 


k) at each vertex. A factor (—1) for each 


each loop integral where the four momentum 


l is not fixed by energy-momentum conservation. Multiply by 6, = 1 (—1) 
and —1 (1) respectively for the direct and exchange term of fermion 
(antifermion)-fermion (antifermion) scattering. 


Feynman rules for a hermitian self-interacting spin 0 boson with the 


Lagrangian 


1 
£= 5 [0 — 1? 


are as follows 


À 44 
— 7? 


For each external line 
For each internal line 


For vertex 


A factor (27) ôt (ky + k 


at each vertex 


For each loop integral 


statistical factors 


1 
Gay yro 


ary" VE EET 


—ià 
2 — kz — ka) 
N gs 
k, * Pa k, 
N A 
Vv 
2N 
Pà ~% 
k o" k k 
ly N 
PA N 
fati o fo ee, 
(27)4 Ny i 
al 1 
at 3! 


A.7 Application of Feynman Rules 


As a simple application of Fe 


e (pı 


Myu 


) + e7 (pe 


ynman rules, we consider the process 
) = (pi) + u+ (Pd) 


1 


S= Ja 


—i 
x 


3 
V Pho Pho Po (277) 


Jav J 
Or) k? 
x (27 


)* 8f (pı + po — k) (27) 54 (k — 


(p2) (—tey”) u (pr) ( 


622 Quantum Field Theory 


Fig. A.1 One photon exchange Feynman diagram for the process e~ + e+ —> u“ +p. 


Therefore, using the relation S = 1 +i (27) ôt (P; — PT: 


1 My MeGyrv e? at 


an, P10 P20 Pho P30 k? 


Defining the amplitude: 


) 70 (p2)] [© (p2) “u (p1)];, (A-71) 


e? 


F = 55 [T (p1) 7^0 (p3)] [© (p2) vau (p1)]. (A.72) 


a 2 2 
? = aD E0) o (Pa| (p2) vau (P)? (A.73) 


spinspin 
Using Eqs. (A.55) and (A.56) (a = 0), 


F? =É 11 Pini sea Naas 


2 O . (A.74 
kt 4m2 m2 +m}, p2: pi + 2mm? ery 


s = (pi + po)? = (pi + p3)? 

t = (pı — p1)? = (p2 — p2 

u = (pı — py)” = (p — p2) 
s+t+u=2(m +m?) 


From Eq. (A.74), 


let 2 |(@-(m tma) (u= (mp tm)? 1 


lmam 
4 s* mime 4 


|F|? = 
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Now in the c.m. frame 


/ 


Pı =-P2=P, Pi =P,=P 
E= F' 
s = 4E? = 4E? = Fe 


2 2 

t= : i amik M Be By COS j 
21m2 

u = ; i a me) + co 
_ 2|pl _ 2\|p'| 
Be = ae Bu = aE 


Hence in the c.m. frame fcf. Eq. (2.100)] 
do a? By 1 § - (m2 +m?))?  (u— (m3 +m2))?  2(m? +m?) 


dQ s Be 2 82 i s2 l s 
= oF By [1 + (2 — 82 — 62) + 626? cos? 0] (A.76) 
4s Be © | ig 7 as í 
2 = 2 _ R2 _ 2 1— 2 
E a N 2) e 
3 Be 2 4 
In the extreme relativistic limit 6e —> 1, 6, > 1 
do a 2 
n` Il + cos* 0) 
Ara? 1 
oleet —> put) = > > (A.78) 
Similarly 
4 2 
a(e et > qq) = 3c, 


where eeg is the charge of the quark q and factor 3 is due to that each quark 
carries 3 colors. If the quark fragment into hadrons with 100% probability, 
then 


a(e-e* — hadrons) 3 Bet By aps 
ae oleet = po pt) F 32 ee s >> Me, Mus Mg (A.79) 
Finally (Q? = —t) 
do = ona? 1 (t— (m?, ae m?))? | (u — (m2 + m2))? 2(m2 +m?) 
dQ? E s2 G2 s2 T s2 T 3 
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In the high energy limit 


(A.81) 


do _ 2ra? Ea 
s 


dQ? > s2 2 


The above equation is Lorentz invariant and can be evaluated in any frame. 


A.7.1 ete™ — Hadrons 


In this section we evaluate the total cross-section for the process ebe~ — 
hadrons in the lowest order in electromagnetism, i.e. through one photon 
exchange gives [see Fig. A.2] 


hadrons 


Fig. A.2 One photon exchange Feynman diagram for the process e+e~ —hadrons. 


1 Me (—t)9rp 


~ Br)? VEE @ — ie 


< n|JA,|0 > (—e?) x B(k2)y"u(k1) 


ce 16770? 4(2n)® f pn m? 2 
a 2 6(pn e JF A.82 
oiio = en) ag f iad FP (A82) 
Now 
2 
2 A 2 Fis 2 e 
P= Y Y < alo >|? (2m)? olu) E 
lepton spin 
spin 
=J Lay (A.83) 
where 
1 
Lau = mz (koxkip + kopkiy — (ki: ke) 9xp) 
JHA = (2r)? XC < OSH, |n >< nl J2,0 > (A.84) 


spin 
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Introduce 
A" = J Don 5(Pn — q) J" 
(27)? n 
apn X 
= (Olkan) (Iinl) lpn — 4) (A.85) 
(ams 2 
spin 
=$ < OSE ln >< n| Inl > 6(Pn = 4) 
1 
= =; 8 (q0)(—4°g"> + aa") pla’) (A.86) 
(27) 
Here ©(qo) appears since qo is positive, as q? is time-like. Using Vin = 
E E = |k| 28 ~ 2 and contracting A“ with Lap, we obtain 
ete- 16730? 
Chadron — s p(s) (A.87) 


where p(s) is the structure function which represents the blob. Hence 


ete 


Phadron — Tag 77 (s) (A.88) 


where 
1 
p(s) = 13,3 er(s): (A.89) 


A.7.2 Electron Scattering and Structureless Spin 1/2 Target 


First we consider electron-muon scattering, eu — eu through one photon 
exchange (see Fig. A.3). 


Fig. A.3 One photon exchange Feynman diagram for the process e7 u7 —> ep. 


We can obtain |F|? from Eq. (A.75) by interchanging s + t (known as 
crossing symmetry). Hence we have 


(A.90) 
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Thus for high energy electron scattering on any spin 1/2 target of mass m 

(for example parton of charge e,), we have 

1 ete? 2 (s-m?)? (u—m?)? l, 5 
H >tm 

4 Ê mm? 4 4 


In the lab frame 


|F? = (A.91) 


k = (Ez, —kz), ki = (Ez, ki) 
p=(m,0), — p’ = (po, Pt). 
From now on we will drop the subscript “L” 
s = (k +p)? =m? +2mE (A.92) 
t= (k—k')* = (p —p)? =? = —Q? 
~ —2EF' (1 — cos 0) = 2m? — 2mp) = —2m(E — E’) 


u = (p—k’)? =m 2 — 2mE' = (k — p}? (A.93) 
Hence in the lab frame 
do T ea? 
iQ? = 3 m2 E20! [(s — m7)? + (u — m?)? + 2m? #] (A.94) 
2,2 1 
Woa eta ete a 88) 


d2 2m? Q4 E 

Now, Eqs. (A.92)-(A.93) gives 
[(s — m?)? + (u — m)? + 2m7t] = 4m? [E? + E? — m(E — E’)] 

QQ? Qt 


2 m2 
= 8m? E? |1 
om | mE 1E? 8m2 EP 


Thus 
do 4Teza? i Q? Q? Qt 
dQ? Q4 mE AE” 8m2E? 
do Q? 5) 
1+ = > 5 tan? = A.96 
- (ae se ( 2m 2 ( ) 
where 


do Ara? E? 0 
— = — —, cos’ = 
dQ?) mon @? EP 2 
Ara? à Q? Q? 
Qt ImE 4B? 
and Eq. (A.93) has been used in going from one form to the other. Now 


(A.97) 


(tz) i gives the elastic scattering of electrons on spinless, structureless 
ott 
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proton, where as Toz in Eq. (A.96) or Eq. (A.97) (e = 1), gives the 
scattering of electrons on structureless spin 1/2 proton. The second term 
in Eq. (A.96) is due to spin. For particles with structure like proton; the 
above cross-section is modified by introducing form factors. Thus for spin 
1/2 particle we will have two form factors F\(Q?) and F2(Q?) multiplying 
the first and second terms. 

Finally for high energy electron scattering neglecting the mass term, in 
Eq. (A.94) 


do 2 20? (2 +u? 
dQ? = 2mega FZ P (A.98) 


A.7.2.1 Electron Scattering on a Polarized Parton 


For this purpose, polarized electron is required. Introduce a four-vector 
n” : 


nny, = —1; k-n=0 


where n” is the polarization vector of the electron. For polarized parton, 
introduce the four-vector s# : 


sés,=—l, p:s=0 
For polarized electron: 
è = 1+ Yyy- n 2 
NE 5 uk’) y, — mulk) 


spin 


1 , ` 
T Im2 [kiku T k ka i gpak.k' — UMNeEXpv pd n”] 


e 
For polarized parton: 
1 Faf 
à ; 
DESY me [Pp + pip! — g'p.p! +m? gt + ime” ? asp] 
spin 
e a 


2 À 
FP = SeH La 


Hence for polarized scattering, the relevant |F|? is 
5 ec(4n)?a? 1 

pot = 2 4mm? 
e?(4r)’a? 1 


= 2 
= 72 ETA lq n.s q.ng.s| 


(2mme) [6456 — 0% 8g] an? qusyy 
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For longitudinal polarization of electron 
k = (E,0,0, E), k’ = E’ [cos ġsin 0, sin ¢ sin 0, cos 6] 


E E right handed) 
= àe | —,0,0, o Ae = 408 
a E (left handed) 


e Me 

@ = t= (k — k'}? = —2EF'(1 — cos 0) 

qz = kz — k, = E — E' cos 

p = (m,0) 

p.s =0 > =0, s = (0,s). 
We consider the longitudinally polarized parton: 
s = (0,0,1) 

Thus 


[q’n.s — q.nq.s] = a [E + E’ cos 6] 
Me 


Aal [(s u) e] 


Amme 


E 
e2(4r)207 1 
|F|? = 4 2 am [n.s q-nq.s] 
e(4r)?a? t =e 
= al a 3 z| (E4 B' cos) 
MMe m 
do 4Teza? 1 


I = Of mps (E+ E 088) 


Sre O2 2 
205 = eee E (A.99) 
dQ? Q! 4mE? E 2K? 
A.8 Discrete Symmetries 
A.8.1 Charge Conjugation 
Dirac equation in the presence of electromagnetic field is given by 
t (0, + iep) — m] U(x) =0 (A.100) 


liy 
For the adjoint field Y, Eq. (A.11b) can be written: 


[-i (7)? (Ə, — ieA,,) -m| T” (x) =0 (A.101) 
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Under the charge conjugation 


WU (x) > V° (x) = UW (x) uzt (A.102) 
Ap (a) > AG (x) = UcAp (£) ug. (A.103) 
If the Dirac equation is invariant under charge conjugation then: 
[iy (0, + teAG) — m] US (x) = 0. (A.104) 
Now we can write Eq. (A.101) as 
C [-i (4)? (8, — ieA,,) — m] C-100" (x) =0, (A.105) 


where C is a unitary matrix, called the charge conjugation matrix. Equa- 
tion (A.105) is identical to Eq. (A.104), provided that 


q” = -C (4#) 07! (A.106) 
AS = —A, (A.107) 
U(x) = CW’ (x) (A.108) 
Also one can write 
W(x) = OW (x) = -Cu" (A.109) 
W (x) = -YT (x) Co} (A.110) 


Both in Pauli and Weyl representations for y-matrices 


yë for =0,2 


pyr 
(>) a ae pe (A.111) 
Therefore we have from Eq. (A.106): 
C= —iy?7° 
Ct = -0 = C7 
CFS] (A.112) 
° (x) = —i7? U* (A.113) 
Under charge conjugation 
u > v = CT” (A.114) 
T — 7 = ul O7! (A.115) 
We define the left-handed and the right-handed fields 
We oe. Sapo 
p= pg 
1+ — —(1- 
wa = ( Hy E L 
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T 


Similarly 
p= Ya=-vEC™ 
For a spin 1/2 particle described by a spinor ~, we have wy : left-handed 
particle; ~f : left-handed antiparticle, Yr : right-handed particle, wR : 
right-handed antiparticle. However, the neutrino which takes part in weak 
interaction exists only in one chirality state viz left-handed. Thus for a 
neutrino we have left-handed neutrino vz and right-handed antineutrino 
Vp. 
In the Weyl representation, one can write 


r (BE) 
-a 
(POO aw 


— 5 5 
v= (t wt) wae v= (+52) wen (A.117) 


are two component left-handed and right-handed spinors. Hence from Eq. 
(A.110), we get 


where 


E = —io?n" 
no = ioe" (A.118) 
Sometimes it is convenient to write a right-handed field in terms of a left- 
handed antiparticle field (cf. Eq. (A.118)): 
n = io?" (A.119) 
so that Eq. (A.116) becomes 


a dere 
v= ee) (A.120) 


The Majorana spinor Y m is defined as 
Uo, = Uy = CÙ 


FE 
Yma = Cap Ym 
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Now the Dirac Lagrangian 

L= WV (iô, —mp) V+ a (vTC-'w — UCU") (A.121) 
(where the second term in Eq. (A.121) is the Majorana mass term and 
violates lepton number conservation) can be written in terms of two com- 
ponent chiral fields using Eqs. (A.118), (A.112) and (A.120): 


L=i [Eton aue 4 ge arae] —mp [er ioe" 4 E7 (—io?) e] 
xT k 
+7 eios E” it pE iot — Eire (A.122) 
where we have used 
ot o? = (a!) 
«\T * * 
(0e°") ora, (o76°") =e" (aH)? OE 
=— LET ares (fermion fields anticommute) 
= Etara E (partial integration) 
Equation (A.122) can be put in the compact form 
1 
where 7, j =1, 2 and m,; is the symmetric mass matrix 
Mmm Mp 
mD MM 
and €; = €= Wy and £z = £ = —io?n* = ~io’ Yh. 


A.8.2 Space Reflection 


t—t 


where 
10 0 0 
0-10 0 
H — 
MG 00-10 
00 0-1 
gh oat = (x°, —x) 
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Dirac Equation: 


lev" on = m| y(x}, x)=0 (A.124) 


in the reflected coordinate system becomes 


Now using 7°y'7° = —7’', we have 
o 
-aos 
x 


It reduces to Eq. (A.124), if 


Changing x’ > x, we have 
Y'(z) = Pya) = mp7 d(2’) 
Finally under space reflection 


yp' (2) = ney p(z) 
0 


Under space reflection 


ul) (p) > ul (=p) = Pu” (p) 
v(p) = vo (=p) = —7°v" (p) (cf. Problem A.4) 


A.8.3 Time Reversal 


to-tx>x "=g! = (—2°,x) 
The Dirac equation 
[id — m] (0°, x) =0 (A.125) 
under time reversal t — —t, 
[—iy*(—d0) — i7™* 3; — m| y (~2°,x) = 0 
Multiply the above equation on the left by a matrix Bo! : 
Bo" |-iy (—dp) — iy"; — m| BB7*y'(—2°, x) =0 (A.126) 
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For the Dirac equation to be invariant under time reversal, Eq. (A.126), 
should reduce to Eq. (A.125). This requires: 
By (—x°,x) = By (x') = nrv(2) 
y'(x') = nrBy(z) 
and (note that 4° is hermitian while y' is antihermitian) 


Boy B= 7, B7! (7°)" B = 7? 


Boly* B= =, B! (7')" B= 7 (A.127) 
or 
Behe) Basa! 
B'B=1, BT = -B 
Thus 


Y' (z) = Iba) = nr By(c') 
or Y'(a") = nr By (2) 
Y (2') = y(x) Bt 
From Eq. (A.127), it is clear we can select 
B = 7t? 
BÝ = 7847! ° B! 0— pi 
BB? =1; Bap 

B is a unitary matrix. Under time reversal 

ul) (p) => u*"(-p) = Bu” (p) 

vy (p) => v*—"(—p) = Bu (p) (cf. problem A.4) 


A.9 Problems 


(1) Under Lorentz transformation, the Dirac spinor y(x) transforms as 
Y' (x) = Sy(z) 
where for infinitesimal transformation 


S=1- gue 


634 Quantum Field Theory 


Show that 
Sys = 7 
So hy G = aH H ebay” 
Using the above result, show that Dirac bilinears, under proper Lorentz 
transformation, transform: 
S=WUV, P= as a scalar 
VE = Pyy, A! = Ẹpo as vector 
THY = Vol’ as tensor 
Show that under space reflection S' is a scalar, P is a pseudoscalar (i.e. 
changes sign), V” is a vector (i.e. its space components change sign) 
while A” is an axial vector (i.e. its space components do not change 


sign). 
(2) Show that 
(a) 
YS YA T omo a ae 
(b) Using this result and 
CECE Ne ia ike 
v À v A v AÀ v À v À v A 
— [00g EN + 5% REA + 80S — EREN — 5% 50,5. — JK 50.5% 
show that 


YEP = gh¥ ay — gla H gh Ant H jh¥ Pa Pry, 


(c) Show that using the above result 

[> ot] = 2i (gò — g>") 

te Sey 
Show under space reflection (P), time reversal (T) and charge conju- 
gation (C) 


— 
w 
wn 


Piy Yj and Pit; 
transform as 


p: [Zt > (ITA 
Titt; > (=1)(-1) Tigr a 
po [Tat Tt 
Pitty > (1) Pig Dy 
o [Tarn a Ta = Brey 
Tigry mw, > (Tigrat) = Djy t, 
where ( Pa Hon 
l w=i 
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(4) Show that 


One may use 


u(p) = ae ( Xx ) 


2m E+m x” 


~ 
ol 
ay) 


For a particle of mass m and momentum p“, introduce a four-vector s“ 
ss, =—l, p-s=0 


s” is called the polarization vector. Introduce a (spin) projection op- 


erator 
ae 
2 
Show that 
1 a en | 
(E1) = Sates 


[l+ 57-8, yp] =0 
Show that in the rest frame of particle 


1 , 
Te) (p) 


To take into account polarization of spin $ particle 


1 
= itera) 


u(p) + EET S yp) 
o(p) > TE op) 
Hence show that 
u(pya(p) + Smita A 
(pap) > 4m A* A 


(6) (a) Show that for the operators A, B, C and D 
[AB,CD] = {A, C} DB—AC{B, D}+A{C, B} D-C{A, D} B 
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(b) For the spinor field operator U(x), we have 
{Valx), Ua(x)} = (i3, +m) 4 tA(w — y) 
= iSae(x — y) 
Using (a), show that 
[Talat a(x), Var(y)Var(y)| = Va(x)(i)Saar(a — y)Va(y) 
+W 3/(y)(—t) Sao (Y = r)W gr 
(c) The matrices la, T% satisfy anticommutation relation 
{Pas Ty} = 2ôabla, b= 1, 2, 3) 
Using (a), show that the matrices 
Rap = — 3 (TaT — PD a) 
satisfy the commutation relation 
(Rap; Real =1 [SacRap E Ôba Rac + cb Rad = ad Reb] ; 


i.e. the algebra of group O(4). 
(7) Show that bilinear yT Ct is also a Lorentz scalar. Further show that 


PTOI = 44 


8) A positive energy Dirac spinor is given in (Pauli rep. of y-matrices): 
8 Y 


(r) 
(r)( a X ) 
us" (p) oai 
BEX 


As m —> 0, write 


show that 
Hw) (p) = -w (p) 


where H is the helicity operator Tee ie. w) (p) is an eigenstate of H 
with eigenvalue —1. Interpret your result. 
(9) For spin 1/2 baryon, J, = Vy — A), the form factors are given by 


u(p') 


(BW) A AW) = Goss 


| (gv Ya — JAVY) + ifv (Gow 
+iha (ox ys + hyvla) — faldas 
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(a) Show that if time reversal invariance holds, then all form factors 
are real. 
(b) In quark model 


J = Via (l — 75) V; 
Using CP invariance, 
(B|Jy| A) = (B [tia — 75)¥5| A) 
B = —(-1)* (B [Tal — 95) Vi | A) 
Show that the form factors for A > B and A —> B are related as 
follows 


jv = gv, fv = fv, hy = —hy 
Ja = 94, ha = —ha, fa = fa. 
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Appendix B 


Renormalization Group and Running 
Coupling Constant 


B.1 Feynman Rules for Quantum Chromodynamics 


For canonical covariant quantization, the QCD Lagrangian given in Eq. 
(7.32) is written as [repeated indices imply summation] 
1 ott 1 
L= -ICA Iaw +gig” (On - igsTa)? db — A (3! gau)? + Ghosts (B.1) 


where 
GY = "gh — 3” gh + gs fancghGG 


: 1 
[Ta, Tp] =i fase Io, Ta= 5 AA 
1 
Tr (T4,Tp) = z? AB, for the fundamental representation. 


X faco fsop = C: (G) bap 
= Noap, for SU(N) gauge group (B.2) 


a c a I Hy 
(Ta)e (Ta), = Cro; = nob for SU(N). 


In the Lagrangian (B.1), a (ƏH gay)? is the gauge fixing term, € being 
the fixing parameter. The supplementary non-physical fields, called ghosts 
are needed for covariant quantization in order to cancel the probabilities of 
observing scalar (or time-like) and longitudinal gluons. 

Quantizing in a renormalizable gauge leads to the following Feynman 
rules: 


COOOTTTOTOTOTOT® | OAB z [Suv UE) uku , gluon propagator 
A k B 
Oe eve ° —iðag/k?, ghost propagator 
a k b 
e—s o ide Kom? quark propagator 
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(p— Dy Iau + (q- r)y Juv 
+ (P= p) gva 


B, c, 
E Y —gsfABC 


—ig? fABE CDE (9xvGpo — Gro Juv) 
—ig? fACE fBDE (Grn9vo = Gro Jw) 
—ig? fave fCBE (9xv9uo — GruGov) 


Js ABC Pu 


igsYu (TA)ab 


The other factors are 
i d for each loop integral 
on 
(ii) (—1) for closed fermion (ghost) loop 


B.2 Renormalization Group, Coupling Constant and 
Asymptotic Freedom 


We now show that the self-coupling of gluons envisaged in the first term 
of the Lagrangian (B.1) has the consequences that QCD has a remarkable 
property of being asymptotically free, i.e. the quark - quark force becomes 
weak at large momentum transfer or short distances, such as probed in deep- 
inelastic collision [cf. Chap. 14]. In other words, the coupling constant a, 
depends on the momentum transfer in such a way that a, (Q?) — 0 as 
Q? = oo. 

Consider the radiative corrections to quark-quark-gluon (qqG) vertex, 
where at one-loop level these corrections are shown in Fig. B.1, [Q? = —q’]. 
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P; 


Fig. B.1 One-loop corrections to quark-quark-gluon qqG vertex. 


The one-loop corrections to qqG vertex shown above are infinite. One 
must define a high /?- cut off (J bing loop momentum) \7, so that the loop 
integrals converge. We have then 


PAu =—tT yl s (Q’, à, gs) (B.3a) 
where 
2 2 `? 2 2 
Ts (Q?, A, gs) = gs 1+9; Haii ee, à> Q“ (B.3b) 


where --- denotes the corrections from higher order loops. Note here that 
the cut-off dependent logarithmic contributions from diagrams A [involving 
quark self-energy diagram] and the first of diagrams B [involving the quark 
gluon vertex function] cancel due to gauge invariance as is also the case in 
quantum electrodynamics. Since the theory is renormalizable, we must be 
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able to write it as 


T's (Q?/d”, 9s) = Za? (07/u?, 96) T3 (Q?/u?, gs) (B.4) 
where p is called the renormalization scale and Z, is a multiplicative renor- 
malization constant. One may define the renormalization scale through the 
relation 


T? (Q?/u", 9s) |qoy2 = Is: (B.5) 
Then neglecting ap in Eq. (B.3b) 
g2 (A? /u, gs) = L4 ston vee (B.6a) 
and [cf. Eq. (B.3b)] 
Ps (Q?/X?, gs) = gZ} (X/Q, gs). (B.6b) 


Thus 
gs (Q?) =T? (Q?/n", gs) 
= 9.251? (X? ga) 22 (2/Q,9.)- (BT) 
This relation expresses the basic renormalization group property. 


It is more conveniently expressed through an equivalent differential 
equation which follows from the u-independence of I’; so that 


dV 
=0 B.8 
T=, (B.80) 
or, using Eq. (B.4), 
1/2 
1 dP) aes (B.8b) 
TẸ (u) du z}? dp 
This can be rewritten as [LË (u) = gs (1) 
dgs (u) 1 @Z," 
= S = s B. 
so that 
1 dz! 
a= s B. 


where Z}⁄? is given in Eq. (B.6a). Equations (B.9) are known as the 
renormalization group equations for the effective coupling constant gs (u). 
Writing 


co 2 k 
Zi =1+% (1 *) aCe (B.10a) 


k=1 


B.2. Renormalization Group, Coupling Constant and Asymptotic Freedom 643 


Eq. (B.9b) gives 
dzil? 
asp el 
= —2g° [bo + big? +-+], (B.10b) 
where we have used Eq. (B.6a). 


To integrate Eq. (B.9a), it is convenient to write it, on using Eq. 
(B.10b), as [putting u? = Q?] 


d (1/92) 
din Q? 


= 2 [bo +b192 +--+] 


din@* = d (1/95) z5- : - fa Z (12) tel 


1 
= d (1/92) 5 -h- #0 T +l (B.11) 
If we keep only the lowest a en we have 
d(az") _ 
dn Q? 
b = 87bo. Integration of Eq. (B.12a) gives 


where a, = fe, 


as (Q?) = a3! (u°) +bln o (B.12b) 


Note that what renormalization group does is to relate the coupling con- 
stant at two different scales. We may also write Eq. (B.12b) as 


Q? 
a; (Q?) =bhn = (B.12c) 
gop 
where [azt (uw?) = a7] 
ee 
zen -hy?= —InAgcp 
or 
A2 1 
Oc? = exp (=) : (B.12d) 
H bay, 


Aacp is one parameter which determines the size of a, (Q?) . It must be 
determined from experiment. Thus finally we have from Eq. (B.12) 


1 
as (G°) = pas +0 (02 (#) 
H 
1 
= Fa +0 (03 (0). (B.13) 
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Zs L+ ger Ern 

Z 1 ra (= 56) C2 Sng] na 

Zap ETE 

Zıp i= a a — O 


Note that we have been able to sum the leading logs here [compare (B.13) 
with a,, (1 —a,b In 7 + -) in the ordinary perturbation theory]. Thus 
Eq. (B.13) goes beyond the ordinary perturbation theory. The perturbation 
now is with respect to as (Q?). 

We now determine b. For this purpose, we need Zs [cf. Eqs. (B.8) and 
(B.9)]. But we note from Fig. B.1 that Z, is given by 


Z1? = Zzp Z ae (B.14) 
where the renormalization constants Z3r, Zıp and Z3 arise respectively 
from diagrams A [self-energy part of the fermions (quarks) propagator], B 
[vertex part for the fermion] and C [the vacuum polarization or the self- 
energy part of the gluon propagator]. The values of these constants are 
summarized in Table B.1, which also includes Z, which corresponds to 
the triple gluon vertex [i.e. the first of diagrams (B) with the quark lines 

KS 


replaced by the gluon lines while the second is replaced by 2 |. In this 
table C2 and Cr are defined in Eq. (B.1) and ny denote the number of 
fermion flavors. 

From Eq. (B.14) and Table B.1, we have to order g? 


2/11 2 2 
Z2 14 9% ee, Bl 
s tamm gg UT ue) 


Thus from Eq. (B.10b) [note that the gauge fixing parameter € is canceled 
out] 


B (gs) = —2g3 [bo + O (93)] ; (B.16a) 
so that 
1 11 2 
bo = 3972 ( 3 C2 ins) (B.16b) 


b = 8Tbo = af (Fo — ny) . (B.16c) 
T 
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Hence in summary, we have from Eq. (B.13) 


2 1 2 (02 
s = z +0 s 
OINA Eg te! 
(B.17a) 
1 
= z+ O(a; (Q°)) 
(H0 gny) n a 
(B.17b) 


It is a very useful equation and the single parameter Agcp becomes the 
QCD scale which effectively defines the energy scale at which the running 
coupling constant attains its maximum. Agcp can be determined from 
experiments and turns out to be [see Chap. 7] 


Agcp = 140 + 60 MeV. (B.18) 


Note that for SU. (3) [C2 = 3], (11— 3ny) is positive for np < 11 
(which is certainly true for known six quark flavors nf = 6) and then 
Qs (Q?) decreases as Q? increases. This is made possible because of coeffi- 
cient 11 which comes from the self coupling of gluons, non-Abelian nature 
of QCD. The logarithmic deviation from asymptotic freedom is a charac- 
teristic of QCD and the tests of the theory have to be sought to detect 
logarithmic scaling violations. 


B.3 Running Coupling Constant in Quantum Electrody- 
namics (QED) 


For QED, only fermion loops (i.e. the first of diagrams C in Fig. B.1 
with gluon replaced by photon and g? by e?) contribute to electric charge 
renormalization so that in Table B.1 only Z3 without C2 is relevant. Note, 
however, that the contributing charged fermions are e, u, d, 4, c, S,T,b and 
t so that e? (nf /2)in the expression for Z3 is replaced by 


2 2 2NF 4 1 
Pa eL |1 SR 
pe e 5 i+3(5+5)| 


where (n,/2) are the number of generations [3 in our case] and the factor 
3 outside the parenthesis is due to the color. Thus 


2 2 
araus 1 4 ne À 
ZR =14+ 5 | (8 . J| 2 (B.19a) 
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giving 
23 l6nf 
= SS B.1 
Bem =~ eg (t) (B.19b) 
The equation analogues to (B.12) is then 
daz! (Q?) 1 16n 

jon = bem = aa (B.20a) 

giving 
1 
ae(Q?) = - B.20b 
(= = ee (B.20b) 


and increases with Q? in contrast to a,(Q?) which decreases with Q?. 
Let us apply Eq. (B.20b) for u? = m?, where a,(m?) is determined 


e) 


from Thomson scattering, for example, [a = ae(m2) = 44+] . No matter 
how small a one has, one can always increase Q? to a point where ae(Q?) 


which was given in Eq. (B.20b) becomes infinite [Landau ghost]. This, 


e 


however, occurs [for six flavors] at 
Q? = m? exp (Fo) x 10° GeV? (B.21) 


which is even larger than M?, ~ 1038 GeV? by several orders of magnitude. 
Finally, we wish to remark that the formula (B.20b) holds for m2 < 
Q? < mj. For Q? > mj,, we have to consider the contribution of charged 
W= bosons to Gem. In this case 
bem = L ( any + = ) (B.22) 
and a-(Q?) still increases with Q? for np = 6 (or > 6). 


B.4 Running Coupling Constant for SU(2) Gauge Group 


For SU(2) group Co = 2 and therefore from Eq. (B.16c) 


1 /22 2 
bsu(2) = Tr (= = z ) (B.23) 
and correspondingly Eq. (B.17a) becomes 
1 
a (Q°) = — (B.24) 
on + ig (Z ans) In Se 


where aj = B, g2 being the coupling constant associated with qqW~ ver- 
tex, W=, W3 being the gauge bosons associated with SU(2) gauge group. 
Note that for six quark flavors (nf = 6), (2? > 4) and az (Q?) is falling 
with Q?, although at a rate less than as (Q?) for the SUc (3) group. 
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B.5 Renormalization Group and High Q? Behavior of 
Green’s Function 


Consider now in general a renormalized Green’s function (propagator or 
vertex function or a related quantity) in QCD denoted by 


Dr (piss, H, £) = Z7! (A? / R’, as, £) T (pi, 80, £0) , (B.25) 
where Z is a multiplicative renormalization factor and [ on the right-hand 
side knows nothing about u so that a = 0. This implies that I g satisfies 
the renormalization group equation 

1 dr 1dZ 


Tr du Z du 


ð das 0 dé O _{_1¢4], 
Ou du ðas du O€ ae Z du A 
or 
Ž 128 (a4) +8 lant) Č -27 (a:)| Pr (Pras mE) = 0 
Pap s da, s3 a£ y s R\Pi, As, H, as 
(B.26a) 
where [cf. Eqs. (B.9) and (B.10)] 
dg 
6 (as, Ê) — any 
o= ldz gd 
= 2Zd\inu Is Gg 
= 1 das 1 
b (as) = z” du = In’: B (gs). (B.26b) 
To simplify matters, let us work in the Landau gauge € = 0, then 
o = o 
mE +2 (as) Goo 27 (e) Telpas) =0. (B27) 


The above equation also determines the high Q? behavior of Iz. To see 
this, we first note that there is another constraint on I which comes from 
dimensional analysis. Assume we scale all momenta in I pg (p), pi > A pi 


Dr (Api, 2, H) = p?” F (x PP as) ! (B.28) 
u 


D is the dimension of the Green’s function (e.g. for inverse gluon propagator 
T ~ p? and we have D = 2). F is a dimensionless function of dimensionless 
variables. From Euler’s theorem for homogeneous function 

o o 


as J ST iy Ug, 4) = 0. B.29 
Ay Han | R(A Pi, Os, u) = 0 (B.29) 
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Put ¢ = ln À and combine the naive scaling equation (B.29) with the renor- 
malization group equation (B.27) [which gives the dynamical constraint] to 
eliminate mn and obtain 

o = o 

-2 4 2B(a,) — + D—2y (0) TROA puai) = 0 (B30) 

Ot As 
Its general solution can be obtained by the method of characteristics. First 
one solves [cf. Eq. (B.26b) with t = In y] 


das (t, as) 
dt 
with the condition @, (0,a,) = as. The general solution of Eq. (B.30) can 
then be expressed in terms of that of the above differential equation. In 
this way one obtains 


= 28 (a, (t)) (B.31) 


Tr (À pi, Os, U) = APT o (pi, Gs (t) , u) exp |- f dt'y (@s w)| . (B.32) 


What we learn from this general solution is that the behavior of Green’s 
functions when all momenta are scaled up is governed by @, (t). Now as 
already seen in Sec. B.2 


A [0 0P] =-@. (0+ eee) 


and similarly we can expand 


Y (Gs (t)) = YoUs (t) + (B.33b) 
Dr (pi, Gs (t), u) =T ro ( Pi, H) HIR, ( visu) Gs (t) +++ 
(B.33c) 


Thus to solve Eq. (B.31) in the lowest order, we make use of Eq. (B.33a) 
and rewrite it as 


dt = as 
Wl] 
giving 
1 
a, (t) = ——— +0 (a2). B.34 
as (t) az! + 2bt (as) R 


Remember that t ~ ln À and this is the same functional dependence for a, 


as before for as (Q?) in Sec. B.2. Thus noting that for large t, &s (t) ~ 57; 
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the use of Eqs. (B.33a) and (B.34) in the first order enable us to write Eq. 
(B.32) for large t or À as 
PR (A Pi, Os, 4) 
t 
D : tf YO as 
A-T Ro (pi, u) exp ( af iat) 
= APT ro (pa, p) 9 
= APT ro (pi, p) (n A) (B.35) 


where y or Yo is called the anomalous dimension of I R, which can be deter- 
mined from Eq. (B.26b). If it were zero, we would have obtained canonical 
scaling behavior A? as in the traditional parton model |cf. Chap. 14]. Not- 


ing that ās (t) ~ z} [t ~ AJ, we can say from Eq. (B.35) that the large 


Q? behavior of T'R (Q?) is 
Pr (Q?) =; Q? D ās (Q?) yo/b 
A o) E (Q3) Gi 


where the second factor can be written as 


š a 7 [> (a fez '+bin rd \" 


2 27.) 0/b 
= fa. (Q?) ez + bln oa — bln z \ 


yo/b 
={1-va, CART- ; (B.37) 


with b = + [#02 — ny] [cf. Eq. (B.16c)]. Thus it is clear that the 
renormalization group equation has enabled us to sum up terms of the 
2 27N 

form [as (Q )In Q | 
have to deal with a power series in a, (Q*) In Q?. 

Analogous logarithmic violation of the scaling will hold in the deep 
inelastic structure functions and similar physical quantities. 

Let us now consider some simple applications: 


whereas in ordinary perturbation theory we would 


B.5.1 Gluon Propagator 
From Table B.1, 


2a, [ (13 4 À 
BANE (G £) C2 T i -O (a?) (B.38) 
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5 13 4 
Y= = ( 3 £) Cy Sn + O (a?) 


1 13 4 
Ti = ar ( a £) C2 | : (B.39) 
hikes kakali 
DaBy = —iðAB (ow = ) eg | zad ( k?) (B.40a) 
where 

d(—k?) t (B.40b) 

B.5.2 Fermion Propagator 
Sz (p) =(b-m - 2), (B.41a) 


where 


S @) = m) (P) +b- m) D7, P). (B.41b) 


Let us define an effective or running mass through the following equations 


_ n b+m(p*) 
Sr (p) = se (p°) om?) (B.40c) 
se (p°) = (1 ae o) (B.40d) 
m (p) =m, |1+ LS GA Eo ; (B.40e) 


The fermion self-energy diagram is given in Fig. B.2. 
ER 
p p 
Fig. B.2 Fermion self-energy at one-loop level. 


This determines J` (p) at one-loop level. The renormalization mass mr 
is defined by 


mR = r mB (B.42) 
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where Z,, is the multiplicative mass renormalization constant and is given 


by 


while from Table B.1: 


Thus to the leading order 


3 Cr 
ae Ar 
Cr 
YFO = ae (6) , 


where for SU, (3) Cr = $ [cf. Eq. (B.2)]. Hence 


se (P?) ~ [as (P. 


while 


(B.43) 


(B.44) 


(B.45) 


(B.46) 


(B.47a) 


(B.47b) 


(B.48) 
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